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Abstract 
Bell’s theorem founded on Bell’s inequalities asserts that no local realistic 
theories can reproduce all quantum mechanical predictions for spin correla-
tion of particle pairs. It is pointed out that the assumption of setting-inde- 
pendent probability makes Bell’s inequalities not impose constraint on all lo-
cal realistic models and thus constitutes a theoretical loophole of Bell’s theo-
rem. A counterexample is presented by showing that a local realistic model 
with appropriate probability density reproduces all quantum mechanical pre-
dictions. It becomes clear that experiments violate Bell’s inequalities because 
the real correlation functions are not constrained by these inequalities. It is 
also exposed that, rigorous logical reasoning of counter factual deduction 
does not permit to exclude any premises of Bell’s inequalities by a certain 
amount of experimental violations of these inequalities.  
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1. Introduction 

Bell’s theorem has influenced some physics researches over a half of century. As 
the foundation of the theorem, Bell’s original inequality [1] has inspired two va-
riants CHSH (Clauser-Horne-Shimony-Holt) inequality and CH (Clauser-Horne) 
inequality for convenience of experimental implementation [2] [3]. Several au-
thors also claimed proofs of the theorem without using inequality. These proofs 
include the GHZ (Greenberger-Horne-Zeilinger) paradox [4] and Hardy’s pa-
radox [5]. As all proofs without inequality commence with the quantum me-
chanical concept of entangled state, they involve inherent inconsistency in logic 
for experimental test to discriminate between quantum mechanical concepts and 
classical concepts. Therefore, we are confined to consider merely the original 
Bell’s theorem founded on Bell’s inequalities, which are derived totally from 
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classical concepts and have been used as criterions in most experimental tests. 
Since the publication of Bell’s seminal work, about twenty Bell experiments 

have been performed [6]. Majority of these experiments yielded outcomes vi-
olating one of Bell’s inequalities and meantime agreeing with quantum mechan-
ical predictions. During the earlier period, this experimental fact had been in-
terpreted as the evidence of completeness of quantum mechanics or as a proof 
that no hidden variable theories exist, as then it had been often claimed that 
quantum mechanics overwhelms local realistic theories experimentally. Indeed, 
if quantum mechanics were proved a complete theory, not merely correct in 
predicting some properties of quantum systems, all weird properties arisen from 
its interpretation would be accounted as real physical phenomena. But proof of 
completeness of quantum mechanics seems far more difficult than the contrary. 
It was recognized many years later that violation of Bell’s inequalities and proof 
of completeness of quantum mechanics are two irrelevant things. The objective 
of all Bell experiments was turned to exclude local realistic theories. Yet there 
has been no conclusive answer up to now. For the advocates of Bell’s theory, the 
pending situation is caused by remaining loopholes for experimental tests of 
Bell’s inequalities, despite the fact that the two main recognized loopholes were 
closed simultaneously in one experiment [7]. For other physicists, however, 
Bell’s theorem is dubious due to the basic concepts or skeptical assumption un-
derlying Bell’s inequalities. 

Negation of Bell’s theorem is from computer simulations and theoretical ana-
lyses. Only theoretical aspect is exemplified here. Tipler showed that quantum 
non-locality does not exist if observed quantum particles and observer are both 
assumed to obey quantum mechanics as in the many-world interpretation [8]; 
Hess and Philipp demonstrated that Bell’s theorem will be invalid if Bell’s in-
equalities cover an extended parameter space that includes instrument parame-
ters correlated by both time and setting dependencies [9] [10]. Although above 
viewpoints or alike have aroused argument or strong opposition from Bell’s fol-
lowers, they represent right stance against abandoning local realism, which is the 
fundamental believing in almost all other established scientific theories. 

So far, the fact of experimental violations of Bell’s inequalities has been estab-
lished. This fact explains that Bell’s inequalities are not applicable to the perti-
nent experiments. In other words, they are invalid in physics. Because their ma-
thematical derivations are too simple to be suspected, it is deduced that at least 
one of their premises is wrong. [Here, we see that the verification of Bell’s theo-
rem is somewhat logically strange in comparison with that of other rules or 
theorems in physics. The involved problem will be discussed in the Section 3]. 
Some physicists think the attribute of local realism associated with the expres-
sion of the spin correlation function must be ruled out. However, the assump-
tion of setting-independent probability can also be responsible for the situation. 
This point has long been ignored but is fatal to Bell’s theorem. Without any fur-
ther analysis, we immediately identify this assumption to be a theoretical loo-
phole of the theorem, because it is not a necessary condition for locality. A set-
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ting-dependent probability can also be factorized to guarantee the locality of a 
correlation function. Therefore, we are sure that Bell’s inequalities do not im-
pose constraint on all local models and for this reason their experimental viola-
tion cannot rule out locality theoretically. 

Zhao showed the necessity of setting dependence of the probability [11]. 
While the assumption of setting-independent probability is indispensible for de-
rivation of Bell’s inequalities. Bell had indeed sensed that setting-independent 
probability might be one of the four possibilities invalidating his theorem [12]. 
He thus proposed a measure for compensation while the inequality was kept in 
use [13]. Regarding this issue, Clauser also proposed a countermeasure [2]. To 
evaluate the effect of these compensations is very difficult, but it is unlikely that 
they could make the Bell’s inequality cover up all local models. 

To avoid the mentioned problem, actually, one can circumvent Bell’s inequa-
lities by investigating a correlation function directly. That is, one can exploit a 
correlation function that obeys the general condition of locality and then ex-
amine its compatibility with experimental outcomes as well as quantum me-
chanical prediction. If the concerned properties of a correlation function can be 
worked out directly, why do we make a detour by investigating them through a 
fabricated constraint on it? 

It has been demonstrated that quantum mechanical correlation could be re-
produced by local models. To author’s knowledge, Barut et al. advanced an in-
stance with a simple model of a classical break-up process [14], and Gisin et al. 
with a local hidden variable model exploiting detection loophole [15]. As these 
demonstrations are not directly related to the correlation function in Bell’s orig-
inal proof, and do not reveal the flaw of Bell’s inequalities, they do not disprove 
Bell’s theorem. 

In this paper, a counterexample to Bell’s theorem is presented by demonstrat-
ing that a spin correlation function adopted from an extension of Bell’s origin 
reproduces all quantum mechanical predictions under appropriate probability 
densities. It is explained that verification of Bell’s theorem through certain 
amount of experimental violations of Bell’s inequalities is logically prohibited 
even if these inequalities imposed constraint on all local models. In summary, 
the counterexample disproves Bell’s theorem firmly, and the cause for which is 
that Bell’s inequalities do not impose constraint particularly on real correlation 
functions.  

2. The Counterexample 

To avoid ambiguity, let us begin by making clear the precise scope of local realis-
tic models that is referred in Bell’s theorem. As generally understood and also 
explained by Greenberg et al. [16], “local realistic theories” means that there are 
no other restrictions except locality and reality on the probability density, the 
hidden variable and the measuring outcomes in the correlation expression in 
Bell’s original proof. For conciseness, spin 1/2 of particle is tacitly assumed in 
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following discussion. 
It is known that quantum mechanical prediction for the spin correlation of 

particle pairs in EPRB experiment is given by 

σ σΨ ⊗ Ψ = − ⋅a b a b                        (1) 

where ( ) 1 2Ψ = + ⊗ − − − ⊗ +  is the singlet spin state for the two par-
ticles, and σ = ⋅a aσ  and σ = ⋅b bσ  are the components of Pauli spin opera-
tor σ  in the directions of a  and b  respectively; ⊗ denotes the Kronecker 
product, a  is the unit vector of the spin analyzer setting for particle 1 and b  
for that of particle 2; the single particle vectors +  and −  denote “spin up” 
and “spin down” with respect to some coordinate system. 

On the other hand, Bell gave the correlation function of local realistic theories 
as [1] 

( ) ( ) ( ) ( )P , A , B , dρ= ∫a b a bλ λ λ λ                 (2) 

From the expression above Bell derived his inequality and found that quan-
tum mechanical prediction does not obey it. This led to his famous theorem. It is 
easily found that the setting-independent probability in Equation (2) is indis-
pensible for the derivation of Bell’s inequality. As aforementioned, this premise 
limits the range of local models imposed by the inequality. In other words, that 
correlation of Equation (2) cannot reproduce the quantum mechanical predic-
tion does not prevent the correlation given by other local models from repro-
ducing all quantum mechanical predictions. Hence, we will extend the correla-
tion of Equation (2) to a general form by considering a setting-dependent prob-
ability. Although the general correlation prohibits derivation of any Bell-type 
inequality, it can be used to solve the key concern whether local realistic model 
can yield prediction in agreement with experimental result as well as quantum 
mechanical prediction.  

Before the formal proof, all terms in Equation (2) are explained as follows. 
( )A ,a λ  and ( )B ,b λ  are two measuring outcomes for the spins of particle 

pairs respectively, which take the values either +1 or −1. ( )P ,a b  is the spin 
correlation that is given as an expectation of the product ( ) ( )A , B ,a bλ λ  with 
the probability density ( )ρ λ , which is commonly called the joint probability 
density. ( )P ,a b  has been also termed as joint detection probability in many li-
teratures, because the measuring outcomes have not dimension. λ  is a hidden 
parameter introduced by Bell, ordinarily considered to be a vector with its ter-
minal points uniformly distributed on the surface of a unit sphere. 

It is known, the general condition of locality is expressed by the factorability 
of the probability [17]. So, when probability density depends on the settings, the 
general correlation is given by 

( ) ( ) ( ) ( ) ( )
Λ

P , , , A , B , dρ ρ= ∫ a ba b a b a bλ λ λ λ λ            (3) 

where Λ  is the sample space of λ , ( ),ρa a λ  is the probability density for 
measuring ( )A ,a λ , and ( ),ρb b λ  for ( )B ,b λ . It is evident that Bell’s origi-
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nal correlation is a special case of the correlation given by Equation (3). Besides 
its generality in locality, this general correlation highlights that the measure-
ments are performed on two spatially-separate stations, while the correlation 
( )P ,a b  is merely a result of experimental data processing. Particularly, the 

measuring data at each station is allowed processing alone, so the statistical 
quantities of ( )A ,a λ  and ( )B ,b λ  can be calculated independently. For in-
stance, the expectation of ( )A ,a λ  is given as 

( ) ( ) ( )
Λ

E A , A , dρ= ∫ a a aλ λ λ                     (4) 

By the considerations above, the two probability densities must satisfy 

( )
Λ

, d 1ρ =∫ a a λ λ  and ( )
Λ

, d 1ρ =∫ b b λ λ             (5a,5b) 

respectively.  
The ideal counter-correlation of particle pairs is also assumed 

( ) ( )A , B , 1= −a aλ λ                          (6) 

Following Bell’s treatment, measuring outcomes can be designated 

( ) ( )A , sign= ⋅a aλ λ  and ( ) ( )B , sign= − ⋅b bλ λ       (7a, 7b) 

where sign(.) is the symbolic function. 
Suppose that ( ), aρ κ= ⋅a a aλ λ  and ( ), bρ κ= ⋅b b bλ λ  respectively, where 

aκ  and bκ  are normalizing coefficients respective to each probability density. 
With these designations and assumptions, Equation (3) becomes simply 

( ) ( )( )
Λ

P , dκ= − ⋅ ⋅∫a b a bλ λ λ                    (8) 

in which a bκ κ κ= , being not a normalizing coefficient for the so called joint 
probability (Appendix 1). 

