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Abstract 
 
The influence of technological process parameters (aiming angle and implantation energy) on the distribu-
tions of dopant concentrations in a silicon substrate is investigated by computer modeling. 
 
Keywords: Computer Modeling, Silicon Doping, Implantation, Donor, Acceptor Dopants 

1. Introduction 
 
Advanced technologies of the design and manufacturing 
of nano-electromechanical systems (NEMS technologies) 
are based on complex physical, chemical, and mechani-
cal processes. These processes constitute a chain of base 
stages (segments) of the industrial production of various 
NEMS devices. 

The doping is one of important technological proc-
esses. This is the process of adding the dopants of the 
acceptor and/or donor type (phosphorus, arsenic, anti-
mony, boron, gallium, etc.) to a silicon plate for the pur-
pose of creating the zones of increased conductivity of 
the n- and p-type in semiconductor for the arrangement 
of the diode and transistor channels. 

The doping can, besides, be aimed at achieving some 
technological goals. For example, the doping by boron 
stops the process of the basic material etching. 

The ion implantation, which consists of the introduc-
tion in the semiconductor material of ionized atoms ac-
celerated in the electric field and possessing a high en-
ergy is at present the most efficient and widely used 
doping technology. This technology requires specialized 
complex setups, but it is much more accurate than the 
diffusion method, and it is applied for creating the hid-
den layers, the p- and n-pockets, domains in the chip, 
which form the transistor channels. 

Computer experiments, which are more mobile and 
much cheaper in comparison with the physical ones (if 

one does not account for the expenses of intellectual ef-
forts), with a possibility of considering hundreds and 
even thousands of variants, with a rapid and efficient 
analysis of their results as well as with a capability of 
increasing the levels of the employed physical and 
mathematical models, play an increasing role in the de-
sign of new semiconductor materials. 

In the present work, the influence of technological 
process parameters (aiming angle and the implantation 
energy) on the distributions of dopant concentrations in a 
silicon substrate is investigated by computer modeling 
based on a new mathematical formulation proposed by 
one of the present authors (G.A.T.). 
 

2. Computer Toolbox 
 
The program complex NanoMod [1] is intended for 
conducting the scientific research and applied develop-
ments in the field of microelectronics, including the mi-
croprocessor technology. The complex may be used for 
teaching the specialists, postgraduates, and students in 
the given knowledge area.  

The computer toolbox NanoMod has been developed 
on the basis of advanced original algorithms for model-
ing the electrophysical, thermochemical, and mechanical 
processes (see [2] and the bibliography therein) for 
computer support of the automated design of nano- 
structured semiconductor materials. 

In the present work, we present the results obtained by 
using one of the segments of the program complex—the 
IMPL solver (IMPLantation). 

The work was financially supported by the Russian Foundation for
Basic Research (grant No. 08-07-12001-ofi). 
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

2.1. The IMPL Solver 
 
The algorithm of the segment is based on the method for 
numerical computation of the Gauss law for the distribu-
tion of dopant concentrations of various elements intro-
duced in a silicon substrate by the ion implantation tech-
nique (see [3]): 

2
1 0( ) exp( ( ) )C A B     .        (1) 

The coordinate direction ξ in (1) is the direction of 
ions motion from the acceleration device to the substrate. 
This direction is generally not perpendicular to the sub-
strate surface but makes the angle αI with the normal to it. 
The ξ coordinate is measured from the point of the start 
of the ion introduction into the substrate with the in-
creasing ξ value at the motion deep into the material. The 
quantities A, B, and ξ0 are the constants depending on 
physical factors—the type SI and the dose DI of the im-
plant, the energy of ions acceleration EI : 

( , , )I I IA A S D E , ( , , )I I IB B S D E , 

0 0 ( , , )I I IS D E  .            (2) 

The quantity ξ0 in (2) is the depth of the maximum in-
troduction of ions into the substrate—the peak of the 
Gauss distribution (1) with the dopant concentration, 
which drops exponentially deep into the material and 
towards its surface. 

In the presence of protective masks on the substrate 
surface, which are opaque for the flux of implanted ions, 
one can account for the dopant propagation in the tan-
gential direction under the mask along the second coor-
dinate direction  normal to  (see the details in [4]): 

       2 0( ) erf ( ( ))C F k      ,         (3) 

( , , )I I IF F S D E , ( , , )I I Ik k S D E , 

   0 0 ( , , )I I IS D E  .            (4) 

The quantities F, k, and 0 in (3), (4) have the follow-
ing meaning. The parameter 0 is the coordinate of the 
mask edge, from which the value of the  coordinate is 
measured (under the mask), and parameters F and k are 
the constants depending on the physical parameters of 
the problem. 

The resulting concentration is expressed in the form 

         1 2( , ) ( ) ( )C C C     .           (5) 

In the (x,y) coordinates of real problems at a 
non-planar substrate surface and/or nonzero value of the 
implantation aiming angle, the function C(x,y) in (5) 
cannot be presented in the form of a splitting into the 
product of C1(x) and C2(y). Because of this, the numeri-
cal algorithm for computing the problem (1)-(5) in 
(,)-coordinates is used in the solver. This solution is 
then represented in the (x,y)-coordinates. 

The values of quantities SI, DI, EI, and αI are input by 
the user in accordance with the problem formulation. The 
values of parameters A, B, F, k, ξ0, and 0 are contained 
in a specialized database of the complex and are input by 
the system for supporting the tasks without involving the 
user. 

It is to be noted that the completeness of tables of 
these parameters and their numerical values, which are 
permanently refined in physical experiments (executed 
on the advanced research setups) and which are input in 
a timely fashion in the solver database, increases the 
computer toolbox efficiency. 
 
3. Results of Computer Modeling 
 
3.1. Problem Formulation 
 
The solution of problem (1)-(5) is to be found in the re-
gion R: 

       max0,x x ,  max0,y y ,          (6) 

consisting of two subregions—the external medium 
subregion RV and the silicon subregion RSi, which are 
separated by the boundary 

               Siy Y x .                (7) 

It is assumed here that the doping is made only in RSi 
that is at y < YSi, and the concentrations of implanted 
dopants are equal to zero in RV. 

A discrete computational grid with the number of 
nodes Nx and Ny along the x- and y-directions, respec-
tively, is generated in (6) for the numerical solution of 
problem (1)-(5). The appropriate values of Nx and Ny  
were determined within the framework of the grid re-
finement study as follows: several runs were done with 
sequentially increasing values 1 < Nx

(1) <…< Nx
(k–1) < 

Nx
(k), Ny

(1) <…< Ny
(k–1) < Ny

(k), and the results obtained for 
sequential pairs (Nx

(k–1), Ny
(k–1)) and (Nx

(k), Ny
(k)) were 

compared with one another. As soon as the difference in 
the results obtained for these pairs becomes sufficiently 
small, the last pair (Nx

(k), Ny
(k)) is chosen as the final one 

for the modeling. In the scope of problems presented 
below the modeling was carried out in the region with 
xmax = 100 nm and ymax = 60 nm. For this region, the grid 
with Nx = 151 and Ny = 151 was found to be appropriate. 
The following values of problem parameters were used 
in (2) and (4): the implantation of phosphorus P, boron B, 
and arsenic As was investigated (parameter SI), the im-
plant dose was fixed ( cm–3), and the implanta-

tion energy EI was varied from 5 eV to 20 eV. 

1510ID 

The values of concentrations obtained in computations 
are presented in dimensional units [cm–3]. 

Copyright © 2010 SciRes.                                                                                  EPE 
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Figure 1. Implantation of dopant donor and acceptor admixtures into the silicon Si substrate with planar surface. The proc-
ess scheme (а), the distributions of the concentrations of the arsenic As (b) and boron B (c). Implantation energy 15 eV. 
 

 

Figure 2. Phosphorus P implantation into the silicon Si substrate with planar surface. Implantation energy 15 eV. Distribu-
ions of concentrations of P in Si at the aiming angle of implantation 0° (а), 30° (b), and 60° (c). t

 
3.2. Implantation into the Silicon  

with Planar Surface 
 
Consider the results of problem solution at a constant 
value of  in (7), the implantation energy 5 

eV, and three doping types: As, B, and P. 

  35SiY x 

Figure 1 illustrates the results of computing the seg-
ment. The implantation scheme and the distribution of 
the arsenic As and boron B concentrations in the silicon 
Si are shown. 

Note that for the same implantation energy, the pene-
tration depth of B in Si is higher than the penetration 
depth of As in Si. The maximum of the As distribution 
takes place at y = 20 (at the depth of 15 nm from the sur-
face), and in the case of B, it takes place at y = 0 (the 
depth of 35 nm). 

The maximum of the P concentration (Figure 2(а)) 
lies at the depth of 20 nm (y = 15). Thus, the phosphorus 
penetrates the silicon deeper than the arsenic for the same 
implantation energy, but it yields to boron in terms of this 
figure. 

The implanted layer width is the largest in the case of 
As, and it is the least in the case of B. The process of 
dopant diffusion with time spreads this distribution at a 
speed depending on several factors (the temperature, the 
crystal lattice type, etc.). 

Let us analyse the influence of the implantation aim-
ing angle I . Figure 2 shows the results of computing 

the phosphorus implantation for the values 0I   , , 

and 60  (Figures 2(a), (b), and (c), respectively). The 
angle 

30



I  is measured from coordinate lines x = const, 

in the given problem it is measured from the direction 
normal to the basic substrate surface. 

One can predict a priori that as a result of modeling 
the 2D problem, one must obtain the 1D structures of the 
distribution of concentrations C = f (y), and such a prob-
lem statement is, besides the obtaining of scientific data, 
a test for the correctness of the functioning of the com-
putational algorithm and the computer code implement-
ing it. 

Computed results correspond to the predictions: the 
distributions of phosphorus concentrations depend only 
on the y-coordinate. 

The following fact takes place here: with increasing 
angle I , the penetration depth of P in Si drops, and it 

is naturally directly proportional to cos I , which is 
seen in Figure 2. 

The distribution functions , where  ,IC y  I  is 

considered as a parameter, correlate with one another 
under the variation of I  with small differences. 

So the function  60 ,C  y  has a narrower localiza-

tion than  0 ,C  y , and its maximum is by about 15% 

higher. The form and the digital values of function 

 y30 ,C  take the intermediate position between 

 0 ,C  y  and  60 ,C y . 

The differences in functions are due to the proximity 
of the Si boundary to the y-coordinate of the maximum 
of the Gauss distribution (1), and the “tail” of this distri-
bution is “cut off” by the substrate surface. 

 
3.3. Implantation into a Substrate with  

Non-Planar Surface 
 
Consider the results of computer modeling of the phos-

Copyright © 2010 SciRes.                                                                                  EPE 
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phorus P implantation into the silicon Si with a 
non-planar surface under the variation of the aiming an-
gle I  and the activation energy EI. 

Figure 3(a) shows the configuration (the sizes are in 
nm) of the Si base substrate with the grooves cut therein. 
The stage of the technological cycle of operations with 
such configurations often takes place at the formation of 
semiconductor materials with given electrophysical pro- 
perties of NEMS units, in particular, the elements of 
three-gate nano-transistors of SON designs (“silicon-on- 
nothing”, see, for example, [5,6]). 

Figures 3(b) and (c) show the distributions of C(x,y) 

for the values and , respectively. 0I   60

At , the dopants form the domains with a nar-

row localization, whose sizes are of the order of 5-10 nm 
and maxima of the penetration depth of about 7-8 nm 
(for the given implantation energy EI = 5 eV. Note that in 
the zones of deep grooves, the implant reaches the sub-
strate lower edge (the bottom). 

0I  

At the implantation under a larger angle  

(Figure 3(c)) the doping domains naturally “turn” to the 
implant flow direction. 

60I  

At such a nano-relief of the surface, shadow zones 
arise in the substrate. So the concentration of P is insig-
nificant in the left Si bump, and on the boards of the 
grooves and at the plate bottom, the concentration C(x,y) 
is nearly equal to zero. 

Figure 4 illustrates the influence of the implantation 
energy EI at a fixed aiming angle  and the 

same nano-relief of the surface. An increase in EI from 5 
eV (Figure 4(a)) to 10 eV (Figure 4(b)) and so on, up to 
15 eV (Figure 4(c)) alters significantly the pattern of  

30I  

 

the P distribution in Si. 
The location, sizes, and intensity of doping spots 

prove to be variable. So, in particular, a doping domain 
arises at EI = 5 eV in the central bump. Although it has a 
low intensity and a small size, it is well noticeable. At EI 
= 10 eV, this domain is smeared significantly, and at EI = 
15 eV, the central bump is “transparent” for the implant 
flux, which “passes” through it and locates in the left 
segment of the substrate configuration. 

The concentration of P in the left segment depends 
substantially on EI and alters from a small domain (Fig-
ure 4(a)) to the formation of a vast zone (Figure 4(c)). 

The right segment of the substrate configuration, as 
the non-obscured one, is more conservative to the EI 
variation: the doping domain has here approximately 
equal sizes, but with increasing EI it naturally shifts deep 
into the substrate down to its very bottom (Figure 4(c)). 

Note in conclusion that the function C(x,y) determines 
the arrangement in Si of the zones of an elevated electric 
conductivity, in which the arrangement of the channels of 
nano-transistors is possible (see, for example, [6,7]). 
 
3.4. Miniaturization of NEMS: Problems of  

Mathematical Modeling 
 
The improvement of industrial production of the elec-
tronics and the passage, during the last 5 years, from the 
130 nm technologies to 90 nm, 65 nm, 45 nm, 32 nm, 
and 22 nm technologies puts in foreground new very 
complex problems of the mathematical modeling of 
electrophysical, thermochemical, and mechanical proc-
esses, which are used in these technologies, within the 
framework of a continuum model. 

So the computational region size of the problem R, 

 
(a)                                         (b)                                        (c)    

Figure 3. Phosphorus P implantation into the silicon Si substrate with a non-planar surface. The substrate configuration (а), 
distributions of the concentrations of P in Si at the aiming angle of implantation 0° (b) and 60° (c). Implantation energy 5 eV. 
 

(a)                                        (b)                                       (C)            

Figure 4. Phosphorus P implantation into the silicon Si substrate with non-planar surface. Distributions of the concentrations 
of P in Si at the aiming angle of implantation 30° and the implantation energy 5 eV (а), 10 eV (b), and 15 eV (c). 

Copyright © 2010 SciRes.                                                                                  EPE 
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amounts, as a rule, already to about 100 nm (it is differ- 
ent in different coordinate directions depending on prob-
lem formulation).  

Let us write down some physical characteristics of the 
silicon Si (at the temperature of about 300 deg. К and the 
pressure of 1 atm): 

– 12 nm, the de Broile wave length (L1); 
– 0.54 nm, the crystal lattice step (L2); 
– 0.12 nm, the atom size according to Melvin-Hughes 

(L3). 
Comparing the R values with the values of L1, L2, and 

L3 one can draw some important conclusions. 
First, since R is higher than L1 (the conditional bound-

ary of the onset of the manifestation of quantum effects 
in Si), much higher than L2, and much higher than L3, then 
the continuum model is (still) well valid and applicable. 

Second, there takes place, however, the following. Let 
a grid of N nodes be used in computation. The grid step 
is then d = R / N. At R = 100 nm and N = 100 we have d 
= 1 nm. Thus, the grid step d is less than L1, is compara-
ble with L2, and is higher than L3. 

While aiming at increasing the accuracy of computa-
tion in the “classical” cases (we leave aside the bifurca-
tion situation) one should increase N, for example, up to 
1000 nodes. In this case, the grid step d equals 0.1 nm, 
and it is comparable with the silicon atom size L3 and by 
a factor of five less than L2, that is at the grid generation, 
each four nodes of five get into the inter-atomic space of 
the crystal lattice. 

Thus, it becomes indefinite, what a process is modeled. 
Generally speaking, these considerations are not quite 
correct because an “averaging” of the real substance in 
which there are neither atoms nor their groups in the lat-
tice is assumed at the use of the continuum model, where 
one can formulate a continuous differential problem in 
which the processes are described by differential equa-
tions, for example, diffusion equations with empirical 
coefficients obtained from reality (the standard or pre-
stressed silicon, temperature, etc.). 

The discretization of a continuous problem (the com-
putational algorithm construction) naturally introduces 
its problems (approximation, convergence, solution uni- 
queness). These problems, however, have quite a differ-
ent character and have nothing common to do with the 
problems of the adequacy of the continuum model as 
applied to real processes. 

We can summarize the above said as follows. The 
model of continuum on the sizes of 100 nm is, on the 
whole, still sufficiently correct, but the local modeling of 
structures already requires a special analysis and the cau-
tion at the interpretation of obtained numerical results. 

The advanced technologies enable the manufacturing 
of NEMS with sizes of elements less than 10 nm. So the 
two-layer gate dielectrics are used in the NEMS transis-
tors. The first layer is a thermal silicon dioxide SiO2 1 
nm or less thick. The second layer is the silicon nitride 
Si3N4 (or a mixture of the oxide and nitride); it has about 

the same thickness. At such sizes, the accuracy of com-
puting the oxidation process within the framework of 
the continuum model becomes very questionable. It is 
required to use more complex physical and mathe-
matical models and the computational algorithms im-
plementing them. 

A passage to the quantum-mechanical model, which 
necessitates the derivation of the Hamilton operators and 
the solution of the Schroedinger equation, will require 
the development of new theoretical methods, computa-
tional algorithms, and the application of high-perform-
ance supercomputers. 
 
4. Conclusions 
 
In the present work, a computer modeling of one of the 
important technological processes applied at the design 
of new semiconductor materials with given electrophy- 
sical properties—the process of the implantation of 
dopants into the base silicon substrate with a non-planar 
surface has been carried out. 

The influence of process parameters (the aiming angle 
and implantation energy) on the distributions of concen-
trations of the admixtures of phosphorus, boron, and ar-
senic in silicon has been investigated. 
 
5
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Abstract 
 
Recursive state estimation methods have aroused substantial attraction among many researchers and in par-
ticular, the drives research fraternity has shown increased interest in recent years. State estimators that sur-
rogate direct measurements play an integral part in the operation of modern a.c. drives. Their robustness and 
accuracy are very much decisive for the performance of the drive. In this paper, a comparative analysis of the 
three nonlinear filtering schemes to estimate the states of a three phase induction motor on the simulated 
model is presented. The efficacy of Ensemble Kalman Filter (EnKF) against the traditional Jacobian based 
Filter or Extended Kalman Filter (EKF) and almost forbidden, hitherto least-attempted Unscented Kalman 
Filter (UKF) is very much exemplified. Theoretical aspects and comparative simulation results are investi-
gated comprehensively with respect to three different scenarios viz., step changes in load torque, speed re-
versal, and low speed operation. Also, “Monte Carlo Simulation” runs have been exploited very extensively 
to show the superior practical usefulness of EnKF, by which the minimum mean square error (MMSE), 
which is often used as the performance index, ostensibly gets mitigated very radically by the proposed ap-
proach. The results throw light on alleviating the intrinsic intricacies encountered in EKF in parlance with 
the observer theory. 
 
Keywords: Ensemble Kalman Filter [EnKF], Extended Kalman Filter [EKF], Three Phase Induction Motor 

[IM], State Estimation,Unscented Kalman Filter [UKF] 

1. Introduction 
 
Nonlinear system design using observers is incredibly a 
very rich area and has been well-researched over the past 
five decades by the researchers of induction motor con-
trol. In general an estimator is defined as a dynamic sys-
tem, whose state variables are estimates of some other 
system (e.g., electrical machine) [1].  

A plethora of nonlinear state estimation tools are 
available in the literature and among those a number of 
workers in the observer design for state and parameter 
estimation of IM attempted by augmenting the state with 
unknown parameters, were extensively based on the 
conceptually simple and celebrated Extended Kalman 
Filter (EKF), which is very well-known as a recursive 
nonlinear state estimator, derived by the direct lineariza-

tion of state transition function and measurement equa-
tion for extending the (linear) Kalman filter in to the 
nonlinear filtering area [2-13].  

Whilst, the well-established EKF which has been dis-
tinguished to be the best for processing noisy discrete 
measurements and for attaining high accuracy state esti-
mates of nonlinear dynamic system in most of the situa-
tions, it suffers from the following serious shortcomings 
[14]. 
 Costly calculation of Jacobian matrices which are 

trivial in most applications and often results in imple-
mentation difficulties. 
 It requires linearization of state transition and 

measurement functions at each and every sampling in-
stant and first order linearization introduces huge errors 
in mean and covariance of the state vector, thus leading 
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to biasedness of its estimate. 
 Lack of unwieldy analytical methods for appropri-

ate selection of model covariances. 
More recently, derivative free nonlinear state estima-

tion tools such as Unscented Kalman filter [UKF] with 
deterministic sampling and Ensemble Kalman Filter 
[EnKF] which utilizes stochastic sampling approach, 
have been proposed to address the well-recognized de-
merits of the most popular EKF. These relatively new 
nonlinear filtering strategies do not involve any lineari-
zation that is required by the well-known EKF, thus 
yielding enhanced state estimates and have been shown 
to be a viable alternative to EKF in a wide diversity of 
applications. 

Unscented Kalman Filter [UKF] introduced by Julier 
and Uhlmann [15], can capture the posterior mean and 
covariance precisely to third-order for any nonlinearity. 
UKF, inarguably a novel state estimator, has received 
very little attention among the researchers in the drives 
research group. Owing to its numerous advantages pos-
sessed by UKF, which were even though exploited very 
well in the field of chemical engineering, the major flaws 
posed by the model-dependency deprived of it from the 
applications in state and parameter estimation as applied 
to induction motor drives. Results exhibit that the UKF 
consistently outperforms the EKF in terms of state pre-
diction and estimation errors [16]. 

The studies make use of UKF for state observation, in 
which simulation results obviously depict that several 
inherent properties of UKF recommending its use over 
EKF in nonlinear filtering problems [17]. Ironically, the 
characteristics of a new evolutional algorithm Square 
Root Unscented Kalman Filter [SRUKF], proposed by 
Rudolph Van Der Merwe and Eric. A. Wan [18], have 
been very well explored against the EKF by Jie Li et al. 
[19], and the comparitive results indicate that SRUKF 
does not display its properties and rather it increases the 
complexity of the method and so the computational cost. 
This has led to a conclusion that EKF is still the more 
realistic state estimation algorithm of induction motor 
drives.   