Then suppose that λ  is a random vector with its terminal points distributing 
uniformly on the surface of a sphere with radius 1 3πr =  (Appendix 2), and 
denote it as ( )cos sin ,sin sin ,cosr ϕ θ ϕ θ θ=λ , where ϕ  is the azimuthal angle 
and θ  is the polar angle of the spherical coordinates, we have by inserting it in 
Equation (8) 

( ) ( )1 2 3 4P , I I I Iκ= − + + +a b                    (9) 

in which 

( )0 0

2π π3 2 2 2 2 2
1 1 1 2 2 3 3cos sin sin sin cos sin d dI r a b a b a bϕ θ ϕ θ θ θ ϕ θ= + +∫ ∫ , 

( )2π π3 3
2 1 2 10 0 2 sin cos sin d dI r a b a b ϕ ϕ θ ϕ θ= +∫ ∫ , 

( )2π π3 2
3 1 3 10 0 3 cos sin cos d dI r a b a b ϕ θ θ ϕ θ= +∫ ∫ , 

and 

( )2π π3 2
4 2 3 20 0 3 sin sin cos d dI r a b a b ϕ θ θ ϕ θ= +∫ ∫ , 

where ia  and ( )1,2,3ib i =  are components of a  and b , respectively.  
Simple calculations yield ( ) 3

1 4π 3I r= ⋅a b  and 2 3 4 0I I I= = = , and also  
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( )2  1 2πa b rκ κ= = . Substituting these and 1 3πr =  into Equation (9), we fi-
nally obtain 

( ) 1P , a b Iκ κ= − = − ⋅a b a b                       (10) 

which is exactly the right side of Equation (1), what quantum mechanics pre-
dicts.  

Quantum mechanical predictions may also include that the expectations of 
particle spin at each terminal are equal to zero, that is, 

( ) ( )E A E B= = 0                         (11) 

These are readily confirmed. For example, we have 

( ) ( ) ( ) ( ) ( )E A , A , d d da asignρ κ κ= = ⋅ ⋅ = ⋅∫ ∫ ∫a a a a a aλ λ λ λ λ λ λ λ  (12) 

and then substitution of λ  as supposed previously and a calculation gives  
( )E A 0= .  
Up to this point, we have presented the counterexample to Bell’s theorem. 

Definitely, the correlation function that we have achieved, just like quantum 
mechanical prediction, is not constrained by Bell’s inequalities. This is the true 
reason for experimental violation of these inequalities. 

3. Logical Issue with Experimental Verification of Bell’s  
Theorem 

Let us scrutinize a logical issue with application of Bell’s inequalities. We have 
made clear that Bell’s inequalities only impose constraint on partial local models. 
Moreover, even if this flaw does not exist, there is also a logical obstacle with ap-
plication of these inequalities. To exclude the premises of these inequalities by 
experimental violations belongs to the counter factual deduction of logical rea-
soning. However, to be rigorous, one will find in this logical deduction that a 
certain amount of experiments cannot substitute a theoretical proposition, be-
cause a theoretical proposition might involve indefinite or even infinite amount 
of experiments. Hence, to exclude the premises of Bell’s inequalities by experi-
mental violations of them is not permitted by rigorous logical reasoning.  

4. Discussion of Bell’s Model 

In his seminal paper, Bell intended to implement the guessed EPR’s idea of hid-
den variable model. As he stated, “...that idea will be formulated mathematically 
and shown to be incompatible with the statistical predictions of quantum me-
chanics.” But his inequality and its variants are actually unrelated to hidden va-
riable theory, because these inequalities are derived totally from classical con-
cepts. The introduced parameter λ  has nothing to do with completing the de-
scription of quantum mechanics though it has been termed hidden variable or 
parameter. The word of local hidden theories or models has concealed the inap-
propriateness of the assumption of setting-independent probability. Besides li-
miting the coverage of Bell’s inequalities, actually, the setting-independent proba-
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bility causes incompatibility with certain experimental observation. If the second 
moment of the outcome on one terminal is observed in the EPRB-type experi-
ment with the photons of linear polarization, it will make the established fact 
like Malus’ rule unpredictable. The demonstration is omitted here as it is very 
simple. Therefore, the assumption of setting-independent probability is incon-
sistent with what occurs in actual measuring process. Actually, that CHSH in-
equality was derived without any consideration of measuring process [18] has 
already hinted such inequality not for experimental test but to be a trivial ma-
thematical relation. 

5. Conclusions 

As a necessary assumption of Bell’s inequalities, the setting-independent proba-
bility makes these inequalities not impose constraint on all correlation functions 
representing local realistic models, and is also apparently false for actual experi-
mental measurement. Existence of the counterexample further manifests that 
Bell’s inequalities particularly do not impose constraint on real correlation func-
tions. The revealed fatal flaw of these inequalities explains why they have been 
violated by experiments. Moreover, even if these inequalities had not the flaw, 
they would be useless for experiment because certain amount of experiments 
cannot substitute a theoretical proposition in counter factual deduction. It is 
concluded that, Bell’s theorem is false because Bell’s inequalities are trivial ma-
thematical relations that, due to an unsuitable assumption of probability, lack 
essential connection with the real measuring process of the pertinent experi-
ments. 

Meanwhile, a point of view should be stated. Collapse of Bell’s theorem does 
not deny the conflicts between classical concepts and some weird notions by the 
orthodox interpretation of quantum mechanics. And what Einstein had insisted 
that these conflicts are caused by incompleteness of quantum mechanics in de-
scription of microscopic systems appears rather reasonable. 
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Appendix 1 

Due to the two constraints Equations (5a) and (5b), the product  
( ) ( ), ,ρ ρa ba bλ λ  generally termed as the joint probability is actually not a 

normalized probability density. The proof is given as follows. The product can 
be conceived as a degenerated joint probability from ( ) ( ), ,ρ ρa ba bλ γ  for two 
random variables λ  and γ , when γ  goes to equate λ  and both have the 
same sample space Λ . With this consideration, we have 

( ) ( ) ( ) ( ) ( )
Λ Λ Λ Λ

1 , , d d , , d dρ ρ ρ ρ δ= > −∫ ∫ ∫ ∫a b a ba b a bλ γ λ γ λ γ λ γ λ γ  

where ( )δ ⋅  is Dirac function. The most right part of the above is exactly 
( ) ( ), , dρ ρ

Λ∫ a ba bλ λ λ . 
It is noted that all Bell inequalities were derived by that the joint probability 

fulfills the normalization condition. This normalization would be justified if the 
joint probability were for ordinary two random events. But the two random 
outcomes in the considered experiment are dependent on one parameter λ  
with the expectation of their product being not determined by a normalized 
joint probability, as demonstrated above. This exceptional property was not no-
ticed in derivations of Bell’s inequalities. 

Appendix 2 

We deliberately choose 1 3πr =  rather than ordinarily 1r =  to obtain a 
normalized correlation function in end, though this operation is essentially un-
necessary. This means that a normalization of the correlation function is carried 
out in advance. Otherwise, it is readily found that the final correlation function 
will be ( ) ( )P , 1 3π= − ⋅a b a b . In a view of geometry, a series of data represents 
a line, and the essence of a correlation coefficient represents the cosine of the 
angle made by two lines. The value of the cosine is independent of either length 
of the two lines. While a correlation function is the extension of the correlation 
coefficient when it depends on a variable. In practice, it is well known to an ex-
perimental physicist or an engineer of signal processing that a scaling of experi-
mental data has to be carried out in order to verify a theoretical correlation 
function. This scaling is really equal to the normalization of a correlation func-
tion, entailing that the absolute magnitude of a correlation function makes non-
sense or that correlation functions only different in magnitude are equivalent. 
Please excuse the author for the wordy explanations above, since some theorists 
might ignore this tiny issue. For instance, Bell did not treat ( )1 3− ⋅a b  as 
equivalent to − ⋅a b  in his seminal paper [1]. 
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Abstract 
We introduce a novel model for the origin of the observable universe in 
which a flat universe with a positive vacuum energy is proceeded by a flat 
universe with a negative vacuum energy. A negative vacuum energy is con-
sistent with a supersymmetric ground state similar to that predicted by su-
perstring theories. A positive vacuum energy could emerge as a result of the 
gravitational collapse of the negative vacuum energy universe when the mat-
ter temperature reaches a characteristic value where supersymmetry is strongly 
broken. In principle this allows one to derive all the features of our expanding 
universe from a single parameter: the magnitude of the pre-big bang negative 
vacuum energy density. In this paper, a simple model for the big bang is in-
troduced which allows us to use the present day entropy density, and temper-
ature fluctuations of the CMB, together with the present day density of dark 
matter, to predict the magnitude of the negative vacuum energy. This model 
for the big bang also makes a dramatic prediction: dark matter consists of 
compact objects with masses on the order of 104 solar masses. Remarkably 
this is consistent with numerical simulations for how the primordial fluctua-
tions in the density of dark matter give rise to the observed inhomogeneous 
distribution of matter in our universe. Our model for the big bang also allows 
for the production of some compact objects with masses greater than 104 so-
lar masses which are consistent with observations of massive compact objects 
at the center of the earliest galaxies. 
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1. Introduction 

One of the outstanding puzzles of modern theoretical physics is that classical 
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general relativity offers no clue as the fate of matter undergoing gravitational 
collapse or the state of matter prior to the “big bang”. These puzzles are all the 
more perplexing because in quantum mechanics it is not possible for matter to 
simply appear or disappear. Previously we have drawn attention [1] [2] to the 
fact that the quantum critical phase transition theory of event horizons [3] 
provides a plausible explanation for the fate of matter undergoing gravitational 
collapse; namely most of the mass-energy is converted into vacuum energy 
resulting in the formation of a “dark energy star” [4]. Dark energy stars are 
distinguished from black holes in that their interiors resemble deSitter or Godel 
“interior” solutions [5] rather than a black hole space-times predicted by classical 
general relativity. In this paper, we offer a possible resolution of the enigma of 
what preceded the big bang by noting that a flat Robertson-Walker universe with 
a negative cosmological constant will naturally evolve via the same kind of 
quantum dynamics that resolves the problem of gravitational collapse to an 
expanding inhomogeneous universe containing radiation and dark matter. It 
was suggested some time ago by deSitter, Eddington, and Lemaitre [6] that the 
observable universe may not have had a singular beginning, but, instead may 
have originated from a finite size seed. Lemaitre suggested that this finite seed 
was a macroscopic quantum state which he called the “primeval atom”. Cosmo- 
logical models incorporating this idea make use of Lemaitre’s examples of 
Robertson-Walker space-times with positive cosmological constant [7] [8]. In 
the following we describe a model for the origin of the expanding universe, in 
which the initial state of the observable universe is not a single quantum object, 
but an infinite assembly of quantum objects. It has already been noted [9] that 
such a two-phase cosmology provides a simple explanation for many of the 
observed features of our universe, including the entropy and temperature 
fluctuations of the cosmic microwave background. In this paper we describe how 
a 2-phase model for the initial state of our expanding universe can arise from the 
gravitational collapse of a flat Robertson-Walker universe with a negative cosmo- 
logical constant. We also indicate how the parameters of the standard cosmolo- 
gical model as well the present day large scale inhomogeneous structure of our 
universe might be derived from a single parameter: the magnitude of the initial 
negative vacuum energy.The classical gravitational dynamics of a flat universe 
with a negative cosmological constant necessarily involves collapse to a density 
singularity. The acceleration of of the cosmological scale factor ( )R t  in a flat 
Robertson-Walker universe with a cosmological constant is 

( ) 2
2

4π 3 2
3

GR p R
c

ρ ρΛ= − + −��                      (1) 

where ρ  is the matter density, p is the matter pressure and ρΛ  is the vacuum 
energy density. When the vacuum energy density ρΛ  is negative and the 
matter is a relativistic gas of particles with an adiabatic index 4/3, Equation (1) 
has a simple analytic solution [8]: 

( )
1 41 cos 4

2mR R αττ − =   
                      (2) 
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where τ  is the usual Robertson-Walker universal time. The cosmological cons- 
tant 2 23 8πG cα ρΛΛ = − = . Regardless of it’s maximum value the scale collap- 
ses to zero in a time π 4cτ α≡ . At the time π 4τ α=  when the scale factor is 
a maximum the total energy density 0ρ ρΛ+ = . As τ  approaches π 2α  the 
energy density which is dominated by the matter density ρ  approaches 
infinity. In Figure 1, we show the evolution of the scale factor for an initial scale 
factor 10m gR R=  where gR  is the initial gravitational radius for the matter. 
We also show the light sphere radius cr  for photons emitted at the initial time 

π 4τ α= . Equation (2). implies that a conformal radius  

( )( )12 cos | π 4c g m mr R R R F R R−=  

where F is an incomplete elliptic integral of the first kind. As is evident from 
Figure 1, photons emitted from any point in the negative cosmological constant 
universe are trapped, and according to Penrose and Hawking would require 
collapse to a singularity. On the other hand, we will assume that in reality a 
negative cosmological constant does not collapse to a singularity due to quantum 
effects. 

2. Model for the Big Bang  

Our hypothesis is that the same type of conversion of matter mass-energy to 
vacuum energy [10] that we previously been proposed [1] [2] as the reason for 
the avoidance of a singular end point for the gravitational collapse of massive 
stellar cores will also lead to the avoidance of a mass density singularity in a flat  
 

 
Figure 1. Time evolution of the scale factor in a radiation filled flat Robertson-Walker 
universe with a negative cosmological constant, together with the light sphere radius for 
photons emitted at the initial time 0.5t = . Time is measure in units of π 2α , while the 

radii are measured in units of the initial matter gravitational radius C α . 
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negative cosmological constant universe. In particular, we will argue that as a 
result of the ubiquitous formation of trapped surfaces in a flat negative cosmo- 
logical constant universe most of the matter mass-energy will be transformed into 
positive vacuum energy, resulting in an expanding universe which resembles our 
universe. As a simple model for the conversion of most of the mass-energy of 
radiation in our negative cosmological constant universe to vacuum energy we 
propose replacing the usual conservation law for a Lemaitre universe with a 
constant cosmological constant with the equations 

( )
3 3

3d d
d d c

R RR p
t t

ρρ
τ

+ = −                  (3) 

d
d ct
ρ ρ

τ
Λ =                         (4) 

Numerical solutions of Equations (1), (3) and (4) are shown in Figure 2 and 
Figure 3. It can be seen that the acceleration of the Robertson-Walker scale 
factor switches from being negative to positive, indicating evolution from a 
collapsing to an expanding universe. Our model for the big bang consists of 
Equations (1), (3) and (4) together with the stipulation that after a time  

π 2cτ α=  the vacuum energy created when the deSitter horizon is small com- 
pared to the Hubble radius does not contribute to a cosmological constant, but 
instead is encapsulated into a form of dark matter. 

Of course the ultimate fate of matter undergoing gravitational collapse has 
been a long standing enigma. Following the seminal paper of Oppenheimer and 
Snyder, it had come to be widely accepted that the gravitational collapse of a 
sufficiently large mass would inevitably lead to the formation of an event 
horizon and a density singularity [11]. Moreover, it has generally been believed  
 

 
Figure 2. Evolution of a flat Robertson-Walker universe, initially with a negative cosmo- 
logical constant and filled with radiation, but allowing for the radiation and vacuuum 
energy density to change according to Equations (3) and (4). Time is measured in units of 
π 2α  while the radii are measured in units of the initial matter gravitational radius 

gR C α= . 
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Figure 3. The matter, vacuum and total energy densities resulting from the collapse of a 
flat negative vacuum energy universe. 
 
that these predictions will turn out to be correct even when quantum effects are 
taken into account, since the formation of an event horizon can take place in a 
region of space-time where the curvature is very small. On the other hand, there 
are several long standing puzzles connected with general relativistic picture of 
gravitational collapse. The most famous of these puzzles concerns the fact that in 
quantum mechanics information can never disappear. The most likely resolution 
of this paradox is that quantum effects profoundly affect the classical picture of 
matter in-falling smoothly through an event horizon. In particular, there are 
plausible arguments [3] [12] [13] that in a quantum theory of gravity the 
space-time inside an event horizon always resembles deSitter’s “interior” solution 
of the Einstein equations [5]. 

3. Estimate of the Mass Range for Dark Matter MACHOs 

A central central element for our argument that a negative cosmological cons- 
tant evolves into an expanding universe that resembles our own is that, due to 
the well known instability of infinite deSitter space at the deSitter horizon [3], 
patches of space-time resembling deSitter interior solutions will appear through- 
out the collapsing universe. These “dark energy stars” are gravitationally stable, 
and will have a mass 

( )
1 24* *0.3 GeVM Mρ =   

                 (5) 

where *ρ  is the positive vacuum energy created at the collapse time  
π 2cτ α=  by the conversion of radiation energy in the collapsing negative 

cosmological universe into vacuum energy and M


 is the mass of the sun. This 
mass is just the mass inside the deSitter horizon at the time cτ . The two-phase 
picture for cosmology [14] where space-time is a mixture of ordinary vacuum 
and dark energy stars, emerges from our model in somewhat the same way that 
supersaturated steam consists of a mixture of water vapor and water droplets. It 
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is of course rather natural to imagine that in such a picture the initial energy 
densities of the dark matter and the cosmological vacuum may be comparable. 
The initial masses of the dark energy stars will be given by Equation (6) but 
because the spatial density of these dark energy stars will be very large, collisions 
and fluctuations in the spatial density of the primordial dark energy stars created 
at π 4cτ α=  will cause them coalesce, (the details are discussed in Ref. [9]) 
leading to the formation of more massive compact objects. The reversal of the 
scale factor acceleration from negative to positive will result in a universe 
consisting of dark energy stars and radiation expanding in a Freidmann-like 
fashion. The maximum mass of these compact objects will be dictated by the 
time it takes for their spatial density to become too low for them to continue to 
coalesce (the details are discussed in Ref. [9]). We are immediately faced with 
the puzzle though that the expansion of a cloud of dark energy stars with an 
initial mass-energy density of *ρ  would lead to a present day density of matter 
that is many orders of magnitude greater than the observed matter density. 

A possible resolution of this puzzle [9] is that when is that when the dark 
energy stars coalesce the surface area of the larger dark energy stars will be 
maximized in much the same a way that the total that the total surface area 
increases when two black holes coalesce. Because of this black hole-like behavior 
a large fraction of the mass-energy of dark energy stars is converted into thermal 
energy when they coalesce. Our model for the big bang is based on the 
assumption that this thermal radiation is released as freely as the streaming 
radiation when the photon frequency falls below a critical frequency cν  where 
the radiation and the dark energy stars decouple. The value of this critical 
frequency was estimated in Ref.s [1] [2] [3]. If we assume that the gauge field 
coupling strength at the GUT scale 2 0.1g = , this estimate for cutoff for strong 
interactions between dark energy stars and photons is ( )1 21 GeVch M Mν =



 
where M is the mass of the dark energy star. 

In our model for the big bang transition between the very high temperature 
regime where there is strong coupling between the dark matter and radiation 
and the lower temperature regime where the dark matter and radiation are 
decoupled is assumed to be abrupt in the sense that for red shifts greater than 
certain red shift 1 rz+ , the radiation energy is stored as the mass-energy of dark 
energy stars with masses *M M� , while for 1 1 rz z+ < +  we will assume that 
all the mass-energy of the primordial dark energy stars will have been converted 
into radiation and remanent dark energy stars with average mass DMM . Taking 
into account the black hole-like relation between mass and surface area of a dark 
energy star the cosmological energy density of the dark matter as a function of 
red shift following the decoupling with radiation for 1 1 rz z+ < +  will be 

2 3*

*
*

1
1DM

DM

M z
M z

ρ ρ
   +

=    +   
                    (6) 

where DMM  is the average mass of the dark energy star and *1 z+  is the red 
shift for the break-up of the initial positive vacuum energy state resulting from 
the collapse of the negative vacuum energy state, corresponding to the origin of 
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the observable universe. As an estimate for the red shift separating these two 
regimes we will use the value 

0.37
1 c

r
B CMB

h
z

k T
ν

+ =                         (7) 

where the factor 0.37 accounts for the difference between the temperature and 
the mean photon energy and 2.73 KCMBT =  is the present day temperature of 
the CMB. The radiation energy density for 1 1 rz z+ < +  will be given by 

4
*

*
*

1 1
1 1rad

r

z z
z z

ρ ρ
  + +

=   + +  
                   (8) 

The radiation energy density is related to the radiation temperature T by the 
usual formula 

( ) ( )
( )

42

3

π
30

B
rad

k T
N T

c
ρ =

�
                    (9) 

where ( )N T  is the effective number of elementary particle species contributing 
to the radiation energy density at red shift 1 z+ . Strictly speaking we should 
have taken into account ( )N T  in our estimate, Equation (5), for the red shift 
marking the appearance of the CMB, but we have neglected this correction since 
it only depends on 1 4N . 

Combining Equations (6)-(8) with the ratio of the present day mass-energy 
densities of dark matter (keV/cm3) and the CMB (0.26 eV/cm3) leads to the 
following relation between DMM  and *M : 

5 4 *
42 10DMM M

M M
   

= ×      
    

                  (10) 

Since in our model *M  is unconstrained, Equation (10) formally allows the 
transition from a dark energy star dominated universe to a radiation dominated 
universe to take place for any for DMM . However this transition cannot occur 
so late that it interferes with the requirement that the cosmological production 
of of helium and other light elements hould be approximately the same as in the 
standard cosmological model. This limits the value of the transition red shift 
1 rz+  to be >1010 and 42 10DMM M< ×



. One may also invoke the limits on the 
present day abundance of MACHO objects set by gravitational micro-lensing 
[15] to say that DMM  should be 10M>



. In the following we will adopt as our 
apriori range for the average primordial compact object mass  

42 10 10DMM M M× > >
 

. For these nominal values of the dark matter masses 
the CMB originates at a red shift in the range 11 105 10 1 10rz× > + > . The radia- 
tion temperature at redshift rz  would lie in the range  

( )120 MeV 2.6 MeVrT z> >  which for the most part is above the temperature 
where the cosmological production of the light elements takes place 

Equation (10) implies that our assumed range of dark matter masses the range 
of the initial primordial dark energy stars lie in the range  

* 412 9 10M M M−> > ×
 

. The initial positive vacuum energy density *ρ  is 
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related to *M  by ( ) ( )24* *0.1 GeV M Mρ =


, which just expresses the fact 
that for a dark energy star M is the mass of the vacuum energy inside the 
deSitter horizon. The limits on *M  derived from Equation (10) translates to 

( ) ( )4 45 * 410 GeV 7 10 GeVρ −> > × . Given the present day cosmological density 
of matter ( 302 10 gm cc−× ) the redshift where the dark energy stars were initially 
formed can be found from Equation (6) and lie in the range  

11 10
*5 10 1 210z× > + >  for our nominal range for DMM . By construction the 

range for *M  and *ρ  just quoted are consistent with the present day density 
of dark matter. Our predicted present day mass spectrum extends to “intermediate 
masses” 1000M>