A radical step in the filtering of nonlinear systems was 
the development of the Ensemble Kalman Filter [EnKF]. 
EnKF, a derivative free filter, proposed by Evenson, and 
which employs a stochastic sampling approach, can be 
used for handling the state estimation problems con-
nected with systems involving discontinuities. Sample 
points straddle the discontinuity by which they are ap-
proximated. EnKF approximates multi-dimensional inte-
gration involved in propagation and update steps using 
Monte-Carlo sampling. Computation steps are very 
similar to UKF. It is a new class of particle filter and 
reasonable estimates can be obtained even by the use of 
50 to 100 ensemble sizes. The merits of EnKF are listed 
as below [20]. 

 The model need not be smooth and differentiable. 
 The state noise can be placed anywhere, for exam-

ple on uncertain parameters and the noise distribution 
pattern can either be non-additive or non-Gaussian. 

Since linearization is not involved in the calculation of 
state prediction and covariance in EnKF, the Kalman 
gain estimates are very much exact. This accurate gain at 
the end leads to improved estimates. Evenson [20], pro-
vides a thorough assessment of the theoretical formula-
tion and practical implementation of the EnKF. Also an 
excellent review of the theoretical properties and applica-
tions of EnKF were also asserted by Gerrit Burgers et al. 
[21].  

Drawing inspiration from the encouraging results of 
EnKF in the fields of chemical engineering [22], weather 
forecasting etc., [20,21], the behaviour of the EnKF al-
gorithm is explored on the simulated model of a three 
phase induction motor, which is the main contribution of 
this paper. It is to be understood that no detailed investi-
gations on EnKF to estimate the states of a three phase 
induction motor were realized. The EnKF algorithm is 
designed, analyzed, implemented and its effectiveness is 
evaluated with EKF and UKF under three different cir-
cumstances viz., step changes in load torque, speed re-
versal and low speed operation. Computer simulations 
have been carried out in the presence of additive state 
and measurement uncertainties to substantiate the test 
results of EnKF. 

The organisation of the paper is as follows: After the 
introduction in Section 1, Section 2 discusses in detail 
the formulation of EnKF algorithm for state estimation 
of a three phase IM. Simulation studies are reported in 
Section 3 and the main concluding remarks drawn from 
the analysis of the simulation results are discussed in 
Section 4. EKF and UKF algorithms are provided in 
Appendices A and B respectively. 
 
2. State Estimation 
 
Consider a nonlinear system represented by the follow-
ing nonlinear differential equations: 

dx = F x(t),u(t)
dt

              (1) 

y=G x(t),u(t)                (2)  

Equation (1) is a state equation and Equation (2) de-
scribes the relation between state and measurement vari-
ables. In order to describe a discrete nonlinear system, 
Equations (1) and (2) can be functionally represented in 
discrete forms as: 

 x(k)=f x(k-1),u(k-1) +w(k)         (3) 

 y(k) =g x(k-1),u(k-1) +v(k)         (4) 
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where is the system state vector,  
is the known system input, 

nx(k) R mu(k) R
pw(k) R  is the state noise, 

 is the measured variable and  is 

the measurement noise .The parameter k represents the 
sampling instant and the symbol f is a (possibly nonlin-
ear) state transition function and g is a (possibly nonlin-
ear) measurement function.  

r Ry(k) rk) Rv(

density function (k)p (k)|  x Y

kp (k) |

.  denotes the set of 

all the available measurements, i.e.  {y(k), y(k 
-1),......} As reported by Arulampalam et al. [23], the 

posterior density 

(k)Y
kY 

  x Y

p (k 1) |

 is estimated in two steps: 

(a) prediction step, which is computed before obtaining 
an observation, and, (b) update step, which is computed 
after obtaining an observation. In the prediction step, the 

posterior density k 1  Yx  at the previous time 

step is propagated into the next time step through the 
transition density {  p (k) | (kx x 1) } as follows: 

The objective of the recursive Bayesian state estima-
tion problem is to find the mean and variance of a ran-

dom variable  using the conditional probability  x(k)

 

 k 1 k 1p (k) | p (k) | (k 1) p (k 1) | d (k 1)        x Y x x x Y x                      (5) 

 
The update stage involves the application of Bayes’ rule: 

 k k

k 1

p (k) | (k)
p (k) | p (k) |

p (k) |



       

y x
x Y x Y

y Y
1    (6)  

 k 1 k 1p (k) | p y(k) | x(k) p (k) | d (k)       y Y x Y x
 

(7) 

Combining (5), (6) and (7) where,   

   
 

k 1

k

k 1

p (k) | (k) p (k) | (k 1) p (k 1) | d (k 1)
p (k) |

p y(k) | x(k) p (k) | d (k)





            




y x x x x Y x
x Y

x Y x
               (8) 

 
Equation (8) describes how the conditional posterior 

density function propagates from  to 

. The properties of the state transition Equa-

tion (3) are accounted through the transition density 
function 

k 1p (k 1) |   x Y

kp (k) |x Y



2.1. Unconstrained State Estimation Using  
Ensemble Kalman Filter 

 


p (k) | (k 1)x x  while  p (k) | (k)y x  reflects 

the nonlinear measurement function. The prediction and 
update strategy provide an optimal solution to the state 
estimation, which, unfortunately, involves high-dimen-
sional integration. The exact analytical solution to the 
recursive propagation of the posterior density is very 
difficult to obtain. But, solutions do exist in certain cases 
[25]. While dealing with nonlinear systems, it becomes 
necessary to develop approximate and computationally 
tractable sub-optimal solutions to the above sequential 
Bayesian estimation problem. 

In this section we describe the most general form of the 
EnKF as available in the literature (Gillijns et al. [24], 
Prakash et al. [25]). The EnKF is initialized by drawing 
N particles  from a given distribution. At 

each time step, N samples  

for { } and { } are drawn randomly using the 

distributions of state noise and measurement noise. 
These sample points together with particles 

(i){ (0 | 0)}x

(k) v

(i) (i){ (k 1), (k) : i 1,..N} w v

(i)ˆ{ (k 1

(k)w

x  

| k 1) : i 1,..N}   are then propagated through the sys-

tem dynamics to compute a cloud of transformed sample 
points (particles) as follows: 

 
kT

(i) (i) (i)

(k 1)T

ˆ ˆ(k | k 1) (k 1 | k 1) F ( ), (k 1) d (k) : i 1, 2,....N


 
          

  
x x x u w           (9) 

 
These particles are then used to estimate the sample 

mean and covariance as follows: 
N T(i) (i)

,
i 1

1
P (k) (k) (k)

N 1 

        ε e ε e      (12) 

N
(i)

i 1

1
ˆ(k | k 1) (k | k 1)

N 

  x x        (10) N T(i) (i)

i 1

1
P (k) (k) (k)

N 1 

      e,e e e       (13) 

N
(i) (i)

i 1

1
ˆ(k | k 1) H (k | k 1) (k)

N 

     y x v  (11) where, 
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(i) (i)ˆ(k) (k | k 1) (k | k 1)  ε x x        (14) 

(i) (i) (i)ˆ(k) H (k | k 1) (k) (k | k 1)     e x v y   (15) 

The Kalman gain and samples of updated particles are 
then computed as follows:   

1
K(k) P (k) P (k)


   ε,e e,e           (16) 

 (i) (i) (i)ˆ(k | k 1) (k) H (k | k 1) (k)       y x v  (17) 

(i) (i) (i)ˆ ˆ(k | k) (k | k 1) K (k) (k | k 1)   x x    (18) 

 (i) (i) (i)ˆ(k | k) (k) H (k | k) (k)     y x v    (19) 

where i=1,2,…N. The updated state estimate is computed 
as the mean of the updated cloud of particles, i.e.  

N
(i)

i 1

1
ˆ ˆ(k | k) (k | k)

N 

 x x           (20) 

The covariance of the updated estimates can be com-
puted as 

N T(i) (i)

i 1

1
(k | k) (k) (k)

N 1 

      P γ γ      (21) 

(i) (i)ˆ ˆ(k) (k | k) (k | k) γ x x         (22) 

While  is not required in subsequent compu-

tations of the EnKF, it can serve as a measure of the un- 
certainty associated with the updated estimates. It may be 
noted that in Equation (15), the predicted observations 

(k | k)P

have been perturbed by drawing samples from the meas-
urement noise distribution. The random perturbations 
have to be carried out so that the updated sample covari-
ance matrix of the ensemble Kalman filter matches with 
that of the updated error covariance matrix of the Kal-
man filter [20]. This step helps in creating a new ensem-
ble of states having correct error statistics for the update 
step [24]. It may be noted that the accuracy of the esti-
mates depends on the number of data points (N). Prakash 
et al. [25] have indicated that the ensemble size between 
50 and 100 suffices even for large dimensional systems. 
 
3. Induction Motor Model 
 
In order to apply nonlinear filters for the state estimation 
of a three phase IM, the first step in the estimation proc-
ess is the precise definition of a mathematical model, 
which appropriately represents the real behaviour of a 
motor. The most preferred way of capturing the dynam-
ics of an induction motor is by a fifth-order differential 
equation with two inputs (vsα , vsβ) and five state vari-
ables(isα , isβ , Ψrα , Ψrβ , wm) are available for measure-
ment. One of the model structures used by Murat Burat 
et al. [2], its associated parameters (see Table 1) and 
noise covariance matrices have been used to generate the 
true value of the state variables. 

The IM is modelled by the following differential equa-
tions in the frame of references connected to the stator 
[2]: 
 

' 2 '.
sα s r m r m m

1 sα rα p m rβ sα' 2 ' 2 '
σ σr σ r σ σ r

di R R L R L L 1
= X = + i + ψ + P ω ψ + V

dt L LL L L L L L

 
  
 

               (23) 

' 2 '.
sβ s r m r m m

2 sβ rβ p m rα sβ' 2 ' 2 '
σ σr σ r σ σ r

di R R L R L L 1
= X = + i + ψ P ω ψ + V

dt L LL L L L L L

 
  
 

              (24) 

 
' '.

rα r r
3 m sα rα p m rβ' '

r r

dψ R R
= X = L i ψ P ω ψ

dt L L
       (25) 

' '.
rβ r r

4 m sβ rβ p m r' '
r r

dψ R R
= X = L i ψ +P ω ψ

dt L L       (26) 

.
p pm m m

5 rβ sα rα sβ L' '
L Lr r

P Pdω L L3 3
= X = ψ i + ψ i t

dt 2 J 2 J JL L


L

1
  

(27) 
The measurement equation is given by: 

Y = [isα  isβ]
T             (28) 

The value of state variables were initialized as below: 

X (0│0) = [0;0;0;0;0] 

The evolution of true state variables is computed by 
solving the nonlinear differential equations, using the 

differential equation solver in MATLAB 7.7. The sam-
pling time is chosen to be as 0.01 and the length of all 
the simulation trials as 2000, besides, the state and 
measurement noises are added in an additive fashion. 
 
3.1. Design of Derivative Based and  

Derivative Free Filters 
 
The algorithm reported in Section 2 and in the appendi-
ces A and B respectively, have been used to estimate the 
state variables of the IM, which takes into account of 
load torque as an additional state variable. In order to 
generate unbiased state estimates, in all the three nonlin-
ear estimators taken for comparative analysis, it has been 
assumed that in the presence of load torque variation, 
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Table 1. Rated values and parameters of the IM used for simulation study. 

P 
(KW) 

f (Hz) JL (Kg.m2) Pp 
V 

(V) 
I 

(A) 
Rs (Ω) Rr (Ω) Ls (H) Lr (H) Lm (H) 

Nm 

(rpm) 
TL 

(Nm) 

3 50 0.05 2 380 6.9 2.283 2.133 0.23 0.23 0.22 1430 20 

 
the state equation is augmented with the differential 
equation which is of the form: 

.
L

6
dt

= X =0
dt

               (29) 

Equation (29) implies that the load torque can vary 
only in a step-like fashion. The afore-said equation, to-
gether with the differential Equations (23) to (27), listed 
in the preceding sub-section have been used for generat-
ing one step ahead predicted state estimates. The state 
and measurement noise covariance matrices (see Table 2) 
were initialized as specified in [2]. However the variance 
linked with the augmented state variable is changed, to 
attain good responses. 

It is to be noted from Table 2 that for EKF and EnKF, 
identical values of state and measurement noises have 
been realized. In the lime-light of UKF’s supremacy over 
EKF and since the results produced by the UKF with the 
alike value of noise covariances, are somewhat not ac-
ceptable, the variance associated with the augmented 
state variable, is further fine tuned to get a fair estimate, 
and despite our several endeavours, the expected better 
results were not evolved. It is worth noting that manual 
tuning of the UKF using trial and error method is simple 
to carry, but the process is time consuming, and accept-
able performance can only be acquired with a great effort 
from an experienced operator. 

It has been assumed that the random errors were pre- 
sent in the noise covariance matrices and the estimation 
is started with the initial value as shown below: 

X (0|0) = [0; 0; 0; 0; 0] 

The initial error covariance matrices reported in [2] 
have been fixed and are as follows: 
 

Table 2. Initial value of measurement and state noise co-
variance matrices. 

State esti-
mation 

schemes 

State Noise Covariance 
matrix 

Measurement 
Covariance matrix

EKF 
and 

ENKF 

QEKF, ENKF  = diag 
{1.5×10-11A2  1.5×10-11A2  

10-15(V-s)2 

10-15(V-s)2  10-15(rad/s)2   
10-6(N-m)2*} 

UKF 
QUKF = diag {QEKF and ENKF; 

10-8+9/2* (N-m)2}* 

REKF = RUKF = 
RENKF = 

diag{1.5e-7A2  

1.5e-7A2} 

* Variance connected with the augmented state variable. 

P= diag{ 1A2 1A2 1(V-s)2 1(V-s)2 1(rad-s)2 1 (N-m)2} 
EKF tuning is performed in an ad-hoc style, but the 

EnKF algorithm differs substantially from the customary 
approach in the sense that, when the particle size is very 
small, the EnKF may not always converge or arrive at an 
optimal solution, and in order to get reasonable responses, 
the ensemble size must be more, and in our instance, the 
ensemble size for a single simulation trial, for all the 
situations tested in our study is chosen as 200. It should 
be noted that the EnKF algorithm is computationally 
intensive. The computation time per sampling instant, for 
a single simulation run with a particle size of 200, is 
about 45 minutes on an Intel Core 2 Duo PC. 
 
4. Simulation Results and Discussion 
 
4.1. Test Results 
 
Computer simulations were performed to test the useful-
ness of the EnKF algorithm against other state prediction 
and estimation methods such as EKF and UKF. The 
simulations were carried out in MATLAB7.7-R2008(b) 
program on an Intel core 2 Duo Processor with 1.8GHz 
CPU and 2 GB RAM. Three different scenarios reported 
by Murat Burat et al. [2], have been used for the com-
parative analysis. 
 
4.1.1. Scenario-I: Step Changes in Load Torque 
The evolution of true and estimated state variables in the 
presence of step changes in load torque is shown in Fig-
ure 1. It is being observed that the estimated values of 
state variables and the filtered estimate of measured 
variables track their true value more closely throughout 
the operating range. The analysis of Figure 1 enables us 
to conclude that relatively good estimates are obtained 
from EnKF in comparision with the EKF and UKF. 
Moreover the estimate of the augmented state variable is 
determined to be very accurate. 
 
4.1.2. Scenario-II: Reversal of Speed 
Figure 2 presents the emergence of true and estimated 
state variables for the speed reversal case and this is ac-
complished by changing the input frequency from +50 
Hz to –50Hz. It is being inferred that the state estimates 
obtained by EnKF are very accurate, compared to the 
behaviour of the estimates produced by using the EKF 
and UKF formulations. It is noteworthy that all the three 
state estimation schemes taken for comparative study 
perform exceedingly well in this case. 
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Figure 1. Evolution of true and estimated state variables for step changes in load torque. 
 

 

Figure 2. Emergence of true and estimated state variables for speed reversal.

 

 

(d)(c) 

(e) (f)

(b)(a) 
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4.1.3. Scenario-III: Low Speed Operation 
One significant aspect being very well examined in the 
literature is the low speed operation, which was pre-
sumed as a serious challenge in the arena of IM drives. 
This is possible by constantly maintaining v/f ratio and 
the low speed operation results are very well displayed in 
Figure 3. A closer examination of the Figure 3 discloses 
that the estimates of speed and rotor fluxes are found to 
be more precise. It should be noted that the Kalman filter 
and its variants have demonstrated an acceptable per-
formance in the low speed operation. Regardless of its 
appreciable results of simulation at low speeds for EKF 
algorithm, the complexity, computational burden and 
accuracy issues practically outlaw the choice of EKF 
algorithm over a low-cost fixed processor. 

a) isα[A]-Stator stationary axis components of stator 
currents. b) isβ[A]-Stator stationary axis components of 
stator currents. c) -Rotor stationary axis compo- 

nents of stator flux. d) -Rotor stationary axis 

components of stator flux. e) ωm [rad-s]-Angular velocity. 
f) TL[N-m]-Load torque. 

rαψ [V-s]

rβψ [V-s]

 
4.2. Performance Assessment 
 
The performance of the three nonlinear estimators taken 
for comparative study must be assessed through simula-
tion, because stochastic systems are involved in these 
studies. For each case that is being analyzed, a simula- 

tion run that consists of NT (trials) with the length of 
each simulation trial being equal to L is conducted. In all 
the simulation trials, the sum of the squares of the esti-
mation errors, which is truly the difference between the 
estimated value of the state variables and the true value 
of the state variables, that have been obtained. The mean 
of the estimation errors based on 25 Monte Carlo simula-
tions for the EKF, UKF and ENKF are reported in Ta-
bles 4, 5 and 6 respectively. A close view at the tables 
makes one to conclude that, the Minimum Mean Square 
Error [MMSE], which is often used as a performance 
index is found to be very low for EnKF in all the three 
different scenarios taken for comparative simulation 
study. It is apparent from the Table 6 that, MMSE gets 
lessened by the use of more ensemble sizes. The compu-
tational time per sampling instant for an ensemble size of 
25 for EnKF is compared with the EKF and UKF and 
presented in the form of histogram (see Figure 4). De-
spite the fact that the time-complexity is said to be large, 
these are well within the capabilities of contemporary 
signal processing devices, so that a real-time accom-
plishment is plausible. 
 
5. Concluding Remarks 
 
An attempt has been made in this paper to use the EnKF 
for the estimation of states of a three phase IM. Computer 
simulations have been performed meticulously to  
 

 

Figure 3. Emergence of true and estimated state variables for low speed operation. 
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Figure 4. Comparision of execution time of EnKF for a particle size 25 against EKF and UKF. 
 
Table 4. Minimum mean square error (MMSE) values of 
EKF. 

SCENARIO – 
I 

SCENARIO – 
II 

SCENARIO – 
III 

STATE 
VARI-
ABLES MEAN MEAN MEAN 

sαi  6.9100e-2 6.6720e-2 1.8400e-2 

sβi  6.9093e-2 6.6723e-2 1.8469e-2 

rαψ  6.0288e-5 5.8286e-5 1.1682e-4 

rβψ  6.0290e-5 5.8282e-5 1.3016e-4 

mω  9.4296e-1 9.7334e-1 4.8508e-1 

Lt  5.5802e0 5.5872e0 2.0452e0 

 

Table 5. Minimum mean square error (MMSE) values of 
UKF. 

SCENARIO – 
I 

SCENARIO – 
II 

SCENARIO – 
III 

STATE 
VARI-
ABLES MEAN MEAN MEAN 

sαi  1.8604e-1 2.6480e-1 3.1616e-1 

sβi  1.8611e-1 2.6479e-1 3.0686e-1 

rαψ  1.0164e-4 1.4123e-4 1.8700e-3 

rβψ  1.0357e-4 1.4314e-4 2.2864e-3 

mω  1.1745e0 2.1488e0 2.3092e0 

Lt  4.6709e0 4.7167e0 2.6369e0 

compare the behaviour of EnKF against the EKF and 
UKF. The main conclusion drawn from this work, is that 
the inherent flaw of the well-appreciated EKF i.e., the 
exhaustive Jacobian computation, which is very well the 
cause of biasedness of its estimate and imposing severe 
computational cost in real-time implementation were 
overcome, thanks to the action of EnKF, which provides 
a derivative free approach for estimation of predicted 
covariances required in the update step. As evidenced by 
the results, the EnKF algorithm surpasses EKF and UKF 
in all the scenarios tested, and a noticeable enhancement 
in its performance is attained even by the use of 50 to 
100 ensemble sizes. This can be claimed as a potential 
advantage over EKF. 

Enlightened by the belief that UKF is a superior alter-
native of the EKF, though theoretically proven, it is fine 
tuned to obtain an estimate very nearer to EKF, but even 
then UKF did not exhibit its properties, and the results 
achieved are said to be implausible. Additive and Gaus-
sian noise distribution sequence is usually made as an 
assumption in the state estimation of a three phase IM. 
However, there are schools of thought supporting the 
distribution of noise in IM drive system in real-time, as 
being primarily non-addditive and non-Gaussian in na-
ture. Categorically, the drives research community has 
been left bewildered by such an apparent dissension and 
even under such circumstances, the EnKF algorithm will 
work satisfactorily, which has to be further explored 
carefully. Conversely, the well-acclaimed EKF can be 
strictly applied only for restricted class of noise distribu-
tion patterns. Because of its conspicuous performance, 
the EnKF algorithm has an edge over EKF in a wide di-
versity of applications. The only drawback is the 
time-complexity, but nevertheless a processor with high  
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Table 6. Minimum mean square Error (MMSE) values of EnKF for different ensemble sizes. 

PARTICLE SIZE STATE VARIABLES SCENARIO I SCENARIO II SCENARIO III 

sαi  7.2293e-4 5.5775e-4 1.1594e-4 

sβi  7.2395e-4 5.5142e-4 1.8477e-4 

rαψ  2.3036e-5 2.7246e-5 2.7319e-5 

rβψ  1.9797e-5 2.0483e-5 2.0248e-5 

mω  3.2161e-2 2.5811e-2 1.9117e-2 

25 

Lt  1.4886e0 1.3837e0 5.0224e-1 

sαi  5.3629e-4 4.3726e-4 8.0065e-5 

sβi  5.4094e-4 4.3459e-4 1.5401e-4 

rαψ  1.3467e-5 1.7553e-5 1.7393e-5 

rβψ  9.0231e-6 8.8537e-6 8.6287e-6 

mω  2.8156e-2 2.3189e-2 1.7070e-2 

50 

Lt  1.4234e0 1.3300e0 4.8683e-1 

sαi  4.5133e-4 3.8873e-4 7.7783e-5 

sβi  4.5348e-4 3.8735e-4 1.4255e-4 

rαψ  1.2643e-5 1.7070e-5 1.7924e-5 

rβψ  7.7786e-6 7.4994e-6 7.2875e-6 

mω  2.6420e-2 2.2476e-2 1.5958e-2 

75 

Lt  1.3917e0 1.3212e0 4.7789e-1 

sαi  4.5836e-4 3.8299e-4 7.0702e-5 

sβi  4.5023e-4 3.8734e-4 1.3433e-4 

rαψ  9.6340e-6 1.3041e-5 1.6903e-5 

rβψ  6.5697e-6 6.3207e-6 6.1035e-6 

mω  2.6116e-2 2.1808e-2 1.5007e-2 

100 

Lt  1.4050e0 1.3219e0 4.8265e-1 

sαi  4.2953e-4 3.5544e-4 6.8404e-5 

sβi  4.4175e-4 3.6098e-4 1.2849e-4 

rαψ  1.1029e-6 1.5337e-5 1.5158e-5 

rβψ  2.4206e-6 2.0697e-6 1.8484e-6 

mω  2.5491e-2 2.2614e-2 1.4785e-2 

150 

Lt  1.3995e0 1.3059e0 4.7555e-1 

 
calculation performance can accomplish these require 
ments. Since the digitized a.c. drives have reached the 
state-of-the-art of technology, any order of these chal-
lenging crossroads can be proven to be mediocre. 

6
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Nomenclature 
 
Pp   No. of pole pairs  

σ sL =σL   Stator transient inductance (H) 

σ    Leakage or Coupling factor 
Ls   Stator inductance (H) 
Rs   Stator resistance (Ω) 

'
rL    Rotor inductance referred to the stator  

side (Ω)  
'
rR    Rotor resistance referred to the stator side  

(Ω) 

sαV , sβV  Stator stationary axis components of  

stator currents (V) 

rα rβψ ,ψ   Rotor stationary axis components of  

stator flux (V-s) 

LJ    Total inertia of the IM (Kg.m2) 

mω    Angular velocity 

x   True state variables 
x̂(k | k)   Updated state estimates 

y(k)   Measured variables 
u(k)   Input variables 
P(k | k)  Updated error covariance matrix 
W(k)  State noise vectors 
F   Jacobian matrix 
G   Non linear measurement function 
x̂(k | k 1)  Predicted state estimates 

P(k | k 1)  Predicted error covariance matrix 

ŷ(k | k 1)  Predicted measurement 

(k | k 1)   Innovation matrix 

K(k)    Kalman gain 

V(k)   Covariance matrix of innovation 

(k | k, i)   A set of 2L+I sigma points 

(k | k 1,i)   Predicted set of sigma points 

eeP (k)   Covariance matrix of innovations 

eP (k)   Cross covariance matrix between the  

predicted state estimate errors and 
             innovations 
W(i)   Associated weights   
 
Greek Symbols 
 
Ф   State transition matrix  
µ   Mean of estimation error 
 
Appendix-A 
 
EKF Algorithm 
 
Owing to a wealth of literature exists on the EKF algo-

rithm, here we merely present the filter equation in a 
succinct way. The basic idea of the EKF is to linearize f 
and g (Equations (3) and (4) listed in the Section 2) using 
a first order Taylor series expansion, and then apply the 
standard Kalman filter. We have assumed in this work 
that the initial state and the sequence  w(k) and v(k)  

are white, Gaussian and independent of each other. The 
most acclaimed EKF is as follows: 

The predicted state estimates are obtained as: 

 
(k)T

(k 1)T

ˆ ˆ(k | k 1) (k 1| k 1) F ( ), (k 1) d


      x x x u   

(A.1) 

The covariance matrix of estimation errors in the pre-
dicted estimates is obtained as 

TP(k | k 1) (k)P(k 1 | k 1) (k) Q        (A.2) 

where 

   

 
ˆ ˆx(k 1|k 1),u(k 1) x(k 1|k 1),u(k 1)

F G
A(k) ;C(k)

x x

(k) exp A(k)*T

     

            

 

 

(k)  is nothing but Jacobian matrices of partial de-

rivatives of  F .  with respect to x and w and  is 

the Jacobian matrix of partial derivatives of 

C(k)

 H .  with 

respect to x. The measurement prediction, computation 
of innovation and covariance matrix of innovation are as 
follows: 

 ˆ ˆy(k | k 1) H x(k | k 1)         (A.3) 

ˆ(k | k 1) y(k) y(k | k 1)          (A.4) 

TV(k) C(k)P(k | k 1)C(k) R       (A.5) 

The Kalman gain is computed using the following 
equation  

T 1K(k) P(k | k 1)C(k) V (k)      (A.6) 

The updated state estimates are obtained using the 
following equation 

ˆ ˆx(k | k) x(k | k 1) K(k) (k | k 1)        (A.7) 

The covariance matrix of estimation errors in the up-
dated state estimates is obtained as 

 P(k | k) I K(k)C(k) P(k | k 1)      (A.8) 

It should be noted that the calculation of the covari-
ances and the gain of the EKF are the same as those of 
the linear Kalman filter. The EKF always approximates 

kp x(k) | Y    to be Gaussian. However, the distribu-
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tions of the various random variables are no longer nor-
mal after undergoing their respective nonlinear transfor-
mations. Moreover, EKF uses first order terms of the 
Taylor series expansion of the nonlinear functions, so, 
large errors will be introduced when the models are 
highly nonlinear. 

 
Appendix-B 
 
Unscented Kalman Filter Algorithm (Julier and 
Uhlmann, 2000) 
 
The unscented transformation (UT) is a method for cal-
culating the statistics of a random variable, which un-
dergoes a nonlinear transformation. A set of 2L+1 sigma 
points (k | k, i)  with the associated weights  are 

chosen symmetrically about  as follows: 

W(i)

x̂(k | k)

0ˆ(k | k,0) x(k | k) W
L


  

 
 

 
i

ˆ(k | k, i) x(k / k) (L )P(k | k)

1
W(i) i 1: L

2(L )

    

 
 

 

 
i L

ˆ(k | k, i) x(k | k) (L )P(k | k)

1
W(i) ; i L 1.....2L

2(L )


    

  
 

 

where is a tuning parameter and for Gaussian distri-
bution the tuning parameter can be obtained from the 
following relation . The 2L+1 sigma points 
have been derived from the state ( ) and covari-

ance of the state vector ( ), where L is the dimen-

sion of the state. 



3 L  

P(k |

x̂(k | k)

k)

In the prediction step, the sigma points are propagated 
through the nonlinear differential equations to obtain the 
predicted set of sigma points as 


kT

(k 1)T

(k | k 1,i) (k 1| k 1,i) F ( , i), (k 1)

d ; i 0 : 2L



         

 

 u 
 

(B.1) 

The predicted state estimates ( ) are ob-

tained from the predicted sigma points as 

x̂(k | k 1)

2L

i 0

x̂(k | k 1) W(i) (k | k 1,i)


        (B.2) 

The error covariance matrix ( P( ) is obtained 

from the predicted sigma points as 

k | k 1)

2L

i 0

T

ˆP(k | k 1) W(i)[ (k | k 1,i) x(k / k 1)]

ˆ[ (k | k 1,i) x(k / k 1)] Q



     

    


 (B.3) 

The predicted sigma points are propagated through the 
nonlinear measurement equation to obtain the predicted 
measurement as 

    (B.4)  
2L

i 0

ŷ(k | k 1) W(i)*H (k | k 1,i)


   

The covariance matrix of the innovations ( ) and 

the cross covariance matrix between the predicted state 
estimate errors and innovations ( ) are computed 

as: 

eeP (k)

eP (k)

2L

ee
i 0

T

P (k) W(i){H[ (k | k 1,i)]

ˆ ˆy(k | k 1)}*{H[ (k | k 1,i)] y(k | k 1)}



  

     


 (B.5) 

2L

e
i 0

T

P (k) W(i)[ (k | k 1, i)

ˆ ˆx(k / k 1)]*{H[ (k | k 1, i)] y(k | k 1)}




  

     


 (B.6) 

ˆ(k | k 1) y(k) y(k | k 1)           (B.7) 

The Kalman gain matrix ( ) can be determined as 

follows: 

K(k)

1
e eeK(k) P (k)P (k)
            (B.8) 

The updated state estimates ( ) are obtained 

using the linear update equation as in the Kalman filter. 

x̂(k | k)

ˆ ˆx(k | k) x(k | k -1) K(k) | (k | k -1)   (B.9) 

The covariance matrix of error in the updated state es-
timates ( ) are computed using P(k | k)

T
eeP(k | k) P(k | k -1) - K(k)*P (k)K (k)  (B.10) 

The UKF does not approximate the nonlinear func-
tions of system and measurement models as required by 
the EKF. Instead, the nonlinear functions are applied to 
sigma points to yield transformed samples, and the 
propagated mean and covariance are calculated from the 
transformed samples. 
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Abstract 
 
This paper deals with the human adaptability to its built environment. The built environment as we know it 
rarely finds itself adapting to its surrounding context, whether it be on the level of interaction with humans or 
the climate. Humans and nature both are in a constant state of flux; moving, changing, sensing, and reacting 
to their context and information they gather and perceive. A barrier is formed between the built environment 
and humans and nature due to the fact that their inherent characteristics are utterly contrasting. It is com-
monly estimated that persons in urban areas spend at least 80% of their time indoors. This suggests that the 
quality of the indoor environment can have a significant impact on comfort, health, and overall sense of well 
being. The indoor environment of buildings should thus be designed and controlled, as to provide a com-
fortable and healthy space for occupants. In order to maintain the quality of the indoor environment, we me-
chanically condition our buildings to achieve constant, uniform and comfortable environments. The mainte-
nance of thermal equilibrium between the human body and its environment is one of the primary require-
ments. History of thermal comfort and climate design shows a definite relation between them and research is 
needed to know “What are comfort conditions?” and “How buildings could adapt themselves to these condi-
tions”. 
 
Keywords: Adaptability, Human Comfort, Thermal Comfort, Thermal Performance, Adaptive Behaviour 

1. Introduction 
 
The phrase built environment refers to the man-made 
surroundings that provide the setting for human activity, 
ranging in scale from personal shelter to neighborhoods 
to the large-scale civic surroundings. Humans and many 
other mammals have unusually efficient internal tem-
perature regulating systems that automatically maintain 
stable core body temperatures in cold winters and warm 
summers. In addition, people have developed cultural 
patterns and technologies that help them adjust to ex-
tremes of temperature and humidity. 

Thermal comfort is essentially a subjective response. 
Current comfort standards such as ASHRAE-55 (Amer-
ican Society of Heating, Refrigerating and Air-Condi-
tioning) [1] define thermal comfort as “state of mind, 
which expresses satisfaction with the thermal environ-
ment”. While it may be partially influenced by a variety 
of contextual and cultural factors, a person’s sense of 
thermal is primarily a result of the body’s heat exchange 

with the environment. This is influenced by four pa-
rameters that constitute the thermal environment (Air- 
temperature, Radiant temperature, Humidity and Air 
speed) two personal parameters (Clothing and Activity 
level, or Metabolic rate) [2]. 
 

2. Thermal Adaptation 
 
Environment and behaviour research teaches that ones 
experience of a place is a multi-variation phenomena and 
a reflection of the degree to which the place contributes 
to a person’s objectives and expectations. In the adaptive 
approach to modeling-thermal comfort, thermal percep-
tion is affected by circumstances beyond the physics of 
the body’s heat-balance, such as climate setting, social 
conditioning, economic considerations and other contex-
tual factors [3]. The adaptive hypothesis states that one’s 
satisfaction is achieved by matching the actual thermal 
environmental conditions prevailing at that point in time 
and space, with one’s thermal expectations of what the 
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indoor climate should be like. A variable temperature 
standard links indoor temperatures to the climatic context 
of the building and accounts for thermal experiences and 
current thermal expectations of their occupants. In short, 
satisfaction occurs through appropriate adaptation to the 
indoor climatic environment. 
 
3. Adaptive Behaviour 
 
An alternative to traditional comfort theory-termed the 
“adaptative” can broadly be interpreted as the gradual 
diminution of the organism’s response to repeated envi-
ronmental stimulation which building occupants undergo 
in order to improve the “fit” of the indoor climate to their 
personal requirements [3]. This is achieved either through 
the way they interact with the environment, or modify 
their own behaviour, or because contextual factors and 
past thermal history change their expectations and ther-
mal preferences. It is possible to distinguish three modes 
of the adaptive behaviour as shown in Figure 1. 
 
3.1. Behavioural Adjustment 
 
“Behavioural thermoregulation is well developed in hu-
mans and becomes preponderant and tends to supplant 
other forms of thermoregulation”. In this a person makes 
modifications consciously or unconsciously, which in 
turn will modify heat and mass fluxes governing the 
body’s thermal balance. This modifications or adjust-
ments can be defined in terms of three categories: Per-
sonal adjustments e.g. changing personal variables like 
clothing, activity etc. and adjusting to the surroundings. 
Technological adjustments e.g. modifying the surround-
ings themselves like turning on fans or opening or clos-
ing of windows etc. Cultural adjustments, which include 
scheduling activities or adapting, dress codes etc. 
 
3.2. Physiological Adjustments 
 
Physiological adjustments include changes in the phy- 
siological responses that result from exposure to thermal 
environmental factors leading to gradual diminution in 
the strain induced by such exposure. These adjustments 
can be sub categorized: Genetic adaptation, including 
alterations, which become part of the genetic heritage of 
an individual. Acclimatization includes changes in the 
settings of the physiological thermoregulation system 
over a period of time. Physiological acclimatization is 
mediated by the autonomic nervous system and directly 
affects the physiological thermoregulation set points. 
 
3.3. Psychological Adjustments 
 
Psychological adjustments refer to perceptual adaptation 
and encompass the effects of cognitive and cultural  

 

Figure 1. The three components of adaptation to indoor 
climate. 
 
variables and describe the extent to which habituation 
and expectation alter one’s perception of and reaction to 
sensory information due to past experiences and expecta-
tions [4]. 

The role of expectation in thermal comfort research 
was acknowledged in the earlier works of McIntyre, who 
stated that “a person’s reaction to a temperature which is 
less than perfect will depend very much on his expecta-
tions, personality and what work he is doing at the time”. 
Although the studies explain the differences in observed 
and predicted thermal sensations and acceptability, par-
ticularly of different environmental contexts such as the 
home vs office, or when comparing responses in air- 
conditioned vs naturally ventilated buildings. However 
evidences shows that building occupants become accus-
tomed to levels of warmth prevailing within buildings on 
time scales of weeks or months. These scales translate 
into synoptic and seasonal processes operating in the 
outdoor atmospheric environment. 

An important premise of the adaptive model is that the 
building occupant is no longer simply a passive recipient 
of the thermal environment as given, as in the case of a 
climate chamber experimental subject, but instead is an 
active agent interacting with all levels of the per-
son-environment system via feedback loops. The adap-
tive hypothesis indicates that one’s satisfaction with an 
indoor climate is achieved by a correct matching be-
tween the actual thermal environmental conditions pre-
vailing at that point in time and space, and one’s thermal 
expectations of what the indoor climate should be like. 
Thermal expectations result from a confluence of current 
and past thermal experiences, cultural and technical 
practices [3,5]. These relationships have been described 
in Figure 2, a schematic diagram developed by Au-
liciems [5] showing that a given set of indoor climatic 
conditions can elicit varying levels of comfort and satis-
faction from building occupants, depending on culture or 
climatic and HVAC/architectural expectations. 
 
4. Field Evidences for Human Adaptation 
 

In recent years numbers of studies have been con-
ducted on climate oriented building design to enhance  
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Figure 2. Schematic diagrams of thermal expectations. 
 

thermal comfort conditions in living space and at the 
same time to reduce both the embodied and operational 
energy consumption. But results reported in these studies 
often deviate from the actual scenario. This discrepancy 
arises because most of the available thermal comfort 
standards are suited for air-conditioned buildings the 
situation leads to difficulty in estimating the thermal en-
vironments due to lack of adequate field experiments and 
long term data collection. In naturally ventilated build-
ings the occupants ability to modify the indoor environ-
ment is limited .An uncomfortable indoor environment 
might not be possible to control by passive means be-
cause of different socio-economic background and cli-
matic condition. However, people living in naturally 
ventilated buildings are likely to be more tolerant. 

Field studies were conducted for assessing the poten-
tial impacts of behavioural or psychological adaptations. 
Questionnaire based subjective measurements for this 
study was carried out. The respondents were asked to 
vote on ASHRAE 7 point thermal sensation scale follow- 
ed by extensive interaction and filling up the question-
naire. This interaction helped us to record the common 
behavioural adaptations. Studies showed that, by utiliz-
ing behavioural adjustments such as wearing light cloth-
ing and restraining physical activities, local occupants 
were able to reach acceptable comfort in what-to immi-
grants from cold climates could be quite uncomfortable. 
The influence of clothing adjustments as a part of a study 
of office workers in naturally ventilated buildings in cen-
tral India was also studied and it was found that the of-
fice occupants were comfortable across a wide range of 
seasonal temperatures, with neutralities varying between 
15.7℃. in winter and 26.4℃ in summer. This concludes 
that at least two-thirds of the seasonal changes in comfort 
temperatures could be attributed to the flexibility in the 

traditional Indian clothing worn. While this supports the 
hypothesis that people use clothing adjustments to adapt 
themselves to a wide range of temperatures, it also sug-
gests that there may be additional non-behavioural ways 
in which people adapt to the built environment. 

ASHRAE Scale Bedford scale 

• +3 Hot 7 Much too warm 

• +2 Warm 6 Too warm 

• +1 slightly warm 5 Comfortably warm 

• 0 Neutral 4 Comfortable 

• -1 slightly cool (neither cool nor warm) 

• -2 Cool 3 Comfortably cool 

• -3 Cold 2 Too cool 

 1 Much too cool 

In addition to adjusting oneself to the environment, 
one can also manipulate the environment itself. The oc-
cupants always try to provide themselves the thermal 
environment customary to their own socio-cultural con-
text and local climate during the residential building de-
sign. Occupants of the house have a propensity to adapt 
to the changes in thermal environment and try to be more 
comfortable. The temperatures corresponding to com-
fortable thermal environment are not fixed but are con-
tinuing response to changes in both indoor and outdoor 
environmental condition modified by climate and social 
custom. Sudden changes in the ambient temperature im-
posed on the occupants actually lead to discomfort. 
Hourly questionnaires were used to study whether the 
subjects had made adjustments to their clothing or to 
their furniture, doors, windows, shades, fans or any other 
part of the building to improve their comfort. Results 
indicated extensive occupant interaction to adjustments 
to controls or other environmental aspects of the room 
and less adjustments to clothing. Benton and Brager [6] 
also conducted a field study of thermal comfort, which 
addressed the availability, use, and effectiveness of both 
personal and environmental behavioural adaptation. 

The role of personal control on expectation and ther-
mal response has important implications in naturally 
ventilated vs centrally air-conditioned buildings. The 
adaptive hypothesis implies that if occupants in a cen-
trally-controlled building have generally experienced 
fairy constant and uniform conditions, with limited op-
portunities for personal control, then they not unreasona-
bly expect their building to automatically provide them 
with perfect comfort. And when it fails to meet those 
expectations, they will be more likely to judge that 
building harshly compared to a situation were they had 
control over those conditions. Studies by Paciuk [7] 
show evidence of this, he found that personal or envi-
ronmental adjustments in air-conditioned buildings actu-
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ally had a small effect on satisfaction. Studies were con-
ducted in a mixed mode office building and it was found 
that, as temperatures rose above 24℃, people in centrally 
air- conditioned work areas began voting much higher on 
the thermal sensation scale than their colleagues in the 
naturally ventilated work areas, suggesting that they 
were less tolerant of higher temperatures and expected a 
higher standard in the thermal environment. Studies also 
show the adaptive actions commonly occurring in offices 
and the percentage of people who choose to employ them. 
The main adaptive behaviours discussed in the study 
were opening windows and switching on a fan. The en-
vironmental control of opening windows is highly pre-
ferred by occupants. When people have the freedom to 
modify the environment and make the necessary adjust-
ment, they use these actions to compensate for the less 
comfortable thermal conditions. 

Similar patterns were found in thermal comfort field 
studies of homes vs. office buildings, where a multitude 
of contextual factors, including perceived control, might 
influence expectation and thermal response. It was found 
that thermal neutralities and preferences were signifi-
cantly lower in the home compared to the offices and the 
differences could not be accounted for by changes in 
clothing, activity, or air velocity. All these patterns sup-
port the notion that people grow to accept the thermal 
conditions to which they become accustomed to and that 
this acceptance might be influenced by factors such as 
personal control, energy bills, or concern for the envi-
ronment. In short, when people have the possibility to 
control their environment (e.g. by being able to open a 
window), they are more easily thermally satisfied than 
when they perceive that they do not have control. Satis-
faction occurs through appropriate adaptation to the in-
door climate environment.  

Field evidence for thermal adaptation shows a clear 
distinction between the thermal adaptation and responses 
of occupants in naturally ventilated buildings as opposed 
to air-conditioned buildings. The survey also showed that 
this difference could not entirely be accounted for by 
adjustments to clothing or activity. The most plausible 
explanation for these differences is the contextual influ-
ence of thermal history and its effects on expectations- 
past thermal experiences in a building create a bench-
mark for expectations of future thermal performance. In 
naturally ventilated buildings, indoor temperatures more 
closely match the diurnal and seasonal variations in out-
door temperatures. People recognize this, relax their ex-
pectations or individual “comfort criteria” and not only 
become more tolerant of the more varied, dynamic and 
non-uniform indoor conditions, but often prefer having a 
closer connection with weather and seasonal changes. 
Comfort ultimately depends on the degree to which the 
environment matches and contributes to our expectations 
and studies have consistently shown that this is strongly 
affected by our sense of whether or not conditions are 

under control. All these patterns support the notion that 
people grow to accept the thermal conditions to which 
they become accustomed to and that this acceptance 
might be influenced by factors such as personal control, 
energy bills, or concern for the environment. In short, 
when people have the possibility to control their envi-
ronment (e.g. by being able to open a window), they are 
more easily thermally satisfied than when they perceive 
that they do not have control. Satisfaction occurs through 
appropriate adaptation to the indoor climate environ-
ment. 
 