 [16]. 
Equation (8) also yields a present day radiation temperature that is very close 

to the observed CMB temperature for all values of DMM  in our nominal range. 
Another very encouraging prediction of our model follows from the fact that the 
metric fluctuations created by the quantum instability of the positive vacuum 
energy state created by the big bang at the deSitter horizons have the Harrison- 
Zeldovich-Peebles form [17] [18] [19]: 

( )2
0 0R kδρ

ρ
≈                           (11) 

where * 2
0 2R GM c=  is the gravitational radius corresponding to the initial 

positive vacuum energy, 0 ~ 1  is the metric fluctuation created on the scale 

0R  by the formation of the objects with mass *M  and δρ ρ  is the fractional 
density fluctuation for scales 1

0k R� . Because the speed of sound in an 
expanding universe of dark energy stars is very low, the density fluctuations will 
rapidly grow until the radiation is locked up the as the energy excited dark 
energy star becomes freely streaming. According to the Lifschitz formula [20] for 
the growth of the density fluctuations during a matter dominated period by the 
time the red shift reaches 1 rz+  the fluctuations in the density of primordial 
dark energy stars with mass *M  will have grown by a factor ( )*1 1 rz z+ +  
independent of length scale. Taking this into account and averaging the density 
fluctuations as predicted by Equation (11) over all volumes that could have been 
have collapses by the time that the expanding universe had reached the 
beginning of the radiation dominated era at red shift 1 rz+ , we obtain (see Ref. 
[9] for details) as an estimate of the renormalized value of 0ε  at red shift 
1 rz+ : 

2

0
*

1
3

1
r

r
z
z

 +
≈  + 

                          (12) 

For our assumed range of dark matter average masses our model for the big 
bang predicts 

2
5 6

*

1
1.2 10 10

1
rz

z
− − +

× > > + 
                    (13) 

Considering the simplicity of our model these values are in remarkably good 
agreement with the observed value, 5~ 10T Tδ − , for the mean temperature 
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fluctuation of the CMB, which corresponds to 5
0 ~ 3 10−× . Taken literally 

Equation (12) suggests that the average dark matter compact object has a mass 
close to 410 M



. 
It is of course a dramatic prediction of our model that dark matter consists of 

compact objects with masses on the order of 410 M


. Actually it is an old idea 
that dark matter consist of primordial black holes (PBHs) [21], although at the 
time this was proposed there was no preference for the typical masses of PBHs. 
Recently the idea that dark matter consists of compact objects has received 
renewed interest as a result of the failure to identify any stable elementary 
particles that might serve as a candidate for dark matter [22] [23] [24] [25]. 
Finally, it is certainly news worthy that our hypothesis that the initial vacuum 
energy was negative is consistent with superstring models for a supersymmetric 
ground state [16] [26]. 

4. Conclusion 

Evidently, all of the features of the CMB as well as many features of dark matter 
follow from our hypothesis that the big bang created a positive vacuum energy 
with and energy density > (GeV)4. Rather amusingly our predictions for the 
nature of dark matter are ipso facto completely consistent with the observed 
inhomogeneity of matter at practically all scales. Indeed the actual state of the art 
for numerical simulation of the evolution of dark matter structures use point 
particles with a fixed mass typically in the range 3 410 -10 M



 (for a review see 
[27] [28]). Furthermore in order to simulate the formation of galactic structures 
within the framework of the numerical models for the evolution of dark matter 
structures it is necessary to add primordial seed masses of about 510 M



 in 
order to obtain the observed galactic morphologies [28]. Of course it follows 
from our prediction that the dark matter compact objects were formed from the 
stochastic coalescence of primordial dark energy stars with a mass *M  that 
compact objects with mass greater than DMM  were also formed. In summary, it 
appears that our explanation for the big bang can simultaneously explain the 
energy density, entropy, and temperature fluctuations of the CMB, as well as 
virtually all details of the inhomogeneous matter structures. 
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Abstract 
Quantum speedup of an open quantum system can be induced by the non- 
Markovian effect of the environment. Although an environment with a 
higher degree of non-Markovianity may seem like it should cause a faster 
speed of quantum evolution, this seemingly intuitive thinking may not always 
be correct. To clarify this point, we give a mechanism for controlling speedup 
of a single qubit that is coupled to a hierarchical photonic-crystal (PC) envi-
ronment, which contains a defect single-mode cavity and a semi-infinite one- 
dimensional (1D) waveguide. Via studying the dynamics of the qubit, we re-
veal that with a judicious choice of the qubit-cavity coupling strength and the 
memory time of the waveguide environment, a speed-up evolution can be 
achieved. In particular, we found that the quantum speedup is not entirely at-
tributed to the non-Markovianity, but to the increase of the total amount of 
flow information. That is the intrinsic physical reason that the hierarchical 
environment may induce the speed-up process. Our results may open new 
perspectives for detecting quantum speedup in realistic environments.  
 

Keywords 
Non-Markovianity, Quantum Speed Limit Time, Photonic Crystal 

 

1. Introduction 

In the theory of open quantum systems, controlling evolution speed of quantum 
systems has recently attracted considerable attention, partially because of its 
domination in practical physical process and usefulness in technological applica-
tions, such as quantum computation [1] [2], quantum optical control [3] and 
suppressing quantum decoherence [4] [5]. For example, in order to reach the 
fastest computation time, one needs to speed up the quantum evolution. On the 
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other hand, if the quantum system is used as a quantum memory, the slowing 
down the noisy dynamical evolution will be desirable in order to gain longer co-
herence time [6]. In this connection, a lot of efforts have been made to realize 
controlling speedup in more general open systems. So far, many factors that can 
trigger quantum speedup have been found, for example, strong system-environ- 
ment coupling [7], structured environments [8] and external classical driving 
fields [9]. 

In particular, the physical reason of quantum speedup for the above methods 
has been found to be the non-Markovian effect of environment, which can in-
duce the information flowing from environment back to the system [10]-[15]. A 
good example of this is the situation where a qubit is coupled to a single envi-
ronment with a Lorentzian spectrum [7]. In this setting, it has been found that, 
the non-Markovianity is able to speed up the evolution of open systems, and 
subsequently lead to a smaller quantum speed limit time (QSLT) bound [16], 
expressed as the minimum evolution time for a quantum system to go from an 
initial state to a target state. The QSLT plays a fundamental role in many opera-
tional tasks [1] [17] [18], and has close connection with quantum coherence [19] 
[20]. 

More specifically, a simple monotonic relationship between the degree of non- 
Markovianity and the actual evolution speed was presented in other physical 
models [21]. And this non-Markovian-assisted speedup feature can be infer 
from the behaviour of QSLT bound. In some sense, this may not seem surprising 
since one may intuitively reason that the evolution speed should be faster if the 
non-Markovianity is bigger. However, the transition from no-speedup to spee-
dup dynamical process is still poorly understood if the environment is not 
formed by only a bath. So how to devise a feasible mechanism to speed up dy-
namical evolution of an open quantum system under multiple environments 
becomes extremely significant. 

The purpose of this paper is to examine the relationship between the quantum 
speedup and the non-Markovianity in open quantum systems. To do so, we will 
consider a qubit (a two-level system) coupled to a hierarchical PC environment 
consisting of a defect single-mode cavity and a semi-infinite 1D waveguide. The 
qubit is only coupled to the cavity, which is in turn connected to the waveguide 
reservoir. The model under consideration can exhibit interesting crossover prop-
erties in the Markovian to non-Markovian transition [22] [23]. We are interest-
ed in the effect of the hierarchical environment on the evolution speed of the 
system. It should be point out that, in the absence of the waveguide environment, 
such as the case of a single qubit-cavity model, the speedup only takes place 
within the strong coupling regime [24]. Therefore, we carry out our study in 
both weak and strong qubit-cavity coupling regimes. As we shall show in this 
work, even in the weak coupling regime, obvious accelerating phenomenon can 
still occur by choosing an agreeable memory time, which can be characterized by 
the time taken by some information to travel from the system to the waveguide 
environment and back [25]. As for the mechanism of quantum speedup, some 
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unexpected and nontrivial results are found. The non-Markovianity, i.e., the 
amount of backflow information, is only one of the reason for the quantum 
speedup. We illustrate that the increase of the total amount of flow information 
is the essential reason for the quantum speedup. 

The work is organized as follows. In Section 2, we describe the system of in-
terest. In Section 3, we construct the measure of actual speed of quantum evolu-
tion based on information geometric formalism, while in Section 4, we investi-
gate how the hierarchical environment affects the speed of quantum evolution. 
In order to clarify the mechanism for quantum speedup, we explore the interre-
lationship between the non-Markovianity and the quantum speedup in Section 5. 
We summarize our conclusions in Section 6. 

2. Physical Model 

We consider a two-level atom (transition frequency sω ) embedded in a planar 
PC platform consisting of a defect single-mode cavity and a semi-infinite 1D 
waveguide (see Figure 1). The atom is coupled to the defect cavity while the cav-
ity is coupled to the 1D waveguide. That is to say, the qubit is coupled to a hie-
rarchical environment. The total Hamiltonian of the open system can be written 
as ( 1=� ). 

( ) ( )† †= . . . . ,
2

s
z c k k k k k

k k
H a a b b a H c g b a H c

ω
σ ω ω σ +

++ + +Ω + + +∑ ∑    (1) 

where †σ σ+ −=  and zσ  are the transition and inversion operators of the atom; 

kb  ( †
kb ) and a  ( †a ) are the annihilation (creation) operators for the kth field 

mode and the cavity mode, respectively; kg  is the coupling strength between 
the cavity mode and the kth waveguide field mode, which is characterized by the 
frequency kω . The frequency of the cavity mode is described with cω  and Ω  
is the coupling strength between the atom and the cavity mode. We assume that 
the 1D PC waveguide along x-axis is semi-infinite, that is, the termination of the 
waveguide imposes a hard-wall boundary condition on the field. The waveguide 
with one end located at 0x =  is coupled to the defect cavity at 0x x= . In expe-
riment, the strong coupling between PC defect cavities and PC waveguides has 
been realized [26]. For simplicity, we assume 0s cω ω ω= = . The photon disper-
sion relationship of the one end waveguide field can be given by [27] 
 

 
Figure 1. The implementation of the model. The qubit of interest is coupled to a defect 
cavity while the cavity is coupled at 0x x=  to a 1D semi-infinite waveguide, whose ter-
mination lies at 0x = . 
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( )0 0 ,k k kω ω υ= + −                       (2) 

where υ  is the photon group velocity, and 0k  is the carrier wave vector with 

0 0kω ω= . Then the coupling strength between the cavity and the waveguide is  

0π sin ,kg kxυ= Γ                       (3) 

with the decay rate Γ  of the cavity. 
In the single-photon limit, the initial state is assumed to be ( )0 ,0 ,0deϕ = � , 

which denotes the excited state of the atom with the cavity and the waveguide 
being in the vacuum state. After time 0t > , the total state can be generally writ-
ten as  

( ) ( ) ( ) ( )0 0e ,0 ,0 e ,1 ,0 e ,0 ,1 ,ki t i t i t
d d k d k

k
t A t e B t g C t gω ω ωϕ − − −= + +∑� � �   (4) 

where the state 1k
�  ( 1d ) accounts for the waveguide field mode (cavity mode) 

having one excitation. By putting the above equation into the Schrödinger equa-
tion, we obtain  

( ) ( ) ,A t i B t= − Ω�                        (5) 

( ) ( ) ( ) ( )0e ,ki t
k k

k
B t i A t i g C t ω ω− −= − Ω − ∑�               (6) 

( ) ( ) ( )0e .ki t
k kC t ig B t ω ω−= −�                    (7) 

By formal time integration of Equation (7) and substituting it into the Equa-
tion (6), we can obtain  

( ) ( ) ( ) ( )
0

d ,
t

B t i A t f t t B t t′ ′ ′= − Ω − −∫�               (8) 

where ( ) ( )( )02 e ki t t
k

k
f t t g ω ω ′− −′− = ∑  is the memory kernel of the waveguide 

reservoir. Through integrating of ( )f t t′−  over k and replacing this into Equa-
tion (8) we acquire  

( ) ( ) ( ) ( ) ( )0e e ,
2 2

di k t i
d dB t i A t B t B t t t tυ φΓ Γ

= − Ω − + − Θ −�        (9) 

where 0 02k xφ = , 02dt x υ=  is the memory time of the waveguide environ-
ment, which denotes the finite time taken by a photon to perform a round trip 
between the defect cavity and the mirror, and ( )tΘ  is the Heaviside step func-
tion. Clearly, for dt t≥ , which ensures that the third term of the right hand side 
of Equation (9) is not zero, the dynamical evolution is greatly influenced by the 
phase φ . Specifically, due to the existence of the mirror, the light emitted in the 
present can interfere with the radiation in the pase. This interference process 
plays a key role in the dynamics of the open system, and can be witnessed by the 
factor eiφ . 