5. Thermal Performance of Buildings 
 
The adaptive approach is based on statistical analysis of 
large number of thermal comfort field studies. Field stu-
dies have more immediate relevance to living conditions. 
The adaptive approach is a behavioural approach and 
rests on the observation that people are not passive in 
relation to their environments, but they express direct 
response to make themselves comfortable at the given 
time and opportunity. The adaptive opportunity may be 
provided for instance by switching fans or operable 
windows or ventilators in summer or by temperature 
controls in winter. Since clothing and activity levels are 
region specific and driven by socio-cultural set-up and 
climate, it is very difficult to find a single value for 
comfort temperature. Different respondents vote accord-
ing to their own physiological, psychological and behav-
ioural adaptations. Because of this fact, it has been found 
that at same temperature: different respondents have dif-
ferent thermal sensation or same thermal sensation at 
different temperatures. An increasingly wide range of 
temperature is permissible as the adaptive opportunities 
increased. Individual control is more effective in ad-
vancing comfort than group control. 
 
6. Conclusions 
 
Expectation plays a role for occupants of air-conditioned 
buildings as well, but in a different way. Here, thermal 
history comprises consistently cool, constant, uniform 
conditions, creating more stringent comfort criteria while 
biasing expectations towards constant HVAC set points 
rather than daily or seasonal fluctuations. Air-condition- 
ed occupants were basing their evaluations on the bench- 
mark of their own preconceptions of what air-condition- 
ing should achieve, rather than on what it actually pro-
vided. In effect, this suggests that increasing levels of 
sophistication in environmental control systems and 
building services are on a treadmill of attempting to sat-
isfy increasingly stringent occupant expectations.  

The adaptive processes are operating on time scales 
ranging from seasonal, through synoptic to diurnal. Crit-
ics of the adaptive approach at various symposia or se-
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minars have repeatedly asked the question: “how long 
must your people suffer in sub-optimal indoor climates 
before they become adapted?” The answer to this de-
pends on which of the adaptive processes is being relied 
upon. While traditional research designs tend to look at 
responses at a given moment, experiments that intend to 
evaluate adaptive mechanisms need to take measure-
ments over extended periods of time. Available evidence 
reviewed in this paper indicates that, in climate chamber 
experiments at least, the slower physiological adaptive 
process of acclimatization appears not to be relevant to 
this question of thermal neutrality and its fluctuations 
from day to day, week to week and season to season.  
As a result, the data analysis and model development 
will focus more heavily on the adaptive mechanisms of 
adjustment, and habituation/expectation. 

One of the most important findings from our review of 
field evidence was the distinction between thermal com-
fort responses in air-conditioned vs. naturally ventilated 
buildings. Analysis suggested that behavioural adapta-
tion incorporated in conventional heat balance models 
could only partially explain these differences and that 
comfort was significantly influenced by peoples expecta-
tions of the thermal environment. These contextual dif-
ferences most likely resulted from a combination of past 
thermal history in buildings and differences in levels of 
perceived control. It is therefore essential that adaptive 
algorithms for comfort control utilize regressions from 
the architectural context for which they are intended. 
Regressions based on data from naturally ventilated 
buildings will probably be unsuitable as a control algo-
rithm for air-conditioned buildings in which adaptive 
opportunities are severely constrained. There are nu-
merous benefits to be gained from an improved under-
standing of the influence of adaptation on thermal com-

fort in the built environment. Enhanced levels of thermal 
comfort and acceptability among occupants reduced en-
ergy consumption and the encouragement of climatically 
responsive building design. These benefits can best be 
achieved through an ongoing, open dialogue and col-
laboration between the proponents of the “adaptive” vs. 
“heat balance” approach and I hope that my paper has 
provided a function for that to occur. 
 
7
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Abstract 
 
The co-liquefaction of lignite coal and used tire was performed in a 250-ml batch reactor, in supercritical 
water under a nitrogen atmosphere to investigate the effects of temperature (380-440℃), water/feedstock 
ratio (4/1-10/1 (wt./wt.)) and the % used tire content in the feedstock (0-100 wt.%) on the conversion effi-
ciency, liquid yield and oil composition attained. The maximum conversion and oil yield were 67 and 50%, 
respectively, obtained at 400℃ at 1 min, with water/feedstock ratio of 10/1 and 80% used tire content. The 
distillation characteristics of the oil products, analyzed by simulated distillation gas chromatography, re-
vealed that the oil composition depended significantly on the reaction temperature. The co-liquefaction of 
coal and used tire yielded a synergistically increased level of oil production. Moreover, the total conversion 
level obtained with co-liquefaction alone was almost equal to those obtained in the presence of either Fe2O3 
or NiMo as catalysts, under the same conditions. Therefore, supercritical water is a good medium for the 
dissolution of the volatile matter from a coal and used tire matrix. 
 
Keywords: Co-liquefaction, Coal, Used Tire, Supercritical Water 

1. Introduction 
 
In recent years, the growth in tire consumption has con-
tinued to expand concomitantly leading to the problem of 
the disposal of an ever increasing number of essentially 
non-biodegredable but flammable spent scrap tires with-
out causing environmental pollution (including combus-
tion). With in excess of 3.0 million tons per year of waste 
tires being produced in just the USA and Japan alone [1], 
this has become a major challenge. Indeed, currently 
perhaps only 60-70% of all used tires are recycled, and 
evens this requires the use of environmentally and eco-
nomically costly processes including the use of solvents 
like n-hexane, toluene and tetralin [2,3]. Used tires are 
comprised of vulcanized natural and synthetic rubbers, 
zinc, sulfur and carbon black and, as such, contain poly-
meric aromatic structures that are somewhat similar to 
those in coal. Hence, the well-developed techniques used 
in coal utilization should theoretically be applicable to 
the pyrolytic destruction of waste tires and there has been 
an increasing amount of attention paid to the co-utiliza- 

tion of coal and waste tires. Indeed, given that coal liq-
uefaction is enhanced by the addition of crude oil [4] 
which is a source of rubber constituents in tires, the co- 
liquefaction of coal and used tires is of obvious interest. 

A number of different concepts for the degradation of 
spent tires in the presence of coal have hitherto contrib-
uted to the background knowledge. The processing of 
used tire and/or coal have been subjected to thermal py-
rolysis and supercritical extraction using toluene, helium, 
nitrogen and water. Mastral et al. [5] investigated subbi-
tuminous coal-tire hydroprocessing and reported that oil 
formation and total solid conversion reached 45% and 
70%, respectively, at a reaction temperature of 400℃, 
with a coal: tire ratio of 0.5 and 10 MPa initial hydrogen 
pressure. Moreover, the presence of rubber tire had a 
positive effect as an additive for coal hydropyrolysis and 
this was more relevant when tire feeds were coprocessed. 
In a similar vein, synergistic effects including increased 
total conversion levels and the yields of oil and asphal-
tene were attained during the simultaneous hydrogenoly-
sis of coal and tire were reported [2-9]. Joung et al. [3] 
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studied the thermolysis of scrap tire using supercritical 
toluene (T > 318.6℃, P > 4.06 MPa) and cyclohexane 
under a nitrogen atmosphere and reported that the con-
version level reached 100% for toluene once the critical 
state of toluene was reached (350℃). Indeed, tempera-
ture was far more important than other variables includ-
ing pressure for the complete dissolution of tire materials. 
However, moving away from organic solvents as the 
hydrogen donor to the cheaper and environmentally 
friendlier water, the potential of supercritical water 
(SCW) was first evaluated by Funazukuri et al. [10] who 
reported that SCW was almost as effective as toluene for 
tire liquefaction, attaining around 57% of tire solids to 
oils. Finally, Park and Gloyna [11] reported that the liq-
uefaction of used rubber tire by using SCW under a he-
lium atmosphere attained a conversion and liquid yield 
level of 89% and 68%, respectively. 

The type of solvent used is likely to play a key role as 
it acts as a medium to aid in the transport of hydrogen, as 
a heat transfer medium reactant (including hydrogen do-
nor) and dissolution media to transport rubber and espe-
cially coal liquefaction products out of the matrix. How-
ever, previous research works have reported that SCW  
(T > 374℃, P > 22 MPa) is an alternative approach for 
the conversion of coal and tire into liquid products [10, 
11]. The use of SCW as the reaction solvent can change 
the reaction rate, equilibrium, and principal reaction 
pathway, specifically around the critical point, because 
of the significant variation in water properties [12]. Thus 
SCW can dissolve hydrocarbons whose dielectric con-
stant is widely variable. In addition, the use of SCW as 
opposed to organic solvents serves to both reduce the 
cost and avoid the problems associated with the removal 
of the solvent from the products. The separation of the 
liquid extracted from coal and organic solvents typically 
requires a tedious procedure to achieve any degree of 
completion and product purity, and is both economically 
and environmentally costly [13].  

In this study, coal and used tire co-liquefaction were 
conducted in SCW under a N2 atmosphere and the effects 
of the reaction temperature, the water/feedstock ratio, % 
used tire content in feedstock and the presence of catalysts 
on the co-liquefaction efficiency were investigated and 
are discussed with reference to the product composition. 
 
2. Experiment Apparatus and Procedure 
 
2.1. Material and Chemicals 
 
The lignite coal used in this study was obtained from the 
Mae Moh lignite mine in Lampang province, northern 
Thailand. The used tire was obtained from Union Patta-
nakij Ltd. They were grounded, sieved (particle size is in 
range of 250-850 micron), dried at 110℃ overnight and 
then kept in the desiccator. The proximate and ultimate 

Table 1. Proximate and ultimate analysis of coal and used 
tire. 

 
Coal Used tire 

Proximate analysis (wt.% db1) 
  

Ash 21.6 3.5 

Fixed carbon 59.4 67.8 

Volatile matter 19.1 28.7 

Moisture (original sample, %) 17.7 1.1 

Ultimate analysis (wt.% daf 2) 
  

Carbon 66.4 85.8 

Hydrogen 5.1 8.0 

Nitrogen 2.6 0.5 

Sulfur 4.6 1.5 

Oxygen (by difference) 21.3 4.3 

H/C atomic ratio 0.9 1.1 

Heating value (MJ/kg) 21.3 33.6 
1 db = dry basis, 2 daf = dry ash-free basis 
 

analysis of lignite and used tire are presented in Table 1. 
Other chemicals were: Tetrahydrofuran (THF) (+ 

99.99%) purchased from Fisher Chemicals, Dichloro-
methane (CH2Cl2) and Anhydrous sodium sulfate pur-
chased from CARLO ERBA and Carbon disulfide (CS2) 
(99%) purchased from Merck. 
 
2.2. Procedure 
 
The experimental scheme for co-liquefaction of coal and 
used tire constituent is summarized in Figure 1 and 
schematic of apparatus is shown in Figure 2. The 
co-liquefaction reactions were carried out in a 250-ml 
reactor (Parr reactor model 4843). The reactor filled with 
water under nitrogen atmosphere. The water-filling con-
tent (percentage water volume to reactor volume) was 
15-17% which this amount of water caused the pressure 
approaching 24-25 MPa at the desired temperature (380 
-440℃). The calculated amounts of coal and used tire 
were loaded in the reactor at the specific ratio. 

The reactor was heated to the desired temperature, above 
the water critical temperature at a heating rate of 5℃/min, 
and held at this temperature for 1 min. The reactor was 
then cooled to room temperature and the products trans-
ferred by washing into, and extracted with THF, in an 
ultrasonic bath. After the THF extraction, the product 
mixture was filtered to separate solid from liquid, and the 
solid residue was dried for 4 h in an oven at 110℃ to 
remove the residual solvent. The liquid products were 
separated into both oil and aqueous phases by CH2Cl2 
using a separation funnel. Anhydrous sodium sulfate was 
added to the isolated oil phase to remove the trace 
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amounts of residual water remaining in the oil phase and 
then evaporated in a vacuum rotary evaporator at 60℃ 
and 400 mmHg to remove the CH2Cl2 and THF solvent 
residues. The evaporated liquid (oil) was weighed to 
calculate the liquid yield. The total conversion, liquid 
and gas yields and solid residue levels were calculated by 
the following expressions: 

The liquid product was analyzed by Simulated Distil-
lation Gas Chromatography (SIM/DIS GC, Varian 
Model CP-3800) according to ASTM D2887. Star Simu-
lated Distillation version 5.5 software was used for data 
collection and processing. The liquid was dissolved in 
1% (v/v) CS2 and a 15 m × 0.25 mm Cp-SIL5CB column 
was used for separation. The oven temperature was raised 
from 30 to 370℃ at a constant heating rate of 20℃/min. 
The distillation curve was evaluated to fractions as fol-
lows: IBP-200℃, gasoline; 200-250℃, kerosene; 250- 
350℃, light gas oil; 350-370℃, gas oil; and 370℃-FBP, 
long residue. 

% Conversion = 100[(Wdaf – WRT)/Wdaf] 
% Liquid yield = 100[Wliq/Wdaf] 
% Solid residue = 100[WRT/Wdaf] 
% Gas yield = 100 - % Liquid yield - % Solid residue 

where: Wdaf = wt. of dry-ash free coal and used tire 
mixture, WRT = wt. of dry-ash free residue remaining 
after THF solvent wash and dry, Wliq = wt. of liquid. All 
experiments were conducted in duplicate. 

The gaseous product was analyzed by Gas Chromato-
graph with a Thermal Conductivity Detector (GC-TCD, 
Shimadzu GC-2014). The GC-TCD conditions were as 
follows: 90℃ injection temperature; He carrier gas; Po-
rapak Q column and 50℃ column temperature. 

 
2.3. Product Analysis 
  
In this study, the raw coal and used tire was analyzed for 
proximate analysis, total sulfur and determined the heat-
ing value by ASTM D2492, D3177 and D2015, respec-
tively. The carbon, hydrogen and oxygen were per-
formed using a CHN analyzer (Leco CHN-2000). 

3. Results and Discussion 
 
3.1. Preliminary Study 
 
In the initial stage of study co-liquefaction of coal and 
used tire, the factorial design was used to analyze the 
significant process variables. Three variables such as 
temperature, water/feedstock ratio (wt./wt.) and used tire 
content in feedstock (wt.%) were chosen. Each of the 
variables was coded at two levels: -1 and +1 as shown in 
Table 2 and the average 23 (= 8) experimental results 
including % conversion and % liquid yield of 2 replica-
tions were showed in Table 3. 

 

 

Liquefaction 

Coal and used tire  Water 

Gas 

THF extraction 

Insoluble

Residue

Soluble 
CH2Cl2 

Oil Water phase 

SIM/DIS GC 

GC TCD 

N2 Init. Pres. : 1 atm

4/1 10/1 

380-440℃ 1-30 min

 

The analysis using the 2-level factorial design method 
was based on an evaluation of variance ratios. Such 
comparison helped to determine whether or not signifi-
cant difference existed among the means of several 
groups of observation. It was assumed that each group 
followed a normal distribution and its trend of the re-
sponse between ranges of studied variables is linear. The 
F-test (95% confidence limits) method was used. The 
calculated results were showed in Table 4. These results 
showed that only temperature had effect on % conver-
sion, while all three variables (temperature, Water/feed- 
stock (wt./wt.) ratio and % used tire in feedstock) had 
effect on % liquid yield. 

Figure 1. Experimental scheme. 
 

However, the effect of reaction time on the product 
distribution of the co-liquefaction was not studied, be- 

 
Table 2. Factorial design of experiments. 

Factor Level 

 -1 +1 

Temperature (℃), A 380 440 

Water/feedstock ratio (wt./wt.), B 4/1 10/1 

% Used tire content in feedstock (wt.%), C 20 80 

 

Figure 2. Schematic diagram of the apparatus. (1) N2 gas 
cylinder. Parr reactor model 4843 consisted of; (2) Heater; 
(3) 250-ml high temperature and pressure reactor; (4) 
Temperature and pressure controller. 

 
(1) (2) 

(3) 
(4) 
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Table 3. Experimental results obtained from factorial design for co-liquefaction experiments. 

Factorial Factor % Conversion % Liquid 

Design* Temperature Water/feedstock % Used tire content  yield 

 (℃), A Ratio (wt./wt.), B in feedstock (wt.%), C   

(1) 380 4/1 20 53.9 15.0 

a 440 4/1 20 62.6 24.9 

b 380 10/1 20 56.3 25.5 

ab 440 10/1 20 63.4 28.6 

c 380 4/1 80 53.2 26.6 

ac 440 4/1 80 62.4 36.0 

bc 380 10/1 80 60.0 40.2 

abc 440 10/1 80 68.2 41.6 

* Reaction conditions are denoted according to statistical nomenclature;  
e.g. ab represents high levels of factors A and B and low levels of C and D (see Table 2) 
 
Table 4. Analysis of variance for co-liquefaction experi-
ments. (a) for % conversion; (b) for % liquid yield. 

Source of Sum of Degrees of Mean F0 

Variation Square Freedom Square  

A 137.74 1 137.74 37.21* 

B 30.69 1 30.69 8.29 

AB** 0.90 1 0.90 0.24 

C 7.29 1 7.29 1.97 

Error 11.10 3 3.70  

Total 187.73 7   

(a) 

 
Source of Sum of Degrees of Mean F0 

Variation Square Freedom Square  

A 70.92 1 70.92 9.13* 

B 138.83 1 138.83 17.87* 

C 315.63 1 315.63 40.63* 

Error 31.07 4 7.77  

Total 556.45 7   

(b) 

* Significant in F-test with 95% confidence limits, F0.05,1,3 = 10.13 (F0 > 
F0.05,1,3) 
* Significant in F-test with 95% confidence limits, F0.05,1,4 = 7.71 (F0 > 
F0.05,1,4) 
** Two-factor interaction effects of factors A and B (see Table 2) 

 
cause the results from initial experiments of liquefaction 
of the used tire, as shown in Figure 3, showed that the 
reaction time (elapsed time after the temperature reached 
the desired temperature) did not affect the product dis-
tribution. Moreover, the previous studies [14-16] re-
ported that the coal and some polymers including rubber  
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Figure 3. The effect of temperature on the distribution of 
products for used tire liquefaction. (Temperature 420℃; 
water/feedstock ratio of 10/1). 
 

and plastics can be decomposed and give the highest oil 
yield within 1 min. Thus, we used the reaction time of 1 
min for all of co-liquefaction experiments. 
 
3.2. The Effect of Temperature 
 
Thermal cracking is the principal reaction in SCW and 
the effect of temperature on thermal cracking is impor-
tant. Thermogravimetric analysis curves revealed the 
weight loss of used tire when pyrolyzed at a constant 
heating rate of 10℃/min within a temperature range of 
25-900℃ under a nitrogen atmosphere (Figure 4). The 
decomposition of used tire begins in earnest near 380℃ 
and is essentially completely decomposed at 480℃. 
Therefore, the chosen temperature range for all subse-
quent co-liquefaction experiments was 380-440℃. Fig-
ure 5 summarizes the variation in product yield with 
reaction temperature at a reaction time of 1 min, a wa-
ter/feed stock ratio of 10/1 and a substrate composition  
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Figure 4. Thermogravimetric analysis curve of used tire. 
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Figure 5. The effect of temperature on the distribution of 
products for co-liquefaction. (Reaction time 1 min; wa-
ter/feedstock ratio of 10/1; 80% used tire content in feed-
stock). 
 
of 80% used tire. The yield of liquid product increased 
from that obtained at 380℃ to a maximum level at 400℃ 
and thereafter decreased with further temperature in-
creases. At lower temperature, the liquid could be ex-
tracted from coal, the used tire was decomposed and then 
yielded the heavy liquid products. However, with in-
creasing reaction temperatures, the residue yield de-
creased because of the further thermal decomposition of 
heavy liquid product and solid residue could be took 
place and resulted in decreased liquid and residue yields 
at temperatures above 400℃ and a concomitant increase 
in gas yields. 

The total conversion level, which increased with tem-
perature rises from 380 to 400℃, did not significantly 
change with further temperature increases from 400 to 
440℃, whilst the liquid yield was decreased, presumably 
via the decomposition of long chained hydrocarbons into 
gaseous products. Moreover, the total conversion at-
tained at 400℃ was almost equal to that attained at 440℃ 
some 8 min later. Therefore, it can be concluded that the 

optimum temperature and reaction time was 400℃ and 1 
min. 
 
3.3. The Effect of Water/Feedstock Ratio 
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The effect of varying the water/feedstock ratio on the 
yield of products attained at 400℃ with a reaction time 
of 1 min and 80% used tire content is summarized in 
Figure 6. Whilst the yield of gas remained stable, the 
liquid oil yield was slightly increased with increasing 
water content and reached 50% at the maximum wa-
ter/feedstock ratio of 10/1 whilst the levels of residual 
solids were concomitantly decreased. The mechanism of 
coal pyrolysis starts with SCW diffusing into the coal 
matrix and acting as a medium for the dissolution of coal 
fragments. At the supercritical state, the static dielectric 
constant of water decreases dramatically, leading to the 
miscibility of nonpolar organic compound with SCW [15, 
17,18]. The products from coal pyrolysis can dissolve 
and disperse in the SCW and, as a result, the conversion 
of coal is enhanced in the presence of water. 