Performing the Laplace transformation for the Equations (5) and (9), we ac-
quire  

( ) 2

1 .

e e
2 2

dsti

A s
s

s φ −

=
Ω

+
Γ Γ

+ −

�                   (10) 
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By numerically solving the above equation, we can obtain the amplitude  
( )A t . 

3. Measure of Dynamical Evolution Speed 

The quantum speed of dynamical evolution for open quantum systems characte-
rizes how fast a system under the environment driving can evolve. Via evaluat-
ing the speed of quantum evolution, one could use the method of differential 
geometry [28]. The geometric length between an initial state and its target state 
for open systems can be measured by using the Reimannian metric fg , and 
then the squared infinitesimal length between two neighboring quantum states 
ρ  and dρ ρ+  yields [29] [30] 

( )2d d ,d .fs g ρ ρ=                       (11) 

We consider a evolved path 0ρ  and tρ  with [ ]0,t τ∈ , the line element of 
the path can be given by ( )d , df

t t t tl g tρ ρ= ∂ ∂ . Hence, the instantaneous 
speed can be expressed as  

( )d , ,
d

f
t t t t

lS g
t

ρ ρ= = ∂ ∂                    (12) 

and the average speed is 

0

1 d .aV S t
τ

τ
= ∫                         (13) 

If the evolved state is in the form of its spectral decomposition,  

t k k k
k

pρ φ φ= ∑  with 0 1kp< < . The instantaneous speed can be rewritten 

as [28]  

( ) ( )2
2

, ,
4 2

k k lk f
k l l k

k k lk

p p pp
S c p p

p
φ φ

≠

−
= +∑ ∑

� �        (14) 

where ( ),fc x y  is a symmetric function defined as  

( ) ( )
1,fc x y

yf x y
=                      (15) 

with ( )f t  being the Morozova-Čencov (MC) function which fulfills  
( ) ( )1f t tf t=  and ( )1 1f =  [31]. It is intuitively clear that the instantaneous 

speed of quantum evolution refers to two separate contributions as expressed in 
Equation (14). The first one, which is common to all the MC functions, depends 
only on the populations kp  of the evolved state. The second one, which is re-
sponsible for the chosen Riemannian metric, is instead only due to the cohe-
rence of the evolved state. Different types of MC functions ( )f t  represent dif-
ferent Riemannian metrics employed to evaluate the evolution speed. It has been 
proven that [30] the Wigner-Yanase information metric with  
( ) ( )2

1 4f t t= +  can lead to a definitely tighter QSLT for the amplitude 
damping dynamics in the form of Equation (1). Therefore, in the following we 
will focus on the Wigner-Yanase information metric. 

https://doi.org/10.4236/jmp.2019.1010078


J. Wang et al. 
 

 

DOI: 10.4236/jmp.2019.1010078 1182 Journal of Modern Physics 
 

4. Controllable of Quantum Speedup 

In this section, we study the role of the hierarchical environment on the quan-
tum speed of evolution. If the atomic system is initially in the state  

( ) 20 1e gβ βΨ = + −  ( )0 1β≤ ≤ , and the environment is in the vacuum 
state 0 ,0d

� , the reduced density matrix of the atom at time t reads  

( )
2 2

2 2

1
,

1 1
t t

a

t t

P P
t

P P

β β β
ρ

β β β

 −
 =
 − − 

               (16) 

where ( ) 2
tP A t=  denotes the excited state population of the atom. The spec-

tral decomposition of ( )a tρ  can be expressed as  

( ) ,a k k k
k

t pρ φ φ
=±

= ∑                      (17) 

with  

( )1 2p λ± = ±  and ( ) 21e gφ α α± ± ±= + +  

w h e r e  ( )41 4 1 t tP Pλ β= − −  a n d  ( ) ( )2 22 1 2 1t tP Pα β λ β β± = ± − − . 

According to Equations (14) and (17), we can investigate the speed of dynamical  
evolution in this open quantum system. It is easy to find that, for all the incohe-
rent initial states such that 1β = , the instantaneous speed is independent on the 
choice of MC functions. That is to say, the second term of Equation (14) is iden-
tically zero in this case. The speed arises only from the population of the evolved 
state, and thus can be seen as the classical Fisher information metric [30]. In the 
following, we focus on the Wigner-Yanase information metric and consider two 
cases: 1) the atom-cavity coupling is in the weak coupling region with Ω < Γ  
and 2) the atom-cavity coupling is in the strong coupling region with Ω ≥ Γ . 

We first consider the situation where the atom-cavity coupling is weak. Fig-
ure 2(a) shows the variation of the average speed of quantum evolution with 
respect to the phase φ  for different memory time dt  with 0.01Ω = Γ . Clearly, 
for each line (a fixed dt ), the minimum evolution speed occurs at the point 
where the phase πφ = . Also, in the center region (from π 2φ =  to 3π 2φ = ), 
the average speed slows down with the reduction of the memory time, while in 
other regions (from 0φ =  to π 2φ = , and from 3π 2φ =  to 2πφ = ), de-
creasing the memory time will greatly increase the speed of quantum evolution. 
The changes of average speed aV  with respect to Ω  and φ  are plotted in 
Figure 3(a). We find that, in the weak coupling regime determined by the in-
equality Ω < Γ , increasing the atom-cavity coupling strength Ω , can speed up 
the quantum evolution for a given phase φ . 

On the other hand, if the atom-cavity coupling is in the strong coupling re-
gime with Ω ≥ Γ , the behavior of the evolution speed is different from the case 
where the coupling is weak. As shown in Figure 2(b) and Figure 3(b), there is 
not a linear relationship between the speed of quantum evolution and the 
coupling strength. That is to say, periodicity of distribution about speedup re-
gion in the strong coupling case can be found. Thus, in the strong atom-cavity  
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Figure 2. The average speed of quantum evolution aV  between the time zero and 10τΓ =  (in units of 1 Γ ) as a function of 

phase φ  for various values of memory time dtΓ  with 1 2β = . (a) The atom-cavity coupling strength is weak with  

0.01Ω = Γ ; (b) The atom-cavity coupling strength is strong with 2Ω = Γ . 
 

 

Figure 3. The average speed aV  as a function of φ  and Ω  for 2dtΓ =  and 1 2β = . (a) The atom-cavity coupling 

strength is in the weak coupling regime with Ω < Γ ; (b) The atom-cavity coupling strength is in the strong coupling regime with 
Ω ≥ Γ .  

 
coupling regime, the speed of quantum evolution can be controlled to a speed- 
up or speed-down process. 

Clearly, the evolution speed is greatly influenced by the memory time as well 
as the atom-cavity coupling. It should be noted that the above analysis only takes 
into account the situation where the memory time is shorter than the evolution 
time of the system, i.e., dt τ< . In this case, the presence of the mirror mainly 
determines the evolution speed, which can be seen from the Equation (9). The 
emitted light will be reflected back and thus affect the evolution speed, owing to 
the feedback effect of the mirror. On the other hand, if the memory time is far 
longer than the evolution time, the emitted light will not been reflected back 
when the quantum system has already decayed. As expected, the average speed 
has no change with varying the phase φ , as shown in Figure 2. This is due to 
the fact that the light emitted in the past cannot interfere with the light emitted 
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in the present [22]. In this limiting regime with 1dtΓ � , the waveguide behaves 
as being infinite, hence as a fully Markovian reservoir for the cavity. According-
ly, this system is actually reduce to a qubit coupled to lossy cavity. 

5. Mechanism of Quantum Speedup 

Previous results [7] [8] show that the non-Markovian effect of the reservoir can 
lead to speedup of quantum evolution. In order to understand the mechanism of 
quantum speedup in our model, in what follows we further study the relation-
ship between the evolution speed and the non-Markovianity. 

The non-Markovian effect means that the environment would cause the in-
formation flowing from environment back to the quantum system. When con-
sidering the framework to characterize non-Markovianity proposed by Breuer, 
Lane and Piilo [32], the total amount of information flowing back to the system 
is defined as  

( )
( )( )

1,2
1,200

max d , 0 ,t t
σρ

σ ρ
>

ℵ = ∫                     (18) 

where ( )( ) ( ) ( )( )1,2 1 2
d, 0 ,
d

t D t t
t

σ ρ ρ ρ=  denotes the changing rate of the trace 

distance ( ) ( )( ) ( ) ( )1 2 1 2
1,
2

D t t tr t tρ ρ ρ ρ= −  between states ( )1,2 tρ  evolving  

from their respective initial states ( )1,2 0ρ . The rate ( )( )1,2, 0tσ ρ  can be used 
to monitor the flow direction of information. It is negative for an information 
flowing from system to the environment, and positive for the information flow-
ing in the opposite direction. Based on this, an evolution is non-Markovian if 
and only if ( )( )1,2, 0 0tσ ρ >  for a pair of initial states. For our model, the op-
timal pair of initial states has been proven to be ( )1,2 0ρ = ± ±  [33], where  

( )1
2

e g± = ± . 

When the atom-cavity coupling is weak, the speed that the information flow-
ing out of the qubit is far lower than the evolution speed of the environment, so 
the backflow of information cannot happen, and thus the non-Markovianity 
converges to zero over the entire range of phase, as shown in Figure 4 (dashed 
line). However, in the strong coupling regime with 2Ω = Γ , the evolution of the 
atom has disturbed the environment, which eventually results in the backflow of 
information, i.e., the non-Markovian effect. Thus we see a oscillating variation 
relationship between the non-Markovianity and the phase. 

It is worth noting that the reason of the quantum speedup is not just due to 
the non-Markovian effect of the environment. By contrasting the average speed 
shown in Figure 2(a) and the non-Markovianity shown in Figure 4 (dashed 
line), we can find that evolution speed varies depending on the value of φ  in 
the weak atom-cavity coupling regime. Instead, the non-Markovianity remains 
unchanged when the coupling strength is weak. That is to say, the  
non-Markovianity, i.e., the backflow of information, cannot seen an essential 
reflection to the speedup of quantum evolution. 
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Figure 4. The non-Markovianity as a function of φ  for various values of atom-cavity 

coupling strength Ω  with 2dtΓ =  and 1 2β = . 