Moreover, the water gas shift reaction (CO + H2O  
CO2 + H2) occurs as a side reaction during coal and used 
tire conversion in SCW. The CO produced from par-
tial-oxidation of oxygen-contained functional groups of 
coal and then reacts with water in SCW to produce car-
bon dioxide and hydrogen. The appearance of carbon 
dioxide in the gas product was shown in Figure 7. In-
creasing the water/feedstock ratio in partial-oxidation of 
coal in SCW causes the equilibrium to favor carbon di-
oxide and hydrogen production leading to higher rates 
and levels of reactive intermediate hydrogen production, 
which is the actual hydrogenation agent [12]. The gener-
ated hydrogen reacts with free radicals produced from 
the thermal cracking of coal and used tires, and so liquid 
products are increased. 
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Figure 6. The effect of the water/feedstock ratio on the dis-
tribution of products from co-liquefaction of coal and used 
tire. (Reaction time 1 min; temperature 400℃; 80% used 
tire content in feedstock). 
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3.5. Analysis of the Liquid Products Obtained 
 
The liquid products obtained from the co-liquefaction 
were divided into gasoline, kerosene, light gas oil, gas oil 
and long residue by using Simulated Distillation Gas 
Chromatography (SIM/DIS GC). The effect of varying 
the reaction temperature, water/feedstock ratio and % 
used tire content in feedstock on the oil product compo-
sition are summarized in Figure 9. The temperature and 
% used tire content in feedstock have a detectable effect 
upon the oil composition with the content of gasoline and 
kerosene being increased whilst long residues were de-
creased with both increasing temperature and % used tire 
content in feedstock. In contrast, the water/feedstock 
ratio had no discernable effect on the oil composition. 
The more severe thermolysis and depolymerization of 
the coal and used tire seen with increasing temperature 
and % used tire content in feedstock thus resulted in an 
increased yield of lighter and intermediate compounds at 
the expense of the higher MW compounds. 

CH4    C2H4  C2H6   C4H10  CO2  Other

Figure 7. The effect of % used tire content in feedstock on 
the distribution of gas products obtained from their co- 
liquefaction. (Reaction time 1 min; temperature 400℃; 
water/feedstock ratio of 10/1). 
 
3.4. The Effect of the % Used Tire Content in  

Feedstock 
 
The effect of varying the amount of used tire content in 
feedstock on the product composition attained at 400℃ 
with a water/feedstock ratio of 10/1 and a reaction time 
of 1 min are summarized in Figure 8. The liquid yield 
attained was increased from 39.1 to 50.0% as the used 
tire content in feedstock was increased from 20 to 80 wt.%. 
Because the depolymerization of used tires occurs easier 
than that for coal, likely due to the simpler structure of 
the tires, the thermal cracking of tire to form free radicals 
and water-gas shift reaction are stabilized by those pro-
duced during coal cracking. This results in a more effi-
cient co-liquefaction process with coal and used tire rela-
tive to the liquefaction seen with only coal under the 
same conditions. 

 
3.6. The Effect of Catalysts 
 

Moreover, these results show that adding used tire to 
the coal liquefaction process increases the total conver- 
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The effect of using two established coal liquefaction 
catalysts, 2.5% (w/w) Fe2O3 and NiMo (Ni: 0.2 wt% db 
coal, Mo: 0.6 wt% db coal) particles, on the co-liquefac-
tion of coal and tires was evaluated. Catalyst loading of 
the coal was prepared by an in situ impregnation method 
[19,20]. The co-liquefaction in SCW with or without 
catalysts was performed at 400℃ for 1 min, with a wa-
ter/feedstock ratio of 10/1, and 80% used tire content in 
feedstock. 

The total conversion obtained in the presence of either 
of the two catalysts was almost equal to that obtained in 
their absence (Figure 10). However, the gas yield was 
increased significantly in the presence of either catalyst, 
with a concomitant reduction in oil yield. Thus, the cata-
lysts perform further thermal cracking to give lighter 
liquid products. However, considering the absence in 
changes in total conversion, for solid to oil conversion 
(i.e. % oil yield), it can be concluded that the process 
does not require either catalyst or additive. 
 
4. Conclusions 
 
In this work, the total conversion and liquid yield ob-
tained from the co-liquefaction of coal and waste tire 
attained were 66 and 50%, respectively, at the optimum 
reaction condition of 400℃ for 1 min, with wa- 

Figure 8. The effect of the % used tire content in feedstock 
on the distribution of products obtained from their co-liq-
uefaction. (Reaction time 1 min; temperature 400℃; wa-
ter/feedstock ratio of 10/1). 
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Figure 9. The effect of temperature, water/feedstock ratio, and % used tire content in feedstock upon the composition of liq-
uid products obtained from co-liquefaction. 
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Figure 10. The effect of catalyst upon the distribution of 
products obtained from co-liquefaction of coal and used tire. 
The calculated total conversion (%) is in parenthesis above 
each bar. (400oC for 1 min, water/feedstock ratio of 10/1, 
80% used tire content in feedstock). 
 
ter/feedstock ratio of 10/1 and 80% used tire content. 
The total conversion increased with increasing tempera-
ture whilst liquid yields obtained increased with increas-
ing temperature, water/feedstock ratio and % used tire 
content in feedstock. Moreover, as reported in other sys-
tems, the addition of used tire to the coal co-liquefaction 
had a synergistic effect, whilst the key factor affecting 
the liquid product composition was temperature. SCW is 
a suitable medium to extract the volatile matter from 
waste tire, as a tire-coal matrix, without the need to use 
catalysts, long reaction times or organic solvents. There-
fore, the co-liquefaction of coal and used tire in SCW is 
an attractive way for reducing waste tires by means of 

giving a moderate oil yield without the need for envi-
ronmentally and economically costly long reaction times 
and chemical solvents, but rather provides rapid and easy 
separation of the oil product from all the other residual 
components. 
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Abstract 
 
This paper describes in details a new design of a fully automated multiple output micropotentiometer (pot). 
A prototype has been built at the National Institute for Standards (NIS), Egypt to establish this highly im-
proved AC voltage source in the millivolt range. The new device offers three different outputs covering a 
wide frequency range from only one outlet. This valuably supports the precise sourcing ranges of low AC 
voltage at NIS. The design and the operation theory of this prototype have been discussed in details. An 
automatic calibration technique has been introduced through specially designed software using the Lab-
VIEW program to enhance the calibration technique and to reduce the uncertainty contributions. Relative 
small AC-DC differences of our prototype in the three output ranges are fairly verified. The expanded un-
certainties of the calibration results for the three output ranges have been faithfully estimated. However, fur-
ther work is needed to achieve the optimum performance of this new device. 
 
Keywords: Multiple Output pot, AC-DC Transfer Standard, Single Junction Thermal Converter,      

Calibration, Uncertainty 

1. Introduction 
 
In recent years new types of AC instruments and high 
precision AC-DC voltage transfer devices for low volt-
ages and high frequencies have been widely adopted in 
metrological and industrial laboratories. Therefore, new 
activities for developing systems operating at these levels 
have been undertaken [1,2]. 

The measurement of AC voltages and currents may 
involve several methods [3]. However, thermal convert-
ers are mostly used in national measurement institutes 
and other laboratories as the basis for deriving AC quan-
tities (voltage, current, and power) referring to known 
DC quantities [4]. Normally, the measurement of AC 
quantities with thermal converters implies the transfor-
mation of the electrical energy into thermal energy by 
means of the Joule heat dissipated in the thermal con-
verter heater resistor [5,6]. Evidently, these thermal con-
verters are the most accurate AC-DC transfer standards 
for the transfer of alternating voltage and current to the 
equivalent DC quantities [7,8]. Commonly, there are two 
types of thermal converters: single-junction thermal 

converter (SJTC) and multi-junction thermal converter 
(MJTC) [6]. Although MJTCs in planar technique are 
used for voltages down to 100 mV [9], SJTC are mainly 
used as thermal current converters because they are sim-
pler and easily available [8]. 

In national metrology institutes, the accurate AC in-
struments are mostly calibrated using micropotentiome-
ters (pots), which are basically voltage sources [10,11]. 
The µpots are developed for the generation of accurate 
low AC voltages at wide range of frequencies. In actual 
fact the SJTC µpots are still highly admitted specially 
those designed with thin-film radial resistors, because 
radial resistors so far ensure optimum frequency re-
sponse [12].  

As accurate calibration of low AC voltages presents 
several challenges, we implemented the design of a new 
simple versatile accurate multiple output µpot in order to 
enhance the capabilities of NIS by extending its precise 
output sourcing ranges of low AC voltage.   

The traceability for the precision sourcing of AC 
voltages in the ranges of 10 mV, 25 mV, 50 mV, 100 mV, 
200 mV, and 500 mV at frequencies from 10 Hz to 20 
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KHz had been derived at NIS from a set of SJTC pots 
which had been previously fabricated and calibrated [13]. 
Nevertheless, each μpot of that set produces only one 
output AC voltage range.  

In this work we aimed to build a fully automated pro-
totype of a multiple range μpot offering three different 
output millivolt ranges from only one outlet through two 
disc resistors. These three output ranges are 300 mV, 400 
mV, and the parallel resistances combination equivalent 
value (171.4 mV) at frequencies from 10 Hz to 10 KHz. 
Furthermore, the automatic calibrations of the new de-
vice, the AC-DC differences (), and the expanded un-
certainties for the results had been fully investigated in 
this work. 
 
2. Construction of the New Developed  

Multiple Output Pot 
 
Figure 1 demonstrates the block diagram of the multiple 
output µpot which consists of a N type male coaxial in-
put connector, an ultra high frequency (UHF) type SJTC 
with nominal rated current of 5 mA, and a microcontrol-
ler (AT89C2051). The microcontroller is used to control 
two mechanical relays through four-push button 
switches. The first switch actuates the PC to automati-
cally control all the circuit, while the other three can be 
manually activated to change between two radial resis-
tors with nominal values of 60, and 80. Each one of 
the two resistors consists of ten parallel equal resistors 
and is securely soldered into the output female N-type 
coaxial connector for producing the output voltage. 
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Figure 1. Block diagram of the multiple output µpot. 

In this technique, each one of the two resistors can be 
easily chosen when the corresponding push button switch 
is pressed while; the third button introduces their parallel 
combination (34.29) by activating the two relays at the 
same time. 

The AT89C2051 microcontroller is a low voltage, 
high performance and powerful microcomputer which 
provides a highly flexible and cost effective solution to 
many embedded control applications. In addition, the 
AT89C205 microcontroller is designed with static logic 
(binary code) which is stored in the microcontroller 
ROM through a C-language program [14]. 

The pot is normally designed to provide a precisely 
determined voltage at its output terminal when it is ex-
cited with an external source. The input current flows 
through the heater of the SJTC to the radial resistor and 
the voltage drop across the radial resistor induces a low-
impedance source of AC voltage. The output voltage is 
nominally the product of the heater current and the resis-
tance of the radial resistor [15]. 

The measurement principle of the SJTC is based on 
converting the electrical signal to a heat power [16]. In 
such a converter, energy dissipated by an AC current 
flowing through a heater resistor, raises its temperature 
above the ambient. It is then compared to an equal 
energy dissipated by a DC current flowing through the 
same heater. The increase in the temperature of the 
heater resistor by the rms of the AC signal and the 
equivalent DC signal is proportional to the dissipated 
energy and it is then measured using the thermocouple. 
A relative difference between the response of the 
converter to AC and DC inputs, called  AC-DC transfer 
difference, is determined from these two measurements 
[17]. The AC-DC transfer difference is the main objec-
tive of the metrological characterization of each AC-DC 
standard [18].  

In our adopted design, the normal radial resistors are 
replaced by two radial resistors producing three output 
values as explained before which gaining benefit of 
getting three output voltages of 300 mV, 400 mV, and 
171.4 mV by a very simple circuit. In this design, more 
advanced variable resistors were used instead of the re-
sistors used in the single range µpot. This type of resis-
tors are called multi-turn presets resistor. It is mostly 
used where very precise adjustments must be made 
through its screw. Its screw is turned to give very fine 
adjustment control of the resistor required value. The 
multi-turn presets resistors are miniature versions of the 
standard variable resistor. They are designed to be 
mounted directly onto the circuit board and adjusted only 
when the circuit is built.  

Moreover a new software using LabVIEW program is 
prepared to measure  of the pot and calculate the un-
certainties of the results. 

Copyright © 2010 SciRes.                                                                                  EPE 
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3. Setup of the Whole Automated System 
 
In metrological and industrial laboratories, programma-
ble instruments are now widely employed and increas-
ingly included in measurement systems, because they 
can perform automatically the time consuming opera-
tions required in the calibration activity. Accordingly, 
there is an effective request for software able to calibrate 
such instruments [19]. However, building automatic sys-
tems for calibration is not straightforward, especially for 
application in metrological laboratories that operate at 
high level of accuracy. For this reason, a special pro-
grammable measurement system has been built.  

As shown in Figure 2 the automated calibration sys-
tem of the multiple output pot consists of a highly ac-
curate (FLUKE 5720), programmable calibrator, used as 
a precise source for both alternating and direct currents, 
SJTC multiple output pot with three output ranges, 
highly sensitive digital multimeter (DMM) with a very 
high input resistance (10 G) and 10 nV DC resolution 
(HP 3458A) to measure the output emf of the multiple 
output pot at each range of the three ranges. Moreover, 
the (HP 3458A) DMM implements a reasonable digital 
method for the measurement of DC and AC voltages [20]. 
Finally, a personal computer (PC) is used to drive the 
calibrator and to record the DMM readings by using the 
specially designed LabVIEW program. 

All the necessary precautions were accomplished in 
order to attain the optimum performance of the measur-
ing circuit. Technical considerations were also given to 
fulfill correct grounding connections in this type of 
measurement and to avoid any interference from high 
field strength [15,16]. 
 
4. Experimental Work 
 
Throughout the experimental work, the DC and AC cur-
rents had been applied to the µpot. The DMM then pre-
cisely recorded the output emf of the µpot through a spe-
cific LabVIEW command. The software was controlled 
to send the gathering results to the computer to be saved 
in a prepared excel worksheet. Indeed, the selected cur-
rent combined with the appropriate frequency for each 
range was software processed. 
 

 
Figure 2. Automated system of the multiple output µpot. 

The nominal current (5 mA) was applied to each range 
of the multiple output µpot in the sequence (AC, DC+, 
DC-, AC) at approximately equal time intervals to readily 
eliminate the DC reversal error [21].  

Sufficient time had been allowed after each current 
change for the SJTC to reach its final emf value [22]. 
After completing these four steps, the AC-DC difference 
(δ) was evaluated at each frequency from the following 
relation [15]: 

AC D C

D C

E E

n E






            (1) 

where, EAC is the average output emf due to the AC cur-
rent. While, EDC is the mean emf value due to the for-
ward (DC+) and the reverse (DC-) currents and n is a 
dimensionless characteristics [21]. In fact, n is a neces-
sary factor in the equation due to the square law response 
of the thermal converters. It approximately equals “2” (≈ 
1.6 to 2) at rated heater current [22].  

At the beginning of the test the value of n must firstly 
be determined. It was measured using the change in the 
output emf, E, when the nominal input current is varied 
by I according to the following relation [23]: 

/

/

E E
n

I I





               (2) 

where, 

I, is the nominal rated DC current (5 mA). 
E, is the output emf corresponding to the nominal 

rated DC current. 
E, is the change in the output emf due to small 

changes in the applied current, I. 
Noting that, I, had been programmed to be ± 0.5 

percent of the nominal rated current, and the final 
AC-DC difference resulted at each frequency was the 
average of 30 determinations of AC-DC difference under 
the same measurement conditions. 

The determined values of δ at different frequencies 
were then added to the calibrated value of the applied 
DC current with 5 mA nominal value to calculate the 
actual values of the input AC current by using the fol-
lowing equation: 

(1 )ac dcI I                  (3) 

Afterwards, by applying the actual values of the AC 
current the actual values of the AC output voltage of 
each range of the multiple output µpot at each frequency 
could be obtained.  

Furthermore, to get convincing evidence that the mul-
tiple output µpot performs as expected, the uncertainty 
budget was thoroughly estimated. The uncertainty is de-
fined as the range of error of a measurement within 
which the true value of the measurand is estimated to lie 
within a stated level of confidence [16]. Type A and 
Type B evaluations are the two approaches to estimate 
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the uncertainty sources. It is cleared that, the AC-DC differences for the three 
output ranges of the multiple output µpot are fairly small 
at frequencies from 10 Hz to 10 KHz, as it is known that 
µpots can be used to generate AC voltage signals in mil-
livolt ranges from 10 Hz to 1 MHz with AC-DC differ-
ences ranging from 20 ppm to 1000 ppm [25]. 

For AC-DC measurements, the Type B uncertainties 
are generally dominating [23]. Type A evaluations of 
standard uncertainty components are founded on normal 
distributions, while type B evaluations are founded on a 
suitable chosen distributions.  

The combined standard uncertainty equals to the Root 
Sum Square (RSS), of all the uncertainty contributions 
[16,24]. All components of the combined standard un-
certainty (Type A, Type B) were taken into consideration. 
The expanded uncertainties of the multiple output µpot 
were calculated with confidence level of 95% (coverage 
factor K = 2). 

The gained results show that from 20 Hz to 1 KHz the 
multiple output µpot has a very stable output where the 
AC-DC differences are much smaller than the lower 
limit of the admitted AC-DC differences range. 

Although, at 10 Hz and 10 KHz the AC-DC differ-
ences are relatively high, they are still very near to the 
lower limit. However, rather different but not highly ef-
fective behavior appeared at the 10 KHz for the 400 mV 
output where it shows a negative sign with its . This is 
most probably due to some dielectric losses inherent in 
the resistors. 

 
5. Results and Discussion 
 
The results obtained at the rated current for n of each 
voltage range were 1.69, 1.72, and 1.73 for the 300 mV, 
the 400 mV and the 171.4 mV output AC voltage respec-
tively. Also, the AC-DC differences for the three ranges 
of the µpot had been fully investigated. They are pre-
sented in Table 1 and Figure 3. The plots illustrate the 
AC-DC differences of the 300 mV, 400 mV, and 171.4 
mV ranges at frequencies from 10 Hz to 10 KHz in part 
per million (ppm). 

Also, the  of the 171.4 mV output at 10 KHz is rela-
tively high due to factors contribute to frequency and 
voltage dependant errors. In fact this needs more careful 
investigation to reach the optimum design performance.  

Nevertheless, the AC-DC differences of our developed 
multiple output µpot faithfully prove to be highly suc-
cessful. 

Tables 2-4 illustrate all the components of the uncer-
tainty budget for the multiple output µpot three ranges 
respectively. 
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The AC input currents, and AC output voltages for the 
three voltage ranges at 10 Hz to 10 KHz combined with 
the corresponding expanded uncertainties are listed in 
Tables 5-7. 

It is clearly shown from the tables that, the expanded 
uncertainties of the multiple output µpot proved to be 
less than 5 ppm for all values. This presents that the out-
put voltages of the multiple output µpot are very satis-
factory. 
 
6. Conclusions 
 

Figure 3. AC-DC difference of the 300 mV, 400 mV, 171.4 
mV ranges (ppm). It is fairly demonstrated that our new design provides a 

 
Table 1. Results of the AC-DC differences of the 300 mV, 400 mV, and 171.4 mV ranges at different frequencies. 

Frequency (Hz)  (300 mV Range) (ppm)  (400 mV Range) (ppm)  (171.4 mV Range) (ppm) 

10 27 24 25 

20 14.2 14 14.6 

40 10.2 11 11 

50 11.3 10 9.7 

100 6.6 11 10 

200 9.3 7 8.8 

400 6.8 4 7.8 

1000 2.2 2 4.4 

10000 25.6 –31.5 78.7 
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Table 2. Uncertainty budget of the 300 mV range calibration in (ppm). 

Sources of Uncertainty Type of Uncertainty Uncertainty Value (ppm) 

Repeatability of o/p DC current (Type A) 0.2 

U-Calibrator calibration certificate (Type B) 1.3 

U-DMM calibration certificate (Type B) 3.0 

U-Cables thermal emf (Type B) 2.9 

Freq. (Hz) Value (ppm) 

10 0.4 

20 0.5 

40 0.5 

50 0.6 

100 0.6 

200 0.6 

400 0.6 

1000 0.6 

Repeatability of δ (Type A) 

10000 0.5 

Freq. (Hz) Value (ppm) 

10 2 

20 2.2 

40 1.2 

50 1.4 

100 1.3 

200 1.1 

400 1.2 

1000 1.4 

Repeatability of AC Output Voltage (Type A) 

10000 0.8 

 
Table 3. Uncertainty budget of the 400 mV range calibration in (ppm). 

Sources of Uncertainty Type of Uncertainty Uncertainty Value (ppm) 

Repeatability of o/p DC current (Type A) 0.2 

U-Calibrator calibration certificate (Type B) 1.3 

U-DMM calibration certificate (Type B) 3.0 

U-Cables thermal emf (Type B) 2.9 

Freq. (Hz) Value (ppm) 

10 0.8 

20 0.4 

40 0.4 

50 0.5 

100 0.4 

200 0.3 

400 0.4 

1000 0.6 

Repeatability of δ (Type A) 

10000 0.5 

Freq. (Hz) Value (ppm) 

10 1.7 

20 1.4 

40 1.2 

50 1.6 

100 1.1 

200 0.6 

400 1.3 

1000 1.6 

Repeatability of AC Output Voltage (Type A) 

10000 0.9 
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Table 4. Uncertainty budget of the 171.4 mV range calibration in (ppm). 

Sources of Uncertainty Type of Uncertainty Uncertainty Value (ppm) 

Repeatability of o/p DC current (Type A) 0.2 

U-Calibrator calibration certificate (Type B) 1.3 

U-DMM calibration certificate (Type B) 3.0 

U-Cables thermal emf (Type B) 2.9 

Freq. (Hz) Value (ppm) 

10 0.8 

20 0.4 

40 0.4 

50 0.4 

100 0.4 

200 0.3 

400 0.4 

1000 0.4 

Repeatability of δ (Type A) 

10000 0.7 

Freq. (Hz) Value (ppm) 

10 0.9 

20 0.6 

40 0.6 

50 2.1 

100 0.6 

200 0.8 

400 0.9 

1000 0.5 

Repeatability of AC Output Voltage (Type A) 

10000 0.4 

 
Table 5. AC input currents and AC output voltages combined with the expanded uncertainties of the 300 mV µpot. 

Freq. (Hz) IAC (mA) VAC (mV) ± Expanded Uncertainty (ppm) 

10 5.0006822 299.85727 4.8 

20 5.0003622 299.64441 4.9 

40 5.0002622 299.85719 4.6 

50 5.0002897 299.82553 4.6 

100 5.0001722 299.85764 4.6 

200 5.0002397 299.82329 4.5 

400 5.0001772 299.81784 4.6 

1000 5.0000622 299.81959 4.6 

10000 5.0006472 299.87278 4.5 

 
Table 6. AC input currents and AC output voltages combined with the expanded uncertainties of the 400 mV µpot. 