 
Note that regarding to the measure of the non-Markovianity, the calculation is 

based on that one proposed in [32]. There are several other measures of the 
non-Markovianity, which is not agree with each other generally. However, it has 
been proven that they are equivalent for the dynamics in the form of the Equa-
tion (16). Therefore, our conclusion is invariant with respect to the definition of 
the non-Markovianity. 

The total amount of flow information consists of two parts: the information 
flowing from system to environment and the information backflow from envi-
ronment to the system. Why only the backflow information will speed up the 
quantum evolution? What is the effect of the information flowing from system 
to the environment on the evolution speed? 

In what follows we focus on these questions. Based on the measure of non- 
Markovianity, the absolute value of changing rate ( )( )1,2, 0tσ ρ  describes the 
changing of information, which consists the information flowing from system to 
environment and the reverse flow. Thus, the total amount of flow information 
can be defined as  

( )
( )( )

1,2
total 1,20

max d , 0 .t t
ρ

σ ρℵ = ∫                   (19) 

Figure 5 shows the totalℵ  as a function of φ  for various values of memory 
time dt . It is interesting to find that the totalℵ  exhibits the same behavior as the 
average speed of evolution. In detail, the decrease (increase) of totalℵ  will lead 
to the speed-down (speed-up) process of quantum evolution. Take the case in 
the weak-coupling regime (Figure 5(a) and Figure 2(a)) as examples, when 

0.01Ω = Γ  and 2dtΓ = , we find that the changing trend of totalℵ  and the aV  
are the same, while the value of non-Markovianity is always zero, as shown in 
Figure 4 (dashed line). That is to say, the change of evolution speed is due to the 
flow of information from system to environment in this case. As shown in Fig-
ure 6(a), we find a small decay of atomic excited-sate population due to the in-
formation flowing out. The decaying-degree of population tP  increase with 
decreasing the phase φ  (in the region from 0φ =  to πφ = ), and thus lead to 
the speedup of quantum evolution. It is also confirm that the minimum speed 
occurs at πφ =  in the weak-coupling case (see Figure 2(a)). 
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Figure 5. The total amount of flow information totalℵ  between time zero and the time 10tΓ =  as a function of φ  for various 

values of memory time dt  with 1 2β = . (a) The atom-cavity coupling strength is weak with 0.01Ω = Γ ; (b) The atom-cavity 
coupling strength is strong with 2Ω = Γ .  
 

 

Figure 6. The time dependence of the atomic excited state population tP  with 1 2β = . (a) The atom-cavity coupling strength 
is weak with 0.01Ω = Γ  and 2dtΓ = ; (b) The atom-cavity coupling strength is strong with 2Ω = Γ  and 2dtΓ = ; (c) The limit 
case with 1dtΓ � . 

 
While in the strong-coupling case with 2Ω = Γ  and 2dtΓ = , the backflow 

of information happens, which can result in the partial atomic re-excitation, as 
shown in Figure 6(b). In this case, the speed of quantum evolution depends on 
the total amount of flow information totalℵ . This is a newly noticed phenome-
non. Overall, a remarkable result we find that, the changing in the evolution 
speed is attribute to the flow of information, regardless of the direction in which 
the information flows. 

Our conclusion applies also to the more standard and basic case of an atom in 
a lossy cavity, which corresponds to the limit case with 1dtΓ � . As shown in 
Figure 6(c), tP  exhibits a monotonic decay in the weak atom-cavity coupling, 
while the strong atom-cavity couplings can lead to the backflow of information, 
and thus increase the totalℵ . Accordingly, the strong atom-cavity couplings can 
speed up the quantum evolution (see Figure 2(a) and Figure 2(b)). 

6. Conclusion 

In summary, we have studied a two-level atom that is coupled to a hierarchically 
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structure environment consisting of a PC defect cavity and a semi-infinite 1D 
waveguide. We investigated how the atom-cavity coupling and the memory time 
affect the quantum speedup. We found that the information flow volume con-
sisting the information flowing from system to environment and the backflow 
information is the main physical reason of the speed-up process. The potential 
candidates which can verify our prediction can be systems such as InGaAa 
quantum dots coupled to a GaAs PC membrane [34], and nitrogen-vacancy 
(N-V) centers embedded in a two-dimensional planar PC [35]. 
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Abstract 
The incompatibility of Orthodox Quantum Mechanics with philosophical 
realism poses a serious challenge to scientists upholding such a philosophical 
doctrine. The desire to find a solution to this and other conceptual problems 
that quantum mechanics confronts has motivated many authors to propose 
alternative versions to Orthodox Quantum Mechanics. One of them is the 
Spontaneous Projection Approach, a theory grounded on philosophical real-
ism. It has been introduced in previous papers and, with a few exceptions, it 
yields experimental predictions coincident with those of Orthodox Quantum 
Mechanics. One of these exceptions is analyzed in detail. The difference in 
predictions becomes apparent in a suggested experiment which could put 
both theories to the test. 
 

Keywords 
Philosophical Realism, Orthodox Quantum Mechanics, Spontaneous  
Projection Approach, Quantum Measurement Problem 

 

1. Introduction and Outlook 

Realism is a philosophical doctrine that revolves around two theses: the first (or 
ontological thesis) is that the world exists by itself as opposed to being the 
product of human mind; the second (or epistemological thesis) is that it can be 
known gradually and approximately [1]. Among authors adopting realism let us 
mention Albert Einstein and Mario Bunge. For Einstein, “The belief in an 
external world independent of the perceiving subject is the basis of all natural 
science” [2]. For Bunge, “Epistemological realism is the family of epistemologies 
which assume that a) the world exists independently of the knowing subject, and 
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b) the task of science is to produce maximally true conceptual models of reality...” 
([3] pp. 191-192). 

In 1930, Paul Dirac published the first formulation of quantum mechanics [4]. 
Two years later John von Neumann published Mathematische Grundlagen der 
Quantenmechanik [5]. These first versions of quantum theory share two charac- 
teristics: 1) the state vector ψ  (wave function ψ ) describes the state of an 
individual system, and 2) they involve two laws of change of the state of the 
system: spontaneous (natural) processes, governed by the Schrödinger equation; 
and measurement processes, ruled by the projection postulate. Many other 
versions of quantum theory followed. Those where ψ  describes the state of an 
individual system and the projection postulate is included among its axioms are 
generally called standard, ordinary or Orthodox Quantum Mechanics (OQM), 
sometimes referred to as the Copenhagen Interpretation. 

On the one hand, OQM is very successful a theory. “[It has provided] a 
strikingly successful recipe for doing calculations that accurately described the 
outcomes of experiments... [It has been] instrumental in predicting antimatter, 
understanding radioactivity (leading to nuclear power), accounting for the 
behavior of materials such as semiconductors, explaining superconductivity and 
describing interactions such as those between light and matter (leading to the 
invention of the laser) and of radio waves and nuclei (leading to magnetic 
resonance imaging). Many successes of quantum mechanics involve its extension, 
quantum field theory, which forms the foundations of elementary particle 
physics...” [6]. 

On the other hand, OQM contravenes philosophical realism. This is particularly 
clear as concerns its projection postulate. Scientists upholding philosophical 
realism have criticized this postulate because it introduces a subjective element 
into the theory: either it invokes an observer placed above the laws of nature ([3], 
pp. 191-202) or it appeals to the interaction between the quantum system and a 
macroscopic measuring device (built, of course, by human beings). Referring to 
this issue Max Jammer points out: “As long as quantum mechanics one-body or 
many-body system does not interact with macroscopic bodies, as long as its 
motion is described by the deterministic Schrödinger time-dependent equation, 
no events could be considered to take place in the system... If the whole physical 
universe were composed only of microphysical entities, as it should be according 
to the atomic theory, it would be a universe of evolving potentialities (time- 
dependent ψ  functions) but not of real events” ([7], p. 474). 

It is worth noting that well-known scientists dealing with quantum mechanics 
renounce philosophical realism, either implicitly or explicitly. Let us mention 
two of them: Niels Bohr and Asher Peres. The last one declares: “Quantum 
theory is not an objective description of physical reality” ([8], p. 423) and “any 
attempt to inject realism in physical theory is bound to lead to inconsistencies” 
[9]. In his analysis of Bohr’s philosophy Aage Petersen asserts: “When asked 
whether the algorithm of quantum mechanics could be considered as somehow 
mirroring an underlying quantum world, Bohr would answer: ‘There is no 
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quantum world. There is only an abstract quantum physical description. It is 
wrong to think that the task of physics is to find out how nature is. Physics 
concerns what we can say about nature’.” [10]. 

Taking philosophical realism as a starting point, a Spontaneous Projection 
Approach (SPA) to quantum theory was formulated some years ago [11]. This 
approach was recently modified to account for quantum processes in the general 
case, including those where the Hamiltonian depends explicitly on time [12]. It 
is worth noting that SPA overcomes the main flaws of OQM [12] and in general 
yields experimental predictions coincident with those of OQM. There are, 
however, a few exceptions which could be exploited to confront both theories. 
This is the principal aim of our present study. 

The contents of this paper are as follows: In Section 2, we reproduce the 
formulations of OQM and SPA, highlight their similarities and differences, 
mention some contributions aiming to solve the measurement problem and 
refer one of them in detail. In Section 3, we deal with a case where SPA and 
OQM yield different experimental predictions. We consider a silver atom in the 
ground state placed in a uniform constant magnetic field B. Starting with the 
atom in a given state we find 1) the evolution of its state assuming the validity of 
OQM; and 2) the possible changes of its state assuming the validity of SPA. The 
resulting contradiction could be decided by means of a suggested experiment. 
Section 4 is devoted to the discussion and conclusions. 

2. OQM, SPA and the Measurement Problem 
2.1. Formulation of OQM 

The formulation of quantum mechanics due to von Neumann (OQM) ([7], p. 5) 
([13], pp. 215-222) includes the primitive (undefined) notions of system, state 
and physical quantity (or observable). Its postulates are:  

I) To every system ζ  corresponds a Hilbert space Hb whose vectors (state 
vectors, wave functions) ψ  completely describe the states of the system.  

II) To every physical quantity   corresponds uniquely a self-adjoint operator 
A acting in Hb. It has associated the eigenvalue equations  

k k kA ν να α α=                         (1) 

(ν  is introduced in order to distinguish between the different eigenvectors that 
may correspond to one eigenvalue kα ), and the closure relation  

,
k k

k

ν ν

ν
α α =∑                          (2) 

is fulfilled (here   is the identity operator). If either k or ν  is continuous, 
the respective sum has to be replaced by an integral.  

III) Spontaneous processes are continuous. The evolution in time t of the state 
vector ( )tψ  is governed by the Schrödinger equation  

( ) ( ) ( )d
d

i t H t t
t
ψ ψ=�                     (3) 
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where ( )H t  is the Hamiltonian of the system, �  Planck’s constant divided 
by 2π and i the imaginary unit. 

Comment: The Schrödinger equation is a deterministic law. The solution 
( )tψ  of Equation (3) which corresponds to the initial condition ( )0ψ  is 

unique. The system’s state evolves according to the equation  

( ) ( ) ( ),0 0t U tψ ψ=                      (4) 

where ( ),0U t  is the evolution operator corresponding to the Hamiltonian  

( )H t ; more details in ([4], p. 109) ([13], p. 308) ([14], p. 137).  
IV) For a system in the state ψ  the probability that the result of a measure- 

ment of   lies between 1α  and 2α  is 2η , where η  is the norm of  

( )2 1α αη ψ= −   and α  is the resolution of the identity belonging to A.  
V) Projection postulate. If a measurement of   yields a result between 1α  

and 2α , then the state of the system immediately after the measurement is an 
eigenfunction of ( )2 1α α−  .  