Freq. (Hz) IAC (mA) VAC (mV) ± Expanded Uncertainty (ppm) 

10 5.0006072 399.63049 4.8 

20 5.0003572 399.79723 4.6 

40 5.0002822 399.78593 4.6 

50 5.0002572 399.78323 4.7 

100 5.0002822 399.82343 4.5 

200 5.0001822 399.78184 4.4 

400 5.0001072 399.78409 4.6 

1000 5.0000572 399.63214 4.7 

10000 4.9992197 399.53989 4.5 
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Table 7. AC input currents and AC output voltages combined with the expanded uncertainties of the 171.4 mV µpot. 

Freq. (Hz) IAC (mA) VAC (mV) ± Expanded Uncertainty (ppm) 

10 5.0006322 171.38202 4.8 

20 5.0003722 171.51913 4.6 

40 5.0002822 171.58246 4.6 

50 5.0002497 171.56305 4.7 

100 5.0002572 171.58934 4.5 

200 5.0002272 171.59201 4.4 

400 5.0002022 171.56805 4.6 

1000 5.0001172 171.56316 4.7 

10000 5.0019747 171.61028 4.5 

 
significantly stable AC voltage source in millivolt ranges. 
The combination of the microcontroller and the radial 
resistors with the SJTC offers three highly stable output 
AC voltages, 300 mV, 400 mV, and their parallel com-
bination, 171.4 mV, from the same outlet. Experiments 
with the prototype indicate that its AC-DC differences 
for the three output AC voltage ranges are faithfully 
small. 

In actual fact, it is expected that the adopted circuit 
will be a very good supplement or even may replace 
other commercial standards AC voltage sources due to 
its extreme simplicity, its very low cost and its excellent 
portability besides its admirable accuracy. In addition, 
this device is readily suitable for many other applications. 
However, further improvement can be achieved in the 
final product in the near future. 
 
7
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Abstract 
 
This paper presents a sequential approach with matrix framework for solving various kinds of economic dis-
patch problems. The objective of the economic dispatch problems of electrical power generation is to sched-
ule the committed generating units output so as to meet the required load demand while satisfying the system 
equality and inequality constraints. This is a maiden approach developed to obtain the optimal dispatches of 
generating units for all possible load demands of power system in a single execution. The feasibility of the 
proposed method is demonstrated by solving economic load dispatch problem, combined economic and 
emission dispatch problem, multiarea economic dispatch problem and economic dispatch problem with mul-
tiple fuel options. The proposed methodology is tested with different scale of power systems. The generating 
unit operational constraints are also considered. The simulation results obtained by proposed methodology 
for various economic dispatch problems are compared with previous literatures in terms of solution quality. 
Numerical simulation results indicate an improvement in total cost saving and hence the superiority of the 
proposed method is also revealed for economic dispatch problems. 
 
Keywords: Combined Economic and Emission Dispatch, Composite Cost Function, Economic Dispatch, Multiarea 

Economic Dispatch, Multiple Fuel Options, Prohibited Operating Zone, Ramp Rate Limits, Sequential  
Approach, Transmission Loss 

1. Introduction 
 
The primary objective of the economic dispatch problem 
is to schedule the generations of thermal units so as to 
meet the required load demand at minimum operating 
cost while satisfying the individual and system operating 
constraints. Traditionally, the cost function for generat-
ing units has been approximated as a quadratic function. 
A variety of optimization techniques has been used for 
solving economic dispatch problems. The conventional 
methods include traditional lambda-iteration method, the 
base point and participation factors method, and the gra-
dient methods are suggested to solve economic dispatch 
problems [1,2]. The applications of classical methods, 
such as linear or quadratic programming are also applied 
for solving economic dispatch problems [3,4].  

The methods based on operational research and artifi-
cial intelligence concepts such as genetic algorithm, 
evolutionary algorithms, fuzzy and artificial neural net-
works have been given attention for solving economic 
dispatch problems because of their ability to find the 
solution near global optimal. Simulated Annealing tech-

nique (SA) and Genetic Algorithm (GA) have been ap-
plied to determine the optimal generation schedule for 
economic dispatch problem in a power system [5,6]. Ar-
tificial neural network based models are developed for 
the solution of economic power dispatch problem [7,8]. 
Particle Swarm Optimization method (PSO) has been 
applied for solving economic dispatch problems with 
various operating constraints like prohibited operating 
zones and ramp rate limits [9,10]. Evolutionary strategy 
based algorithm is suggested for solving economic dis-
patch problem [11]. A partition approach based solution 
for economic dispatch problems considering the physical 
limitations of the system is presented [12]. An enhanced 
Hopfield neural network model is developed to solve 
economic dispatch problems [13]. The heuristic search 
techniques such as Differential Evolution (DE), Chaotic 
and ant swarm optimization algorithm and Direct Search 
GA (DSGA) have been applied to solve economic dis-
patch problems [14-17]. Hybrid approaches including 
SA-PSO and Bacterial foraging-Nelder Mead method 
have also been developed to obtain the dispatches of 
generating units [18,19]. 
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Due to environmental concerns, Combined Economic 
and Emission Dispatch (CEED) problem has been for-
mulated to determine the optimal amount of generated 
power for the generating units in the system by mini-
mizing the fuel cost and emission level simultaneously 
subject to various system constraints. The passage of 
clean air act amendments in 1990 has forced utilities to 
reduce their SO2 and NOx emissions since both are the 
primary power plant emissions [20]. A general formula-
tion based on the Lagrange relaxation method is pre-
sented for solving environmental constrained economic 
dispatch problem [21]. Lamount and Qbesses detailed 
various emission dispatching strategies and solution 
procedure based on emission shadow prices [22]. Srik-
rishna and Palanichamy suggested price penalty factor to 
convert bi objective function into a single objective func-
tion [23]. Fuzzy logic and neural network models are 
developed for solving this multiobjective optimization 
problem [24-28]. The heuristic search methods are ap-
plied to solve this problem [29,30]. Quadratic Program-
ming (QP) method based solution for this multi objective 
problem is presented [31].  

Dynamic programming recursive approach is devel-
oped for solving emission constrained economic dispatch 
problem [32]. L. Wang and C. Singh investigated to 
solve this problem by applying a fuzzified multi objec-
tive particle swarm optimization algorithm [33]. An ap-
proach based on constrained pattern search method is 
presented to solve this problem [34]. Simplified recur-
sive approach is presented for the solution of this mul-
tiobjective optimization problem [35]. The authors de-
veloped a generalized equation to find the optimal gen-
erations of units. Palanichamy and Sundar Babu devel-
oped direct method for solving this type of problems 
based on mathematical modeling [36]. Artificial neural 
network (ANN), Fuzzy logic based models and heuristic 
search techniques are used for solving this multiobjective 
problem [37-40].  

The economic dispatch problem of a power system is 
extended to take into consideration of additional neces-
sary constraints such as transmission capacity limits to 
ensure security of the system. Direct Search Method 
(DSM) and ANN models have been suggested for solv-
ing the multi area economic dispatch problem [41,42].  

In certain fossil fired generating units use different fu-
els hence the cost function are represented as a seg-
mented piecewise quadratic function. This problem faces 
with the problem of identification of the most economi-
cal fuel of each unit. Lin and Viviani reported Hierar-
chical Method [HM] to solve the economic dispatch 
problem with piecewise quadratic functions [43]. Artifi-
cial neural network models and heuristic search tech-
niques are used for solve this problem [44-48].  

In this article, simplified methodology is presented for 
solving economic dispatch problems namely, large scale 
economic dispatch, economic dispatch with operational 

constraints, combined economic and emission dispatch, 
multi area economic dispatch and economic dispatch 
with multiple fuel options. The proposed approach is 
demonstrated with suitable test systems. 
 
2. Problem Formulation 
 
The problem formulation for economic dispatch, com-
bined economic and emission dispatch, multiarea eco-
nomic dispatch and economic dispatch with multiple fuel 
options are described as follows. 
 
2.1. Economic Dispatch (ED) Problem with  

Generator Operating Constraints 
 
The objective of economic dispatch is to simultaneously 
minimize the generation cost rate and to meet the load 
demand of a power system over some appropriate period 
while satisfying various operating constraints. The ob-
jective function of an economic dispatch problem can be 
formulated as, 

1 1

n n
2

T i i i i i i
i= i=

min F = F (P )= a P +b P +c      (1) 

Constraints 
1) Power balance constraint 

1

n

i G D
i=

P = P = P + P              (2) 

The transmission loss can be expressed as, 

0
1 1 1

n n n

L i ij j i i
i= j= i=

P = P B P + B P +B       (3) 

or approximately  

1 1

n n

L i ij j
i= j=

P = P B P            (4) 

2) Generator operational constraints 
a. Generator capacity constraint 

i,min i i,maxP P P              (5) 

b. Ramp rate limits 
The inequality constraints due to ramp rate limits for 

unit generation changes are given 
1) as generation increases 

0
i iP P UR  i

i

              (6) 

2) as generation decreases 
0

i iP P DR                (7) 

The generator operation constraint after including 
ramp rate limit of generators can be described as, 

0 0
i( )i,min i i i,max i imax P ,P DR P min(P ,P +UR )     (8) 

Copyright © 2010 SciRes.                                                                                 EPE 



S. SUBRAMANIAN  ET  AL. 113 
 

)i

i )i

c. Prohibited operating zone constraint 
The feasible operating zones of unit i can be described 

as follows, 
l

i,min i i ,1P P P   

1 , 2 3u l
i , j- i i , j iP P P j = , ,....,n          (9) 

i

u
i,n i i ,maxP P P   

 
2.2. Combined Economic and Emission  

Dispatch (CEED) Problem 
 
This problem is formulated by including the reduction of 
emission as an objective. Like the fuel cost function 
given in (1), the total emission of generation ET (kg/h) 
can be expressed by a quadratic function of generation 
as, 

2

1

(
n

T i i i i
i=

E = d P +e P + f          (10) 

A multi-objective optimization problem is converted 
in to a single objective optimization problem by intro-
ducing price penalty factor h as follows, 

n
2 2

i i
i 1

( ) (T i i i i i i iF a P b P c h d P e P f


        (11) 

and this objective function has to satisfy the power bal-
ance constraint and the generation capacity constraints. 
The price penalty factor that coordinates the emission 
with the normal fuel cost. 
 
2.3. Multi Area Economic Dispatch (MAED)  

Problem 
 
The objective of multi area economic dispatch is to de-
termine the generation levels and the interchange power 
between areas that minimize the system operation cost 
while satisfying a set of constraints as, 

2 )
mNM M

m mn mn mn mn mn
m=1 m=1 n=1

min F =min (a P b P c     (12) 

Subject to 
1) Area power balance constraint 

m

m m

N

mn kj jk DM
m=1 j β j β

P + t - t - P = 0
 

       (13) 

2) Generation limits constraint 

mn,min mn mn,maxP P P             (14) 

3) Tie line limits constraint 

jk,min jk jk,maxt t t              (15) 

2.4. Economic Dispatch Problem with  
Multiple Fuel Options (EDMFO) 

 
In economic dispatch problem, the fuel cost of each gen-
erator is represented by a single quadratic cost function. 
Owing to multiple fuel options, the cost function may 
become piecewise quadratic. Hence, the economic dis-
patch problem with piecewise quadratic function is de-
fined as, 

1

N

j j
j=

min F (P )              (16) 

where, 

1 1 1 1

2 2 2 2

1

1

2

2
j j j j j j,min j j

2
j j j j j j1 j j

j j

2
jm j jm j jm j,m- j j,max

a P +b P +c , fuel ,P P P

a P +b P +c , fuel ,P P P
F (P )=

.

a P +b P +c , fuel m,P P P

  


 


  

 

(17) 

This objective function is minimized subject to power 
balance constraint. 
 
3. Solution Methodology 
 
3.1. Demonstration of Sequential Approach with  

Matrix Framework 
 
Sequential approach with matrix framework is proposed 
for solving economic dispatch problems. This is the first 
method developed to obtain the optimal dispatches for all 
possible load demands in a system. The demonstration of 
the solution methodology is presented in this section. 

The electric power production in a power plant is al-
lowed to vary from minimum technical limit (Pmin) to 
maximum technical limit (Pmax). Initially the Pi,min of all 
generating units in a power plant are considered as initial 
state input values and is represented by a single dimen-
sional matrix as, 

[ ]1,min 2,min 3,min n,mins= P P P ,......, P        (18) 

Based on the above single dimensional matrix, a 
square matrix (I) is developed to identify the economic 
schedule of generation. The formation of the square ma-
trix is as follows. The process starts with a step incre-
ment in generation by Δ MW in P1,min by keeping the 
remaining units at its input value. This will form first 
row of the square matrix. 

[ Δ ]1 1,min 2,min 3,min n,minI P + P P ,......, P    (19) 

The increment in generation is made in the second 
element by keeping the other elements at its input value 
that leads to the development of second row of the 
square matrix.  
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[ Δ ]2 1,min 2,min 3,min n,minI = P P + P ,......, P      (20) 
Δ

n

i,i L i, j
j=1
j i

P =(pd + )+P - P i = 1,2,...,n



    (23) 
In the same logic, an increment is made for remaining 

units one at a time and a square matrix with a dimension 
equal to the number of units has been developed. For 
every step increment in the operating range of the plant 
the unit one at a time is allowed to experience the change 
in generation thus leads to the formation of the square 
matrix.  

The detailed computational flow of the proposed 
method is presented in Figure 1. The proposed method-
ology in the form of matrix framework to support the 
demonstration is as follows. 

Δ

Δ

Δ

1,min 2,min n,min1

1,min 2,min n,min2

1,min 2,min n,minn

P + P ... PI

P P + ... PI
I

. . . ..

P P ... P +I

  
  
   
  
  
    

 (21) 
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P P - . P

. . . .

P P . P

 
           


 
 

 
 

Δmax

fit 1

Choosefit 2

min fit

- fit n

 
           

 

Each element in the square matrix represents the gen-
eration of a unit corresponding to the column that should 
satisfy the unit capacity constraints. In addition, the op-
erational constraints such as ramp rate limits and prohib-
ited operating zones are also enforced. The operating 
regions of the unit after including ramp rate limits are 
identified as mentioned in Equation (8). The operating 
regions of the units having prohibited operating zones 
are separated into isolated sub regions and it is identified 
using Equation (9). The operating regions of the units 
having prohibited operating zones and ramp rate con-
straints are obtained as mentioned earlier. The units are 
allowed to operate in the one of the operating zones. If 
the generation of a unit falls in a prohibited operating 
zone, the feasible optimal level would most likely to be 
located in any one of the adjacent feasible operating re-
gions, that is, the operating region above or below the 
prohibited operating zone.  

4. Simulations Results and Discussions 
 
A simplified methodology based on sequential approach 
with matrix framework is developed for solving different 
kinds of economic dispatch problems. The effectiveness 
of this approach is tested for solving various kinds of 
economic dispatch problems including combined eco-
nomic and emission dispatch problem, multi area eco-
nomic dispatch problem and economic dispatch with 
multiple fuel options. 

In the square matrix the unit generations of each row 
that satisfy the constraints are identified and total fuel 
cost of generation is evaluated. The desired economic 
schedule of generation is identified by analyzing fitness 
of each row. The fitness function of each row is calcu-
lated as,   

The algorithm for solving the examples were imple-
mented in Matlab 7.0 platform and executed with Pen-
tium IV, 2.8 GHz personal computer. The proposed 
methodology provides the optimal schedule of genera-
tions for all possible load demands which is varied from 
minimum technical limit by a small increment to maxi-
mum technical limit of the system. The selection of in-
crement is also an important factor. Too large increment 
may end up with unfeasible solution and too small in-
crement may take long execution time. Based on experi-
ence, the desired increment is chosen as 1 MW. 

 Δ
TF (j)

fit (j)= j = 1,2,...n
pd +

          (22) 

where, pd is the total of input values. 
The schedule with the minimum fitness is chosen as 

the successive state input values. This process is repeated 
till all the generating units reach their maximum genera-
tion capacity. The feasible solutions for every increment 
from Pmin to Pmax are obtained and hence the best solution 
for any load demand falls in the operating boundary can 
be easily sited. 

 
4.1. Case A: Economic Dispatch (ED) Problem  

with Generator Operating Constraints 
 
The objective is the minimization of total fuel cost sub-
ject to power balance and generator operational con-
straints. The effectiveness and efficiency of the devel-
oped approach is tested with large scale economic dis- 

In practical applications, the total generation must be 
equal to the power demand and transmission loss. In 
such cases, the power balance constraint is exactly met 
by calculating the diagonal unit generation as follows. 
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i= i+1 

 
Choose the row corresponding to 

best fitness as   
Input values. 

Start 

Read system data, and 
load demand.  

Create initial matrix. 

i =1 

Create the i th row of square matrix by increasing the 
generation of i th unit by Δ MW. 

Check for desired 
operating region 

Fix to adjacent 
desired region. 

If i = n  

Compute total power generation, total fuel cost and 
fitness of each row. 

Choose the row with best fitness. 

If PG = Pmax  

Print the optimal dispatches for all load 
demands. 

Stop 

YES 

YES 

NO 

YES 

NO 

NO 

 

Figure 1. Computational flow of proposed method. 
 
patch problem and economic dispatch problem with gen-
erator operational constraints. The 40 unit and 15 unit 
sample systems are considered for the case studies. 

The first sample system consists of forty units in the 
realistic Taipower system that is a large scale and mixed 
-generating system where coal-fired, oil-fired, gas-fired, 
diesel and combined cycle are present. The cost coeffi-
cients and maximum and minimum generation limits of 
the sample system are available in literature [15]. The 

simulation results for load demands of 9000 MW, 9500 
MW and 10500 MW are compared with Simulated An-
nealing (SA) [15], Genetic Algorithm (GA) [15], Hybrid 
Differential Evolution (HDE) [15], Variable Scaling Hy-
brid Differential Evolution (VSHDE) [15] and Direct 
Search Genetic Algorithm (DSGA) [17] and the com-
parison of results are presented in Table 1. As seen from 
comparison, the proposed method provides the minimum 
generation cost for above mentioned load demands. It  
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Table 1. Total fuel cost ($/h) comparison of 40 unit system. 

Load demand 
Method 

9000 MW 9500 MW 10500 MW 
Proposed 
method 

121039.18 128219.31 143721.71 

VSHDE 
[15] 

121253.01 --- 143943.90 

HDE [15] 121266.40 --- 143955.83 

GA [15] 121839.72 --- 144486.02 

SA [15] 135229.69 --- 164069.36 

DSGA [17] --- 128424.26 --- 

 
also clears that the proposed methodology is efficient to 
solve large scale economic dispatch problems. 

The cost coefficients, maximum and minimum gen-
eration limits, ramp rate limits and prohibited operating 
zones and the transmission loss coefficients with a base 
capacity of 100 MVA of the fifteen unit sample system 
are reported in the literature [9]. The minimum and 
maximum technical limits of the system are 915 MW and 
3542 MW respectively. The operating regions of the unit 
are identified after incorporating ramp rate limits and 
prohibited operating zone constraints. The transmission 
loss is calculated using transmission loss matrix or B 
coefficients. The power balance is exactly met by evalu-
ating the generation using Equation (23). The genera-
tions of the units neglecting transmission loss are treated 
as input values for the successive state. The optimum 
generations of individual thermal units and total fuel cost 
for the load demand of 2630 MW are presented in Table 
2. The simulation result is compared with GA [9], PSO 
[9], Modified PSO (MPSO) [18] and Adaptive Bacterial 
Foraging-Nelder Mead method (ABFNM) [19] and the 
comparison of results are presented in Table 3. It is clear 
from the comparison of results that the proposed method 
provides better schedule of generations to meet the load 
demand with existing techniques. 
 
4.2. Case B: Combined Economic and Emission  

Dispatch (CEED) Problem 
 
The objective of this multi objective optimization prob-
lem is to determine the optimal generations of thermal 
units by minimizing the total fuel cost and emission si-
multaneously subject to various system operating con-
straints. The price penalty factor multiobjective optimi-
zation problem can be converted into a single objective 
optimization problem. Various price penalty factors [23, 
31,35] are suggested and among these maximum price 
penalty factor is chosen for combining cost of fuel plus 
the implied cost of emission as it offers a very good so-
lution for emission restricted less cost condition [35]. In 
this article the maximum price penalty factor is consid-
ered. The maximum price penalty factor of each genera- 

Table 2. Economic dispatch results for 15 unit system. 

Unit 
Output 
(MW) 

Unit 
Output 
(MW) 

Unit 
Output 
(MW) 

1 455.00 6 460.00 11 80.00 
2 380.00 7 430.00 12 80.00 

3 130.00 8 60.00 13 25.00 

4 130.00 9 70.9033 14 15.00 

5 170.00 10 159.00 15 15.00 

Load demand (MW) 2630 

Transmission loss (MW) 29.9033 

Total fuel cost ($/h) 32696.81 
 
Table 3. Simulation results comparison for 15 unit system. 

Load demand 2630 W 
Method 

Transmission loss 
(MW) 

Total fuel cost ($/h)

Proposed method 29.9033 32696.81 
ABFNM [19] 28.9470 32784.5024 
MPSO [18] 30.908 32708 

PSO [9] 32.431 32858 
GA [9] 38.278 33113 

 

tor is the ratio between the fuel cost and emission at its 
maximum power output. 

( )

( )

2
i i,max i i,max i

i,max 2
i i ,max i i,max i

a P +b P +c
h =

d P +e P + f
       (24) 

The effectiveness of the proposed approach has been 
analyzed with 6 unit test system. The system details in-
cluding cost coefficients, emission coefficients, mini-
mum and maximum generation limits and transmission 
loss coefficients are given in [40]. The optimal dis-
patches are obtained for load demands vary from 345 
MW to 1350 MW. The simulation results are compared 
with λ-iteration method [39], Quadratic Programming 
(QP) [31], Artificial Immune System (AIS) [39] and 
NSGA II-MADM [40] for a load demand of 700 MW. 
The comparison of total fuel cost, total emission and 
transmission loss is tabulated in Table 4. The compari-
son clearly indicates the significant reduction in fuel cost 
and transmission losses over earlier reports and the solu-
tion obtained by the proposed approach is close agree-
ment with λ-iteration method.  