2.2. Formulation of SPA 

The formulation of SPA includes the primitive notions of system, state, physical 
quantity and probability [12]. Its postulates are:  

A) Agrees word for word with postulate I of OQM.  
B) Agrees word for word with postulate II of OQM.  
C) Spontaneous processes can be either continuous or discontinuous. In 

continuous processes the evolution in time of the state vector ψ  is determined 
by the Schrödinger equation. 

Comment (i): Equation (4) applies to processes that are continuous in the 
whole time interval ( )0, t . In cases where this equation is satisfied, we shall say 
that in the interval ( )0, t  the system remains in the Schrödinger channel. 

Comment (ii): Let the Hamiltonian of the system be  

( ) ( )H t tε λ= +                         (5) 

where ε  is the sum of all the terms of the Hamiltonian which do not depend 
explicitly on time t and ( )tλ  includes every term of the Hamiltonian depending 
explicitly on t. If ( ) 0tλ = , a self-adjoint operator A fulfilling  

0A
t

∂
=

∂
                            (6) 

[ ], 0A ε =                            (7) 

is a constant of the motion. 
Definition of preferential states: The system in the state ( )tψ  has tendency 

to jump to the eigenstates of operators satisfying Equations (6) and (7) whether 

( ) 0tλ =  or not [12]. If there is a unique set of 2N ≥  orthonormal vectors: 

1 2, , , Nϕ ϕ ϕ�  ({ }Nϕ  for short) such that the normalized state of the system 
ζ  at time t can be written  
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( ) ( )j j
j

t tψ γ ϕ= ∑                       (8) 

where 1) ( ) ( ) 0j jt tγ ϕ ψ= ≠  for every 1,2, ,j N= � ; 2) at least ( )1N −  
vectors belonging to the set { }Nϕ  are eigenstates of ε ; and 3) every self- 
adjoint operator A for which Equations (6) and (7) are valid satisfies the relation  

( ) ( ) ( ) 2
j j j

j
t A t t Aψ ψ γ ϕ ϕ= ∑               (9) 

we shall say that { }Nϕ  is the preferential set of ζ  in the state ( )tψ  and 
the members of { }Nϕ  will be called its preferential states. 

Comment (iii): The validity of Equation (9) ensures the statistical sense of 
conservation laws [11]. Note that, by definition, the preferential set does not 
depend on ( )tλ  [12].  

D) If the system ζ  in the state ( )tψ  has no preferential set, it remains in 
the Schrödinger channel.  

E) If the system ζ  in the normalized state ( )tψ  has the preferential set 
{ }Nϕ , in the small time interval ( ), dt t t+  it can either remain in the Schrö- 
dinger channel or jump to one of its preferential states kϕ  with probability  

( ) ( ) ( )
2 dd k k

tP t t
t

γ
τ

=                      (10) 

where  

( ) ( )
2

t tτ ε∆ =
�                         (11) 

and 

( ) ( ) ( ) ( ) ( )
22 2t t t t tε ψ ε ψ ψ ε ψ∆ = −               (12) 

Comment: The probability that the system will remain in the Schrödinger 
channel during the time interval ( ), dt t t+  is  

( ) ( )
dd 1S
tP t
tτ

= −                         (13) 

see [12]. If the parameter τ  defined by Equation (11) is constant, the state 
( )tψ  may be considered as an unstable state that can decay to one of its N 

preferential states [11] [15] [16]. In this case the probability that the system will 
remain in the Schrödinger channel during the interval ( )0, t  is a decreasing 
exponential  

( ) e t
SP t τ−=                           (14) 

with relaxation time τ .  

2.3. OQM, SPA and Other Contributions Aiming to Solve the  
Measurement Problem 

OQM assumes that there are two kinds of processes: spontaneous processes and 
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measurement processes. In spontaneous processes the evolution of the state 
vector is governed by the Schrödinger equation; in measurement processes the 
changes of the state vector are ruled by the projection postulate. 

On the one hand, since the Schrödinger equation involves a derivative of the 
state vector ( )tψ  with respect to time t, in spontaneous processes ( )tψ  
must be continuous. On the other hand, Postulate C of SPA states that in 
continuous processes the evolution in time of the state vector ( )tψ  is deter- 
mined by the Schrödinger equation. Continuous processes are governed by the 
Schrödinger equation in SPA as well as in OQM. 

It is worth stressing that continuous processes are not restricted to cases 
where the system in the state ( )tψ  has no preferential set. Even if the system 
in the state ( )tψ  has a preferential set, the dominant process in a small time 
interval ( ), dt t t+  is the Schrödinger evolution; see Equation (13). According to 
Equation (14) the Schrödinger evolution is also the dominant process for t τ� . 
Spontaneous projections seldom occur. 

OQM measurements are somehow related to SPA projections. Let us highlight 
their similarities: SPA projections as well as OQM measurements 1) yield discon- 
tinuities of the state vector; 2) instantaneously break down certain superposition 
of different states; 3) violate conservations laws but respect their statistical sense 
[16] [17]; 4) imply a kind of action-at-a-distance [16] [18]; and 5) collide with 
determinism [16] [19]. 

The main difference between SPA and OQM is that while according to SPA 
the state vector ( )tψ  may spontaneously jump to one of its preferential states, 
e.g. nϕ  (see Equation (8)), OQM ensures that ( )tψ  remains continuous 
until a measurement is performed. 

Let A be the operator representing the physical quantity   to be measured 
and jα  the eigenvector of A corresponding to the eigenvalue jα  (for sim- 
plicity we refer to the discrete non-degenerate case). The state vector ( )tψ  
can be expanded  

( ) ( )j j
j

t c tψ α= ∑                    (15) 

where ( ) ( )j jc t tα ψ= . OQM states that the probability that the measurement 
of   will yield the result nα  and so (according to the projection postulate) 

( )tψ  will jump to nα  is  

( ) ( ) 2
n np t c t=                       (16) 

According to SPA the probability that in the small time interval ( ), dt t t+  the 
state vector ( )tψ  will jump to the preferential state nϕ  is  

( ) ( ) ( )
2 dd n n

tP t t
t

γ
τ

=                     (17) 

see Equation (10). If the relaxation time τ  and ( ) 2 2
n ntγ γ=  are constant in 

the interval ( )0, t , the probability that ( )tψ  will jump to nϕ  in this interval 
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is  

( ) ( )2 1 e t
n nP t τγ −= −                   (18) 

[11]. For t τ� , it results  

( ) 2
n nP t τ γ� 

                    (19) 

The similarity of the mathematical expressions for the probabilities given by (16) 
and (19) is worth stressing. 

Even if it is not clear what a measurement is [20], the notion of measurement 
is included in two of the five postulates of OQM formulation. In any case, 
collapses or something similar to collapses are necessary to avoid paradoxes such 
as that of Schrödinger’s cat ([7], pp. 216-217). “Because of the linearity of the 
Schrödinger evolution there is no mechanism to stop the evolution and yield a 
single result for the measurement” ([14], p. 264). However, “in common life as 
well as in laboratories, one never observe superposition of results; we observe 
that Nature seems to operate in such a way that a single result always emerges 
from a single experiment; this will never be explained by the Schrödinger equation, 
since all that it can do is to endlessly extend its ramifications into the environment, 
without ever selecting one of them only” [21]. The rule compelling ( )tψ  to 
remain continuous as long as no measurements are performed poses a serious 
problem for OQM. By contrast, assuming that spontaneous projections are 
natural processes, SPA succeeds in stopping the endless ramifications resulting 
from Schrödinger evolution. 

The issues just mentioned are at the very heart of the measurement problem. In 
previous articles we dealt with several proposed solutions to this problem. Among 
them, 1) Margenau’s contribution ([7], pp. 226-227) was addressed in [16]; 2) The 
statistical interpretation of quantum mechanics [22] [23] was addressed in [16]; 3) 
Bohm’s theory [24] [25] was addressed in [11]; 4) Many-worlds interpretation [26] 
[27] was addressed in [16]; 5) The consistent histories approach to quantum 
mechanics [28] [29] was addressed in [11]; 6) Decoherence [30] [31] was 
addressed in [16]; 7) The theory of spontaneous localizations [32] [33] was 
addressed in [11]; 8) Bell’s Beables for quantum field theory [34] was addressed in 
[15]; 9) Sudbery’s privileged observables [35] was addressed in [15]; and 10) 
Sudbery’s preferred observables [36] was addressed in [15]. Some of them as well 
as SPA involve dynamical reduction models. 

2.4. SPA Preferential Sets and Sudbery’s Preferred Observables 

Among the contributions appearing in the previous list the closest to SPA is 
Sudbery’s theory of preferred observables. Let us highlight their similarities and 
differences with SPA. 

In his article entitled Diesse Verdammten Quantenspringerei, Anthony Sudbery 
asserts: “there are no events in quantum theory. The nearest thing to an event 
described in the basic theory is the result of a measurement... There is no way 
that the theory can describe events, like the −Ω  decay… which happen spon- 
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taneously and are passively recorded by the waiting experimenter… Nevertheless, 
textbooks do purport to derive decay rates for such events from the general 
principles of quantum mechanics. The derivation goes like this. To describe a 
decay A B C→ + , we start at time 0t =  with a state A  in which the unstable 
particle A is certain not to have decayed, and follows its time evolution, governed 
by the Hamiltonian H, to a superposition of the initial state and a state of the 
decay products B and C:  

( ) ( )e iHt A a t A b t BC− = +�                  (20) 

The general principles of quantum mechanics are then supposed to yield the 
interpretation that ( ) 2

b t  is the probability that by time t there has been a 
transition from particle A to particles B C+ . But where does this notion of a 
‘transition’ come from? It appears nowhere in the general principles of the 
theory as usually stated. The literal application of these principles to the state (20) 
gives only the statement that if a measurement is made at time t (to determine, 
say, whether a particle of type B is present) then ( ) 2

b t  is the probability that 
the result of the measurement will be positive. The inference that something 
discontinuous (a transition) happened between time 0 and time t is completely 
unwarranted. According to the official principles, quantum systems evolve 
continuously (as the time dependence of (20) shows), and quantum jumps occur 
only when provoked by the intervention of an experimenter” [36]. 

Sudbery adds: “The procedure that starts with the time-depending state vector 
(20), produces from it a time-dependent probability ( )P t , interprets this as a 
probability of something having happened, and, on the strength of this inter- 
pretation, derives from ( )P t  a transition probability per unit time, certainly 
ends up with an empirical adequate result” [36]. The problem Sudbery wants to 
discuss is that of formulating the theory so as to make this argument as sound as 
its conclusion. To do so, he claims, “transitions must be given a fundamental 
role in the theory; one of its basic postulates should be of the form ‘If the system 
[however broadly conceived it] is in the state ψ  at time t, there is a probability 

( )dT t tϕψ  that it will take a transition to state ϕ  between t and dt t+ .’ Such a 
postulate, if it is to be fundamental, would need to be accompanied by a clear 
statement of exactly what the eligible states ϕ , ψ  are” [36]. 