For most of the load demands, the proposed method 
yields better results and they are in good agreement with 
the existing methods. The economic and environmental 
dispatch is conflicting multiobjective problem when the 
fuel cost increases the emission level decreases and 
hence in vice versa. As per the above statement, for some 
load conditions, there is a slight deviation in cost and 
emission with respect to the other existing methods. 

 
4.3. Case C: Multi Area Economic Dispatch  
(MAED) Problem 
 
The economic dispatch problem is extended to take into 
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Table 4. Simulation results comparison of six-generator 
system. 

Load demand 700 MW 

Method 
Total fuel    
cost ($/h) 

Total 
emission 

(kg/h) 

Transmission 
loss (MW) 

λ-iteration 
[39] 

37781 442 21.17 

QP [31] 37488 439.7 17.054 

AIS [39] 37344 438.1 16.91 

NSGA 
II-MADM 

[40] 
38331.647 443.138 14.645 

Proposed 
method 37166.73 453.44 17.64 

 
considerations of transmission capacity limits to ensure 
the security of the system. A two area system with four 
thermal generating units is considered to illustrate the 
effectiveness of the proposed approach. The system data 
are available in the literature [41]. The total load demand 
in area 1 and area 2 are 70% and 30% of total load de-
mand respectively and these two areas are interconnected 
through transmission lines. Each area consists of two 
generating units and for the sake of comparison with 
earlier reports transmission losses are not considered. 
The line flow limits of 90 MW, 120 MW and 200 MW 
are considered for the analysis. The optimum generations 
of individual units of each area for load demand of 1200 
MW including transmission line limits are tabulated in 
Table 5. 

The total generation of area 2 is greater than the total 
generation of area 1 that can export as much economical 
excess as power to area 1 to satisfy the requirement in 
area 1 without violating transmission line flow limits. 
The results obtained by this proposed methodology are  
 
Table 5. Optimal generation results of two area system in-
cluding transmission capacity constraints. 

Flow limit (MW) 
Load 1120 MW 

90 MW 90 MW 90 MW 

P1 
(MW) 

528 506 445 Optimal 
generation 
in area-1 P2 

(MW) 166 158 139 

P1 
(MW) 159 173 212 Optimal 

generation 
in area-2 P2 

(MW) 267 283 324 

Total fuel cost ($/h) 10700.80 10669.09 10604.68 

 

Table 6. Comparison of total fuel cost for MAED. 

Total generation cost ($/h) 
Load 
(MW) 

Flow 
limit 

(MW) 
EDSM 

[43] 
NN [44] 

Proposed 
method 

90 7812.2 7812.2 7811.94 

120 7791.5 7791.5 7791.25 800 

200 7754.8 7754.8 7754.70 

90 9874.7 9874.7 9874.20 

120 9846.4 9846.4 9846.01 1030 

200 9789.7 9789.7 9789.42 

90 10701 10701 10700.80 

120 10670 10670 10669.09 1120 

200 10605 10605 10604.68 

 
compared with Economic Dispatch Direct Search 
Method (EDSM) [41] and Neural Network (NN) [42] 
and the comparison of results are presented in Table 6. 
 
4.4. Case D: Economic Dispatch Problem  

with Multiple Fuel Options (EDMFO) 
 
The economic dispatch problem with multiple fuel op-
tions has been solved in two phases. In first phase, the 
most economic fuel of each generating unit is identified. 
The economic dispatch of generating units is determined 
by a sequential approach with the selected fuels in sec-
ond phase. The implementation procedure of the pro-
posed methodology has been detailed as follows. 

The primary search process calculates the composite 
cost function of each generating unit and the detailed 
derivation of composite cost coefficients are presented in 
Appendix. Then sequential approach with matrix frame- 
work is performed to identify the most economic fuel of 
each unit. The composite function and capacity of the 
units are using for the above process. This phase pro-
vides the generation dispatches and the fuel correspond-
ing to the dispatches is known as the most economic fuel. 
The generation limits corresponding to the selected fuel 
is the desired operating region of the unit. At the end of 
first phase, the most economic fuel and the desired oper-
ating region of each unit are obtained. In second phase, 
the generation dispatches of the units are refined within 
the desired operating regions. The cost functions of the 
selected fuels are considered and sequential approach 
with matrix framework is performed again to obtain the 
optimal dispatches of generating units.   

The effectiveness of this proposed approach for solv-
ing this problem is tested with a sample system consists 
of ten generating units, each unit with two or three fuel 
options. The details of fuel options, cost coefficients and 
maximum and minimum generations of each fuel in each 
generating unit are available in the literature [43]. The 
simulation result for load demand of 2700 MW is de-
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tailed in Table 7. The total fuel cost for load demands of 
2500 MW, 2600 MW and 2700 MW obtained by this 
methodology, Hierarchical Method (HM) [43], Hopfield 
Neural Network (HNN) [44], Adaptive Hopfield Neural 
Network (AHNN) [45], Hybrid Genetic Algorithm 
(HGA) [46], Classical Evolutionary Programming (CEP) 
[47], Fast Evolutionary Programming (FEP) [47], Im-
proved Fast Evolutionary Programming (IFEP) [47] and 
Particle Swarm Optimization [48] are compared and the 
comparison of results are detailed in Table 8. From the 
comparison of results, it is clear that the proposed ap-
proach provides comparable result for economic dispatch 
problem with piecewise quadratic function. 

The computational time for the above case studies by 
the proposed approach is presented in Table 9. 

The proposed methodology has following merits. 
 
Table 7. Economic dispatch results of 10 unit system with 
multiple fuel options (Load=2700 MW). 

Unit 
Fuel 
type 

Generation 
(MW) 

Unit 
Fuel 
type 

Generation 
(MW) 

1 2 218 6 3 240 
2 1 212 7 1 288 

3 1 281 8 3 240 

4 3 240 9 3 428 

5 1 278 10 1 275 

Total cost ($/h) 623.81 

 
Table 8. Comparison of total fuel cost for 10 unit system 
with multiple fuel options. 

Total fuel cost ($/h) 
Method 

2500 MW 2600 MW 2700 MW 

HM [43] 526.70 574.03 625.18 

HNN [44] 526.13 574.26 626.12 

AHNN [45] 526.23 574.37 626.24 

HGA [46] 526.24 574.38 623.81 

IFEP [47] 526.25 --- --- 

FEP [47] 526.26 --- --- 

CEP [47] 526.25 --- --- 

PSO [48] --- --- 623.88 

Proposed 
method 526.24 574.38 623.81 

 
Table 9. Total execution time for various case studies. 

Case study Test system Execution time (s) 

40 Unit 1.5337 
ED 

15 Unit 0.6642 

CEED 6 Unit 0.2613 

MAED Two area system 0.2534 

EDMFO 10 Unit 0.2700 

 From these studies, this approach has the compe- 
tence to solve various types of economic dispatch prob-
lem. 
 It is a first method that provides the optimal solu-

tion for all possible load demands of system in a single 
run. 
 It provides the schedule with minimum total cost in 

all cases hence global optimal solution. 
 The performance of the proposed approach is inde-

pendent of the number of generating units in the system 
and hence it is suitable for system of any size. 
 The computational procedure is minimal. 
 It offers the solution for all load demands of a sys-

tem hence it takes a reasonable execution time. 
 
5. Conclusions 
 
This article presents sequential approach with matrix 
framework for solving various kinds of economic dis-
patch problems. The proposed methodology is validated 
by solving the different economic load dispatch problem 
such as large scale economic dispatch, economic dis-
patch with generator operating constraints, combined 
economic and emission dispatch, multiarea economic 
dispatch and economic dispatch with multiple fuel op-
tions. The different scale of power systems are consid-
ered in each case. The practical operational constraints of 
generators like ramp rate limits and prohibited operating 
zones are also taken into account for the solution of eco-
nomic dispatch problems. The price penalty factor ap-
proach is used to convert the multi objective optimiza-
tion problem into single objective optimization problem 
and maximum price penalty factor is considered as it 
offers very good solution for emission constrained less 
cost condition. The proposed approach is extended for 
solving economic dispatch problems with line flow con-
straints. Further, simple methodology for solving eco-
nomic dispatch problem with multiple fuel options is 
presented. The most economic fuel of generating unit is 
identified by using the composite cost function and se-
quential approach with matrix frame work. These decen-
tralized approaches provide simple solution methodology 
for economic dispatch problem with multiple fuel op-
tions. The simulation results of different case studies are 
compared with recent reports. The comparison of results 
concludes that the proposed methodology provides the 
minimum total fuel cost hence global optimal solution 
for various types of economic dispatch problems. 
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Nomenclature 
 

ai, bi, ci  Cost coefficients of generating unit i 
di, ei, fi  Emission coefficients of generating unit i 
Bij, B0i, B00 Transmission loss coefficients or B coef-

ficients 
ET   Total emission of generators in (kg/h) 
FT   Total operating cost or total fuel cost of 

generation in ($/h) 
n   Number of generating units 
ni   Number of prohibited operating zones 
Pi   Real power generation of generating unit 

i in MW 
Pi,min  Minimum value of real power allowed at 

generator i in MW 
Pi,max Maximum value of real power allowed at gen-

erator i in MW 
PD   Total load demand of the system in MW 
PL   Total transmission losses in MW 
Pi

0      Output power of generator i before dis-
patched hour in MW  

Pi,j
l  Lower bound of generation of unit i in  

prohibited operating zone j in MW 
Pi,j

u    Upper bound of generation of unit i in 
prohibited operating zone j in MW 

URi    Up ramp limit of i th generator in 
(MW/h) 

DRi    Down ramp limit of i th generator in 
(MW/h)  

h    Price penalty factor in ($/kg) 
hi, max   Maximum price penalty factor of unit i in 

($/kg) 
M   Number of areas in an interconnected 

system 
Nm  Number of on-line units for the area m in 

an M area system 
amn, bmn, cmn Cost coefficients of generating unit n in 

area m 
Pmn  Power output of generator n in area m in 

MW 
PDm  Load demand for area m in MW 
tjk   Economic tie transfer from area j to k in 

MW 
tjk, min, tjk, max Tie line minimum and maximum capac-

ity limits in MW 
βm   Set of tie lines in area m 
s    One dimensional matrix consists of input 

values 
I   Square matrix consists of real power 

generations of units 
fit         Fitness of the solution in ($/MWh) 
Pmin  Minimum technical limit in MW 
Pmax  Maximum technical limit in MW 

 

Appendix 
 

The incremental production cost of a plant is a prior re-

quirement for coordination among plants. The incre-
mental production cost of the plant can be derived by a 
simple realignment of the fuel cost coefficients of the 
units. Consider an “n” unit system and the cost equation 
of n th unit is,  

2F =a P +b P +c
n n n n n n

         (A.1) 

and the composite cost function of the plant can be writ-
ten as,  

2F = AP +BP +C
T G G

          (A.2) 

The composite cost coefficients are derived as follows. 
The total fuel cost ($/h) of the “n” unit system can be 
written as, 

F = F + F + F +.....+ FnT 1 2 3       (A.3) 

For most economical generation, 
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 (A.4) 

where, λ is the incremental production cost of the plant in 
MW. 

The total generation of the plant can be written as, 

G 1 2 3P = P + P + P +....+ Pn  

  
  

G 1 2 3 n

1 1 2 2 3 3 n n

P = λ / 2 1 / a +1 / a +1 / a +...+1 / a

- 1 / 2 b / a +b / a +b / a +...+b / a

  
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 
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1 2 3 n

1 1 2 2 3 3 n n

1 2 3 n

λ=2 1 / 1 / a +1 / a +1 / a +...+1 / a P

+ b / a +b / a +b / a +...+b / a

1 / 1 / a +1 / a +1 / a +...+1 / a

G  

  

 (A.5) 

By comparing (A.4) and (A.5), 

 1 2 3 nA=1 / 1 / a +1 / a +1 / a +....+1 / a     (A.6) 

 1 1 2 2 3 3 n nB= b / a +b / a +b / a +....+b / a A   (A.7) 

The fuel cost can be rewritten as, 

;

;

2 2
n n n n

2 2
T

F = λ / 4a -b / 4a +c

F = λ / 4A- B / 4A+C

n       (A.8) 

From (A.8), 

 
 

1 2 3 n

2 2 2 2
1 1 2 2 3 3 n n

2

C = c +c +c +...+c

b / 4a +b / 4a +b / 4a +...+b / 4a

+B / 4A

 (A.9) 
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Abstract 
 
The transformation of parameter tensors for anisotropic medium in different coordinate systems is derived. 
The electric field for a magnetized cold plasma sphere and the general expression of scattering field from 
anisotropic target are obtained. The functional relations of differential scattering cross section and the RCS 
for the magnetized plasma sphere are presented. Simulation results are in agree with that in the literatures, 
which shows the method used and results obtained are correct and the results provide a theoretical base for 
anisotropic target identification etc. 
 
Keywords: Anisotropy, Scattering, Plasma 

1. Introduction 
 
Plasma is an anisotropic medium in the outside magnetic 
field. It has widely applied fields such as modern Radar 
system, antenna system and target concealing and thus 
has been of increasing interest [1-4]. In [5], the E.M. 
scattering features for a conductor sphere coated with 
plasma are researched by expanding the electromagnetic 
field into a series of vector spherical functions. The 
propagation and absorbability of a circular polarizing 
E.M. wave in asymmetric plasma are also studied [6,7], 
some results are tested with experiments. The interaction 
of an E.M. wave and an inhomogeneous plasma slab 
with electron distribution in the form of partially linear 
and sinusoidal profiles [8] is researched in which it has 
been found that inhomogeneous plasma slab can be used 
as a broad band radar absorbing layer. The scattering 
characteristics of target coated with plasma are re-
searched [9] by using physical optical and input imped-
ance methods. Other targets coated with plasma are 
studied [10] based on the medium laminar modeling and 
the effect induced by the plasma parameters on scattering 
features is analyzed. In recent years, the interaction of 
anisotropic targets with light, electromagnetic wave also 
has been of great interest [11,12]. The research tech-
niques of scattering wave from anisotropic medium and 
plasma can be divided into three, namely, analytical 
method, approximation method and numeration. The 
later two are based on the first. In some literatures, the 
changes of elements of dielectric tensor and permeability 

tensor with coordinate systems are ignored, the or-
thonormalities of spherical vector wave functions based 
on the Helmholtz equation derived in the isotropic me-
dium are also ignored and being directly used them to the 
anisotropic medium. So some errors are inevitable in 
those obtained results. On the other hand the expression 
of scattering field from a magnetized cold plasma target 
is not much published. In the present paper, the expres-
sion of the electric field inside & outside a magnetized 
cold plasma spherical target is presented in detail based 
on the scale transformation theory of the electromagnetic 
field by transforming the dielectric tensor in the right 
angle coordinate system into the spherical system. A 
formula of computing the scattering field from a general 
anisotropic target is then developed. Based on the for-
mulae, the Rayleigh scattering features of a magnetized 
plasma sphere are researched. The effects induced on the 
feature by the factors of electric density, incident angle 
and outside magnetic field etc. are demonstrated. The 
time-harmonic factor j te  is used in this paper. 
 
2. Research of Rayleigh Scattering from a  

Magnetized Plasma Sphere 
 
2.1. Expressions of Electric Fields inside and  

outside a Magnetized Cold Plasma Sphere 
 
Assume a magnetized cold plasma sphere to have radius 
R0 and its centre to be located at the origin of the primary 
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coordinate system Σ. The outside magnetic field  is 

in z-axis. The dielectric constant tensor of this plasma 

sphere is given as [5]  
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By utilizing the relation between D and E and the rela-
tion between the vectors in right angle system and 
spherical system, we can obtain the expression of the 
dielectric constant tensor in spherical coordinate system 
as 

11 12 13

0 21 22 23

31 32 33

  
   

  

 
 
  

ε 
            (2) 

where 

 
 

 

2
11 1

12 1

13

2
22 1 1

23 33

12 21 13 31 32 23

cos

cos sin

sin

cos

cos ,

, ,

p

p

j

j

    

    
  

    
    

     

  

  

 

  

  

    

 

3
0

2 3
0

2 2
0

2 2
1

p

ne B

m

e B

m

 







, 
2

1 2
0

1
ne

m


 
  ,

2

2
0

2 2
0

2 2

1

1

ne

m

e B

m

 




 


 

n, m are the electron density and electron mass respec-
tively,  the angle frequency of incident wave. Expres-
sion (2) indicates that the dielectric tensor is relative to 
the observing point. When the frequency is low, the con-
dition 0R   is satisfied, it is so approximately con-

sidered that the magnetized cold plasma sphere locates in 
the electrostatic field [13,14]. The plasma has not electric 
charge in whole, according to the formulae 0, D  

 and considering that the differential of poten-
tial u is not relative to the order for x and y, the differen-
tial equation of u is obtained as in the primary coordinate 
system 

u E

2 2 2

12 2 2
0

u u u

x y z
    

  
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          (3) 

Now, a scale coordinate system Σ’ is introduced as a 
new coordinate system. The coordinates of this system 
are indicated with x’, y’ and z’. The relation of coordi-
nates between the two systems is written as 

1

' , ' , '
x y z

x y z
  

    

The differential equation of the potential in the 
scale coordinate system is derived by substituting the 
above expressions into Equation (3) and using the 
condition u =u’ [14] at any spatial point, and it is ex-
pressed as 
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The condition u = u’ is understandable, for the poten-
tial is defined as the work done by the electric field to 
move a unit charge from one point to the reference point, 
namely W/q, so both the numerator and the denominator 
are scale invariants. Equation (4) shows that a mag-
netized cold plasma sphere in the primary coordinate 
system is transformed into an isotropic sphere in the 
scale coordinate system from the view point electric 
potential equation. This manipulation can greatly sim-
plify the electromagnetic scattering problems. It is 
well known that the solution of Equation (4) can be 
obtained by using the method of separation of vari-
ables as follows: 
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Expression (5) is a general solution in the scale coor-
dinate system. The parameters in the two coordinate sys-
tems can be found in literature [10]. The electric potential 
outside the sphere is expressed as 
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On the surface of the sphere, the electric potential in-
side the sphere is equal to that outside the sphere and the 
electric displacement D is continuous in the normal di-
rection, namely 
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 (7) 

Inserting Expressions (5), (6) and (7) into the above 
conditions yields the solution of electric potential inside 
and outside a magnetized cold plasma sphere as 
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(8) 
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where 
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From Expression (8), the electric field is obtained as 
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The above result is obviously in agree with those in 
the reference [10] when the dielectric tensor is a uniform 
medium, which tests the correctness of Expression (10). 
 
2.2. The Scattering Feature of a Magnetized  

Cold Plasma Sphere 
 
The scattering field from an anisotropic target is derived 
as following by using the researching method in the lit-
erature [13] 
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is the amplitude of scattering field and E D are respec-
tively electric field & the ‘electric displacement’ inside 
the plasma sphere, in which r D E , has the same 

unit with E. Expression of D-E written as 
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(13) 

The symbol V is the sphere’s volume and vectors  
are respectively the vectors in scattering direction and 
incident direction. 
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knowledge, Expression (13) is a novel one. The projec-
tions of amplitude in the right coordinate system are 
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The differential scattering cross section is presented as 
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Since the inner electric field is dependent on the direc-
tion of the incident wave. So it can be seen from (13) that 
there are two parts in the differential scattering cross 
section, the first part is relative to the incident direction, 
the second is relative to both incident direction and the 
observing azimuth angle. After considering the or-
thonormalities of trigonometric functions, the scattering 
cross section is obtained 
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Expression (14) is an analytical one and a novel result 
in our knowledge. 
 
2.3. Discussion 
 
In order to test the rightness of expression (14), we as-
sume that the incident electric field E0 is in the 
x-direction and now obtain B = C = 0，A = –E0. If the 
medium is an isotropic one and now assume 

1 p,

1 , the amplitude is derived as 

following 0     is reasonable. 
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This is in agreement with what in references [13,14]. 
These parameters frequency f = 20 GHz, R0 = 3 mm, and 
so  are used in the simulations: 0 1kR 

The influence of outside magnetic field on the RCS 
and the parameters used are all demonstrated in Figure 1. 
It indicates that the RCS decreases when the outside 
magnetic field increases and magnitude of electric den-
sity is given. The reason is that the anisotropy of plas-
mais enhanced as the outside magnetic field increase. 
This change in Figure 1 is in agreement with that in the 
literature [15,16]. Figure 2 shows that the angle 0  

between electric field and B0 has an effect on RCS and 

0  has no impact. We know that the anisotropy has a 

good symmetry in the plane, x-y plane, after the isotropic 
plasma sphere being magnetized. Thus the plasma is iso-
tropic medium in the plane of x-y and the RCS is not im-
pacted by angle 0 . The scattering characteristic change 

with frequency is presented in Figure 3. It is well known 
that the Rayleigh scattering field is radiated by the elec-
tromagnetic sources inside the plasma. Those radiating 
sources have the same phase and so the radiations are 
mainly electric dipole radiations. These kinds of radia-

tions are proportional to 4 . It is seen from Figure 4 
 

 

Figure 1. Change of   versus outside field B0. 

 

Figure 2. Change of   versus polarization. 
 

 

Figure 3. Change of   versus frequency. 
 

 

Figure 4. Change of   versus electric density. 
 
that RCS will decreases as the electric density increasing, 
which is in agree to that in the reference [17]. This is 
caused by the fact that the plasma’s absorbability to E.M. 

Copyright © 2010 SciRes.                                                                                  EPE 



Y. L. LI  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                  EPE 

126 

wave is enhanced as the electric density being increased. 
 
3. Conclusions 
 
In this paper, the electric fields inside and outside a 
magnetized cold plasma sphere are investigated. We use 
the scale transformation theory of the electromagnetic 
field to reconstruct the Laplace equation and then obtain 
two analytical expressions of the electric potentials in-
side and outside the magnetized cold plasma sphere in 
detail. Its correctness is tested with literature. The dielec-
tric tensor in different coordinate systems and a general 
formula to compute the scattering field from anisotropic 
target are presented. We take the magnetized cold plasma 
sphere as an example, its analytical RCS is obtained first 
in detail and simulations are presented which indicates 
the characteristic of electric dipole radiation. How to use 
the scale transformation theory to study the analytical 
scattering feature for a multilayer magnetized cold 
plasma target is our next research subject. 
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Abstract 
 
The current consumption method of Electric Power Industry is “electricity consumption first, paying for it 
later”. The trend of consumption method is Pre-order Electricity. If we adopt the Pre-order Electricity Sys-
tem, we need to replace Traditional Energy Meter with Prepayment Energy Meter. But this alteration is 
costly. And the alarm action of Prepayment Energy Meter are bells and alarm lamp, users can not receive 
alarm information timely. In this paper, we present the design of Multi-user Electric Power Management 
Device. The device uses TMS320F2812 as CPU, with peripheral devices such as mobile phone communica-
tion module MC55, so the device supports remote operation and sends alarm information via SMS, it also 
can communicate with the master station by GPRS. The device can be seamlessly integrated into the existing 
power system in order to read meter, achieve billing and Pre-order Electricity functions. In addition, the de-
vice has the Harmonic Measurement function, so it is a high cost-effective application. 
 
Keywords: Electric Power Management, TMS320F2812, MC55, SMS, GPRS 

1. Introduction 
 
The current consumption method of Electric Power 
Industry is “electricity consumption first, paying for it 
later”. The trend of consumption method is Pre-order 
Electricity. If we adopt the Pre-order Electricity Sys-
tem, we need to replace Traditional Energy Meter with 
Prepayment Energy Meter. But this alteration is costly. 

Most Prepayment Energy Meter use IC card as 
voucher card. Once the IC card does not work properly, 
it will affect the normal operation of the Pre-order 
Electricity System. The most alarm action of IC card 
Prepayment Energy Meter are bells and alarm lamp, 
users can not receive alarm information timely. 

In this paper, we present the design of Multi-user 
Electric Power Management Device. The device uses 
TMS320F2812 as CPU, with peripheral devices such 
as mobile phone communication module MC55, built- 
in a variety of electricity charge calculation method. 
The device can collect Energy Meters’ electric energy 
information via RS485 Communication Interface or 
Pulse Collection Interface, and then do electricity 
charge calculation, choose alarm operation or power 
on/off operation according to the balance, and there is 
a SMS notification after every operation, so users can 
receive alarm and operating information timely. If the 
master station needs to do a lot of data communication, 
the device also can communicate with the master sta-

tion by GPRS. The device can collect many Energy 
Meters’ electric energy information via RS485 Com-
munication Interface, to achieve Multi-user Electric 
Power Management purposes. We just install the de-
vice in commercial application, and avoid replacing the 
existing meter. In addition, the device has the Har-
monic Measurement function, so it is a high cost-ef-
fective application. 
 

2. Design of Multi-User Electric Power  
Management Device 

 
2.1. Device Hardware Design 
 
The device uses TMS320F2812 as CPU, with periph-
eral devices such as LCD Module, Key Module, Mo-
bile Phone Communication Module, RS485 Commu-
nication Interface, Pulse Collection Interface, Data 
Storage Module, Clock Chip, Power on/off Execution 
Module, Signal Conditioning Module and Power Sup-
ply Module. The hardware block diagram of the device 
is shown in Figure 1. 

TMS320F2812, a member of the TMS320C2000 DSP 
generation, is a 32-bit DSP of 150MHz maximum fre-
quency. It has many General-Purpose Input/Output ports 
(GPIOA-GPIOF), 2 UART ports (UART1, UART2), 
with on-chip A/D sampling function. TMS320F2812 
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Figure 1. Hardware block diagram. 
 
is highly integrated, high-performance solutions for de- 
manding control applications [1]. 

LCD Module adopted 128*64 dot matrix LCD dis-
play, controlled by TMS320F2812’s GPIOA. Because 
the processing speed of LCD is much slower than 
TMS320F2812, control signal is through the latch to 
control LCD. LCD refreshes every minute, displays the 
current power consumption and the current balance of 
user. It also can query information with the operation 
of the keys.  

Key Module is connected to TMS320F2812’s data 
bus, software control TMS320F2812 to scan data bus 
every 10 milliseconds. When a button is depressed, 
TMS320F2812 do corresponding processing according 
to data bus level changes. 

Mobile Phone Communication Module adopted 
MC55 of SIEMENS, which is connected to TMS320 
F2812’s UART2. Administrator and user make SMS or 
GPRS remote operation to the device via the Mobile 
Phone Communication Module [3]. When the balance 
is insufficient, TMS320F2812 controls the module to 
use SMS to notify the user timely payment. 

The device has two meter reading ports, RS485 
Communication Interface and Pulse Collection Interface. 
RS485 Communication Interface connects to TMS320 
F2812’s UART1 via signal converter and optocoupler. 
UART1 sends a signal through the optocoupler and then 
through the signal converter to reach RS485 Commu-
nication Interface, RS485 Communication Interface 
receives a signal through the signal converter and then 
through the optocoupler to reach UART1. Pulse Col-
lection Interface connects to TMS320F2812’s GPIOE 
via optocoupler. When the pulse signal reaches GPIOE 

via optocoupler, TMS320F2812 gain electric energy 
information. 

We use an EEPROM chip as Data Storage Module, 
Data Storage Module and Clock Chip is connected to 
TMS320F2812 via I2C Bus. Since TMS320F2812 has 
no hardware I2C Bus, using GPIOB simulate the I2C 
Bus Timing controlled by software. Data Storage 
Module stored device parameters information, user 
information and electricity consumption records. Clock 
Chip provides the device with time reference for time- 
billing. TMS320 

F2812 Power on/off Execution Module is connected to 
TMS320F2812’s GPIOF. The module is composed of 
optocoupler, relay and breaker. The controlling signals 
go through an optocoupler safety quarantined, and then 
go through the relay reach breaker, at last breaker re-
sponses the control signal. 

Signal Conditioning Module is composed of CT and 
PT. The regulated signal followed by the filter circuit, 
voltage divider circuit. At last input TMS320F2812’s 
on-chip A/D as differential mode to achieve Harmonic 
Measurement function. 

Power Supply Module is composed of working 
power and backup power. Working power is obtained 
directly from the feeder and do battery charging at 
same time. Backup power is composed of battery. 
 
2.2. Device SMS Function 
 
The device can do Buy Operation, Inquire Operation, 
Power On/Off Operation, and Change Parameters Op-
eration by SMS communication. It also can Send 
Alarm SMS on its own initiative. 

Buy Operation means that administrator add user’s 
balance by sending encrypted SMS. Inquire Operation 
means that administrator or user inquire balance by 
sending SMS. Power On/Off Operation means that 
administrator can make power on/off operation by send- 
ing encrypted SMS. Change Parameters Operation 
means that administrator can change electricity charge 
parameters by sending encrypted SMS [5]. Send Alarm 
SMS means that the device can send alarm SMS on its 
own initiative when the balance is less than some value. 

The device stored some cell phone numbers. These 
numbers are divided into administrator number and 
user number. The device handles the messages as this 
flow: first Phone Number Analysis, then Operation 
Type Analysis, at last Response Operation. Received 
SMS processing flow is shown in Figure 2. 

Phone Number Analysis means that, to judge the 
sender's number is administrator number or user num-
ber by comparing the sender's number with the num-
bers stored in the device. If the sender's number is not 
in the stored number list, delete this SMS, the device 
take no action.  

Operation Type Analysis means that, the device gets 
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Figure 2. Received SMS processing flow. 
 

operation information by analyzing SMS, and deter-
mines whether the operation is allowable. Administra-
tor can do Buy Operation, Inquire Operation, Power 
On/Off Operation, and Change Parameters Operation. 
User can do Inquire Operation. If the SMS senders 
want to do limited operation, the device will return an 
authority error message to them. 

Response Operation means that, the device makes 
different operations according to the type of operation. 
All operations have SMS receipt to inform the operator 
if the operation is successful or not. 

In addition, the device send alarm SMS to adminis-
trator number and user number, when the balance is 
less than some value. 
 

2.3. Device GPRS Function 
 
The device also has GPRS communication function. 
Since the bytes of a SMS is limited, if we need to do a 
lot of data communication, using multiple SMS to 
communication is costly. For example, query operation 
history, query harmonic measurement records, in this 
case, the device communicates with the master station 
by GPRS. 
 
3. Possible Commercial Applications 
 
In this Pre-order Electricity System, PC master station 
controls a mobile phone communication module as an 
administrator with the Host Computer Software. Users 
carry mobile phones as a user number. 

The device collects multiple Energy Meter’s infor-
mation via RS485 Bus. It can manage and control mul-
tiple meter users. In commercial applications, we do 
not need to replace the existing meter by Prepayment 
Energy Meter, just installing the Pre-order Electricity 
device on the basis of the existing system. The 

 

Figure 3. Application of multi-user electric power manage-
ment device. 

 
device used to collect Energy Meter’s information, 
calculate electricity and achieve Pre-order Electricity 
functions. The possible application of Pre-order Elec-
tricity device is shown in Figure 3. 

If the Energy Meter does not have RS485 Commu-
nication function, the device can collect electric energy 
information by Pulse Collection Interface. This situa-
tion the device can only manage one Energy Meter. 
 
4. Conclusions 
 

In this paper, we present a design of a Multi-user 
Electric Power Management Device. We use high-inte-
grated and high-performance DSP TMS320F2812 as 
CPU, with peripheral devices such as mobile phone 
communication module MC55. The device can deal 
with complicated control information. It has three fea-
tures:  

1) Two kinds of electric energy information collect 
mode, it can manage and control multiple meter users.  

2) Automatic calculation electricity charge based on 
different user information and electric energy informa-
tion.  

3) With the ability of remote operation via SMS and 
GPRS, and sending alarm information via SMS.  

The device can be seamlessly integrated into the ex-
isting power system in order to read meter, achieve 
billing and Pre-order Electricity functions, can manage 
and control multiple meter users. In addition, the de-
vice has the Harmonic Measurement function. The 
application of the device can reduce the cost of the 
system reform, and it has been successfully used in 
Wuhu city of Anhui Province in China. 
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Abstract 
 
The inherent unsteady pressure fluctuations on the rotating blade suction surface of an axial compressor were 
experimentally measured by directly mounting five high response miniature pressure transducers into the 
rotor blade along a streamline at 50% span respectively. The results show that the unsteady pressure fluctua-
tions of rotor blade surface could be measured successfully by this means. The relations about the period, 
altitude of unsteady pressure with rotating speed, the discipline of pressure fluctuation along the streamwise 
direction were obtained. 
 
Keywords: Kulite Transducer, Rotating Blade, Unsteady Pressure, Experimental Measurement 

1. Introduction 
 
It is well known that the flow fields in turbomachinery is 
inherently unsteady because of the aerodynamic blade 
row interaction, the viscous flows, secondary flows, tip 
clearance flows and so on. The efficiency of turbo-
machine blades and the overall performance of the ma-
chine strongly depend on the unsteady flow. Furthermore, 
the unsteady flow substantially influences blade forces 
and the high-cycle fatigue of blades. Therefore the re-
search about unsteady pressure on blade surface, espe-
cially the rotor blade surface, is very necessary. During 
the past decades, an increasing experimental investiga-
tion of the unsteady pressure fluctuation on rotating 
blade surface have been carried out by directly embed-
ding the high response miniature pressure transducers in 
rotor blades and got great successes [1-6].  

In this paper, five high response miniature pressure 
transducers were directly mounted in the rotating blade 
of an axial compressor along a streamline at 50% span, 
to measure the unsteady pressure fluctuations on the ro-
tor blade suction surface. During experiment, the data 
logger was fixed and rotated with the compressor axle-
tree, which could directly sample, amplify and store the 
pressure signals. 
 

2. Experimental Facilities 
 
2.1. Axial Compressor Test Rig 
 
The experimental study was conducted in a single stage 

axial compressor test rig at the Northwestern Polytech-
nical University, which consisted of 20 rotating blades 
and 23 stationary vanes, and work at the rotating speed 
from 0 to 3000 r/min. Figure 1 shows the scheme of the 
axial compressor. Some the geometric data were: the tip 
radius was 290 mm, the hub radius was 174 mm, and the 
rotor blade tip clearance size was 1.0 mm. Design pa-
rameters of the compressor: design speed was 3000 r/min, 
mass flow was 5.97 kg/s, total pressure rise was 1870 Pa, 
and isentropic efficiency was 0.875. The compressor was 
driven by an AC motor (15 KW). The area of outlet was 
controlled by moving a throttle cone sited downstream of 
the test rig. 
 
2.2. Pressure Transducer 
 
Kulite model LQ-062 high response miniature pressure 
transducers were used in this study, as shown in Figure 2. 
The range of the transducer was ± 5PSI, sensitivity was 
18.318 mV/PSI, and response frequency was 150 KHz. 
The pressure range of blade surface was about ± 0.5PSI 
relative to environmental pressure in this study, and the 
maximal response frequency of pressure fluctuations was 
low to 1000 Hz, so the transducers could content the ex-
periment requirements. In order to prevent breaking the 
transducers during installing or taking down, the trans-
ducers were stuck into the guard sheaths firstly, and then 
be mounted into the holes drilled through the rotor blade. 
The scheme of guard sheath is shown in Figure 3. In the 
front of the guard sheath there was a hole with the di-
ameter 2 mm where the transducer was installed. The  
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Figure 1. Axial compressor test rig. 
 

 

Figure 2. Kulite pressure transducer. 
 

 

Figure 3. Guard sheath. 
 
transducer sensed the pressure through a 0.8 mm diame-
ter hole at another end of the guard sheath. The sketch of 
the transducer distributions is shown in Figure 4. Five 
transducers and guard sheaths were mounted at 5%, 20%, 
40%, 60%, and 90% of axial chord position along the 
streamline at 50% span respectively. Just only five 
transducers were used in the investigation, to test and 
verify the experiment method and obtain some experi-
ences. Next step, we will dispose more transducers on 
both the rotor suction and pressure surface, to obtain  

 

Figure 4. Distribution of pressure transducers. 
 
more detailed unsteady pressure fluctuations on the rotor 
blade. The guard sheaths had some influence on flow 
fields of pressure surface side passage. However, the 
main purpose in this study was to measure the unsteady 
pressure on suction surface, and the suction surface con-
figured a flow passage with the pressure surface of adja-
cent blade, so the effects of guard sheaths on the meas-
urement flow fields were ignored. 
 
2.3. Data Acquisition System 
 
Figure 5 shows the data logger used in current study, 
which consisted of signal modulator, AD transform 
module, timer module, USB module and memorizer. The 
data logger had 8 channels and each channel sampled at 
the same time. The system sampling frequency was 100 
KHz, the amplifying multiple was 186, and the memory 
capability was 1 G. The data would be continuously 
sampled for 10 minutes after the trigger infrared light 
aiming at the data logger. During experiment, the data 
logger was fixed and rotated with the drive shaft of the 
compressor as shown in Figure 6. The electrical wires of 
transducers were routed down along the blade pressure 
surface and through the hub to connect with the data 
logger, thus the data logger could supply powers for 
transducers. In additional, while the rotor was working, 
the data logger could directly amplified the electrical 
signals of transducers, and transform them to digital data, 
and then store to the memorizer. After the compressor 
stopping, the digital data stored in the memorizer was 
transferred to computer through a USB data line. Using 
the data logger could effectively avoid the distortion 
during data transmission and increased the data reliabil-
ity. 
 
3. Experimental Results and Discussion 
 
In order to eliminate the electromagnetic interference of 
the AC motor, the shell of AC motor was connected with 
earth, and the electric wires of pressure transducers were 
shielded. In addition, the waves up 3000 Hz were sieved 
by software to reduce the effect of transducer noise sig-
nals, and that had little influence on the study. The inter-
ferences were weakened greatly by adopting the means 
above, which enhanced the reliability of pressure signals. 
The acquired dynamic pressure signals data consisted of 
time-average values and fluctuation values. For easy to 
analyze the unsteady pressure pulses, the time-average 
values was discarded from the gained signals data and 
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Figure 5. The data logger. 
 

 

Figure 6. The fixing of data logger. 
 
the fluctuation values was discussed only. The fluctua-
tion values was defined using the following formula: 

ppp ~ . The p~  was fluctuation value, the  was 

dynamic pressure sampled and the 

p

p  was the 

time-average value of the sampled pressure using the 

formula
1

0

( ) /iP n
n

i

P




  . Before experiment, the whole 

acquisition system had been static calibrated precisely, 
that ensure the veracity of the measurement results. 

The unsteady pressure measurement covered different 
speeds and an extensive range of mass flow. The inves-
tigation focus on the inherent unsteady pressure on rotor 
blade suction surface, so there was no any disturb source 
in front of the rotor. Figures 7-16 show the time-domain 
waves of 5 measurement points under 2000 r/min and 
1000 r/min rotating speed while keeping the same outlet 
area. At the outlet area, the compressor was both near the 
peak value point of total pressure rise under 2000 r/min 

and 1000 r/min speed. From the figures it can be ob-
served that the pressure fluctuations of rotor blade suc-
tion surface were periodical obviously. The period of 
waveforms at 2000 r/min speed was approximately 0.03 
s, and was about 0.06 s at 1000 r/min speed. All these 
periods were just the times that the compressor revolving 
one circle at each rotating speed, which shows that the 
frequency response of inherent unsteady pressure were 
related to rotating speed. It is obviously that the altitudes 
of unsteady fluctuations declined as the rotating speed 
down. The maximal altitude of fluctuation was about 300 
Pa at 2500 r/min speed, which was about 85 Pa at 1000 
r/min speed. These show that the altitudes of the inherent 
pressure fluctuations were also related to the rotating 
speed. The periodical waveforms also contain some other 
complex pulses, which show the unsteady pressure fluc-
tuations were very complicated. Because of the compli-
cation of unsteady flow fields, as well as the errors lead-
ing by the zero drift of transducers, each of the periodical 
waveforms is not absolutely the same with the other 
ones.   

The reasons of blade surface unsteady pressure were 
various. The downstream stator was very far from the 
rotor. The axial distance between the rotor and stator was 
268% of the rotor blade chord length at 50% span, so the 
stator gave little interaction to the flow fields of rotor 
blade passage. There were three main reasons of rotor 
blade surface unsteady pressure fluctuations. Firstly, 
although there were no any disturb source in front of the 
test rig, the flow fields of the blade passage was essen-
tially unsteady because of the viscous flows, secondary 
flows, tip clearance flows and so on. Secondly, the inlet 
fairing of the compressor had a little warp and a bad 
concentricity, which resulted that the airflows passing by 
the inlet fairing and then flowing into the compressor 
were not absolutely uniform. Finally, there was a little 
vibration of test rig during experiment. As a result of 
fluid inherent characteristics, the inlet fairing and vibra-
tion of compressor, the pressure signals of the rotor blade 
surface were unsteady, and all the reasons were relate to 
the rotating speed, which were the reasons that the 
waveforms periods were approximately the same with 
the time compressor revolving one circle. 

Figures 17-21 show the fairly typical time-domain 
waves and frequency spectral curves of 5 measurement 
transducers near peak value point of total pressure rise 
under 1500 r/min rotating speed. From the time-domain 
waves figures it can be observed that the waveforms pe-
riods of every measurement point were all approximately 
0.04 s, which was the time the compressor revolving one 
circle. From the frequency spectral curves, it also can be 
seen that the dominant frequency was the fundamental 
frequencies of 25 Hz and its hormonics, which was the 
compressor rotating frequency. All these further prove 
that the periods of waveforms were related to rotating 
speed. From the frequency spectral curves, it can be 
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Figure 7. The time-domain waves of A under 2000 r/min. Figure 8. The time-domain waves of A under 1000 r/min. 

  

Figure 9. The time-domain waves of B under 2000 r/min. Figure 10. The time-domain waves of B under 1000 r/min. 

  

Figure 11. The time-domain waves of C under 2000 r/min. Figure 12. The time-domain waves of C under 1000 r/min. 

  

Figure 13. The time-domain waves of D under 2000 r/min. Figure 14. The time-domain waves of D under 1000 r/min. 

  

Figure 15. The time-domain waves of E under 2000 r/min. Figure 16. The time-domain waves of E under 1000 r/min. 

 
seen that the peak values of the second, third, fourth and 
fifth order spectral were all remarkable at A point. From 
the relative Mach number contours at 50% span of the 
simulation as shown in Figure 22, it can be seen that the 
grads of the airflow velocity varied greatly near the blade 
leading edge, where the airflow began accelerating. Be-
sides, the transducer at A point was located in the front 
of the blade, where the inlet no-uniform airflows had 
great influence. As a result of the two main reasons, the 
unsteady pressure fluctuation was complex at A point. 
Figure 23 represents the peak values of the first order 

spectral of every measurement point. It was obvious that 
the peak values of the first order spectral gradually in-
creased from A to D point, and then declined at E point. 
Because the blade surface pressure gradually increased 
from blade leading edge to trailing edge, accordingly the 
altitude of pressure fluctuation increased from A to D 
point. From Figure 22 it can be seen that the boundary 
layers were thick near the blade trailing edge region, 
where the velocity and pulse of airflow were weak, so the 
boundary layers maybe the major contribution to the alti-
tude of pressure fluctuation declining at E point. 
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Figure 17. The time-domain waves and frequency spectral curves of A. 
 

 

Figure 18. The time-domain waves and frequency spectral curves of B. 
 

 

Figure 19. The time-domain waves and frequency spectral curves of C. 
 

 

Figure 20. The time-domain waves and frequency spectral curves of D. 
 

 

Figure 21. The time-domain waves and frequency spectral curves of E. 

 

4. Conclusions 
 
The unsteady pressure on rotor blade suction surface 
were measured using five miniature pressure transducers, 
directly mounted in the rotating blade along a streamline 
at 50% span. The results show:  

1) The unsteady pressure fluctuations of blade surface 

could be measured successfully by this means. The 
pressure fluctuations were periodical obviously, and the 
periods and the altitudes of unsteady fluctuations were 
all related to the compressor rotating speed.  

2) The periods of waveforms were the same with the 
time of compressor revolving one circle; the fluctuations 
were weakened as the rotating speed down. 
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Figure 22. The relative mach number contours at 50% 
span. 

Figure 23. The peak values of the first order spectral. 

 
3) The pressure fluctuations gradually increased from 

leading edge to trailing edge. But owing to the boundary 
layers near the blade trailing edge region, the fluctuations 
declined. 
 
5
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