In order to formulate a postulate concerning transitions, Sudbery adopts a 
suggestion made by Bell [34]. “The basic idea is that there is a set of special 
physical quantities, which have a fundamental status; Bell liked to call them 
beables... These quantities always have definite values which change stochas- 
tically according to transition probabilities determined by the solutions to the 
Schrödinger equation. Equivalently, one can replace the special quantities by a 
special set of subspaces of space states, namely their eigenspaces, and the actual 
values of special quantities by a vector (the projection of the full space vector) in 
the corresponding subspace” [36]. These subspaces are called the viable sub- 
spaces. 
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By adopting Bell’s transition probabilities, Sudbery succeeds in giving a 
satisfactory description of the decay process. But, he points out, “Bell’s for- 
mulation of quantum mechanics does not exists until one has specified the viable 
subspaces. In this respect, it is no improvement on the conventional formulation, 
which does not exist until one has specified precisely which physical arrangement 
constitutes ‘measurement’… If one is aspiring to give an absolute description of 
the physical world, there seems to be no good empirical or theoretical reason 
why any particular set of physical quantities should have fundamental status” 
[36]. Nevertheless, he adds, “if arbitrary choices cannot be avoided, we must 
consider how to live with them” [36]. 

SPA fulfills all the requirements stated by Sudbery: According to Postulate E, 
if the system is in the state ( )tψ  and kϕ  is one of its preferential states, the 
probability that it will take a transition from ( )tψ  to kϕ  between t and 

dt t+  is  

( ) ( ) ( )
2 dd k k

tP t t
t

γ
τ

=                     (21) 

where ( ) ( )k kt tγ ϕ ψ= . SPA explicitly says what states ( )tψ  and kϕ  are; 
neither special physical quantities nor viable subspace are necessary for SPA to 
exist. Physical quantities represented by operators satisfying Equations (6) and 
(7) have a fundamental status; but as opposed to Bell’s beables neither their 
choices are arbitrary nor they have definite values at all times. 

3. A Case Where SPA and OQM Yield Different Experimental  
Predictions 

In this section we shall deal with a case where SPA and OQM yield different 
experimental predictions. Let us consider a silver atom in the ground state 
placed in a uniform constant magnetic field B. We choose Oz axis along B. Let 

zS  be the operator representing the z-component of the atom’s spin S. The  

eigenvectors of zS  corresponding to the eigenvalues 
2

+
�  and 

2
−
�  will be de- 

noted z+  and z−  respectively. They satisfy the equations  

2z z zS + = + +
�                      (22) 

2z z zS − = − −
�                      (23) 

0z z z z+ − = − + =                    (24) 

1z z z z+ + = − − =                    (25) 

z z z z+ + + − − =                    (26) 

Let u be a unitary vector defined by the angles ϑ  and ϕ  (Figure 1). The 
operator representing the u-component of S will be denoted uS . Its eigenvector 

corresponding to the eigenvalue 
2

+
�  satisfies the equation 
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Figure 1. The unitary vector u is defined by the angles ϑ  and ϕ . 

 

2u u uS + = + +
�                       (27) 

and its expansion on the basis of the eigenvectors of zS  is  

2 2cos e sin e
2 2

i i
u z z

ϕ ϕϑ ϑ−+ = + + −              (28) 

See for instance ([13], p. 395). 
We shall refer only to spin states. The Hamiltonian of a silver atom in the 

ground state placed in a uniform magnetic field is time-independent and can be 
written  

zSε ω=                          (29) 

where 

gBω = −                          (30) 

is the Larmor frequency, g the gyromagnetic ratio of the silver atom in the 
ground state and B the modulus of the magnetic field ([13], p. 403). Taking into 
account Equation (29), the eigenvalue equations of this Hamiltonian can be 
written  

2z z zE ωε ++ = + = + +
�                  (31) 

2z z zE ωε −− = − = − −
�                  (32) 

where E+  and E−  are the eigenvalues of ε . 
Magnetic fields are never completely uniform and the wave functions of atoms 

always have a certain extension. The Hamiltonian given by Equation (29) is a 
valid approximation only in cases where the magnetic field can be considered 
uniform in a region much larger than the region where the wave function of the 
atom takes on appreciable values; in these cases the eigenvectors of ε  coincide 
with the eigenvectors of zS . In contrast, if the magnetic field does not fulfill this 
requirement, the Hamiltonian of the atom is not given by Equation (29) and its 
eigenvectors do not coincide with the eigenvectors of zS . 
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Let the initial state of the atom be ( )0 uψ = + . We shall find the state 
( )tψ  for 0t > : 1) assuming the validity of OQM; and 2) assuming the 

validity of SPA. 

3.1. Evolution of the State Vector Assuming the Validity of OQM 

This evolution is ruled by the Schrödinger equation, which is a deterministic law. 
If ( )0 uψ = + , per Equations (28), (31) and (32), the state at time t will be  

( ) 2 2 2 2cos e e sin e e
2 2

i i i i
z zt ϕ ω ϕ ωϑ ϑψ − −= + + −         (33) 

Let ( )tw  be the unitary vector defined by the angles  

( )t ϑΘ =                         (34) 

( )t tϕ ωΦ = +                       (35) 

The vector ( )tw  turns about the Oz axis with the Larmor frequency and spends 
a time  

2
LT

ω
π

=                         (36) 

to complete a tour. 
Let wS  be the ( )w t -component of S and w+  its eigenvector correspon- 

ding to the eigenvalue 
2

+
� . On the basis of the eigenvectors of zS  it can be 

expanded  

2 2 2 2cos e e sin e e
2 2

i i t i i t
w z z

ϕ ω ϕ ωϑ ϑ− −+ = + + −          (37) 

The state ( )tψ  given by Equation (33) coincides with w+  ([13], p. 405). In 
a region where the magnetic field is uniform the atom performs a Larmor 
precession with frequency ω . In particular, at Lt T= , ( ) ( )0LT = =w w u  and 

( ) ( )0L uTψ ψ= = + . 
According to OQM the atom remains in the Schrödinger channel and at time 

LT  recovers its initial state. 

3.2. Possible Changes to the State Vector Assuming the Validity of  
SPA 

In SPA spontaneous processes are not necessarily ruled by a deterministic 
equation. If the system has the preferential set { }Nϕ , it can either remain in the 
Schrödinger channel or jump to one of its preferential states. Thus, the same 
initial state ( )0ψ  may give rise to different states ( )tψ . 

Let the condition 0 ϑ< < π  be satisfied. The set { },z z+ −  fulfills all the 
conditions required to be the preferential set of the silver atom in the state 

( )tψ  given by Equation (33); see Section 2.2. A straightforward calculation 
yields  

( ) ( ) cos
2

t t ωψ ε ψ ϑ =  
 

�                  (38) 
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( ) ( )
2

2

2
t t ωψ ε ψ  =  

 

�                    (39) 

sin
2
ωε ϑ ∆ =  

 

�                        (40) 

1 sinω ϑ
τ
=                          (41) 

As τ  is constant, in the time interval ( )0, t  the atom can either remain in the 
Schrödinger channel with probability  

( ) sine et t
SP t τ ω ϑ− −= =                      (42) 

or decay to one of its preferential states ( z+  and z− ). If it remains in the 
Schrödinger channel, at Lt T=  it will recover its initial state u+ . The corres- 
ponding probability is  

( ) sin 2 sine e eL LT T
S LP T τ ω ϑ ϑ− − − π= = =               (43) 

According to SPA the probability that the atom will remain in the Schrödinger 
channel is a decreasing exponential with relaxation time τ . The probability that 
it will recover its initial state at time LT  decreases when the polar angle ϑ  
increases. 

3.3. Testing OQM vs. SPA Experimental Predictions 

In the case of a silver atom in a uniform magnetic field, the experimental 
predictions of SPA are radically different from those yielded by OQM. This 
contradiction could be decided by means of the experiment described in (Figure 
2). 

1) Atoms leaving the oven O are collimated and move along the y-axis.  
2) They are prepared by the filter F in the eigenstate u+  of uS  given by 

Equation (28) with 0ϕ =  

cos sin
2 2u z z
ϑ ϑ

+ = + + −                  (44) 

Atoms in the state u−  are stopped in F; for details about how this filter works 
see ([14], pp. 16-17) [18] [37]. We assume, in addition, that at the exit of F the 
atoms travel with velocity υ . 
 

 
Figure 2. Schematic representation of the eperimental set-up. See text. 
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3) Atoms so prepared fly through a magnet N S−  of length L which generates 
a uniform magnetic field B pointing along the z-axis. Atoms entering one end of 
the magnet in the state ( )0 uψ = +  exit the other end in the state ( )Tψ  
where  

LT
υ

=                            (45) 

is the time an atom spends travelling through the magnet. The velocity of the 
atoms does not change during their passage through the magnet. By contrast, 
their spin states change, either as a result of Larmor precession or due to pro- 
jection to one of their preferential states.  

4) A Stern-Gerlach apparatus measures the u-component uS  of the spin S of 
the atoms in the state ( )Tψ .  

5) The impacts of arriving atoms at plate P are recorded.  
We shall choose L, υ  and ω  in such a way that the time LT  required to 

complete a precession tour equals the time T spent by the atom in the magnet. In 
other words, we shall impose the condition  

2L
υ ω

π
=                          (46) 

At the entrance as well as at the end of the magnet the magnetic field is 
strongly non uniform. Several authors have assumed that the evolution of a spin 
in a strongly non uniform magnetic field is ruled by the Schrödinger equation 
[37] ([38], pp. 593-598). According to SPA this is so if 1) either the atom does 
not have a preferential set; or 2) the atom has a preferential set, but the time it 
spends in such a region is so short that it “has no time” to be projected. We shall 
assume one of these two conditions fulfilled in the experiment just described. 

3.3.1. If OQM Is Valid 
The atom enters the magnet in the state ( )0 uψ = + . While flying through 
the magnet it precesses around the z-axis with the Larmor frequency ω , “it 
never aligns itself with the z-axis” ([14], p. 164). It will remain in the Schrödinger 
channel and at time T it will recover its initial state u+ . Therefore, a measure-  

ment of uS  yields the result 
2

+
�  with certitude whatever the angle ϑ  may 

be (Figures 3(a)-(c)). 
 

 
Figure 3. Registers on plate P of the measurement of uS  according to OQM. The result 

is 
2

+
�

 with certitude whatever the polar angle may be: (a) 0ϑ  ; (b) 6ϑ = π ; (c) 

2ϑ = π . 
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3.3.2. If SPA Is Valid 
We assume, as above, that the atom enters the magnet in the state 

( )0 uψ = + . When it flies through the magnet there are three possibilities: 
1) It remains in the Schrödinger channel and at time T it recovers its initial 

state. Therefore ( ) uTψ = + .  
2) It jumps to the preferential state z+  and remains in this state until it 

leaves the magnet. Therefore ( ) zTψ = + . 
3) It jumps to the preferential state z−  and remains in this state until it 

leaves the magnet. Therefore ( ) zTψ = − . 
The corresponding probabilities will be respectively denoted ( )SP T , ( )zP T+  

and ( )zP T− . The relation  

( ) ( ) ( ) 1S z zP T P T P T+ −+ + =                    (47) 

is fulfilled. 
A measurement of uS  performed on the atom in the state ( ) uTψ = +  

yields the result 
2uS = +
�  with certitude. By contrast, if the atom is in the state 

( ) zTψ = + , the measurement can yield either the result 
2uS = +
�  or the 

result 
2uS = −
� . The same applies for an atom in the state ( ) zTψ = − . 

Let 
2 2z zη η+ −

    + +        

� �  be the probability that the measurement yields the 

result 
2uS = +
�  if the state of the atom were ( )z z+ − . The probability that a 

measurement of uS  yields the result 
2

+
�  whatever the state ( )Tψ  be is  

( ) ( ) ( )
2 2 2S z z z zP T P T P Tη η+ + − −

     ℘ + = + + + +     
     

� � �         (48) 

and the probability that a measurement of uS  yields the result 
2

−
�  whatever 

the state ( )Tψ  be is  

( ) ( )
2 2 2z z z zP T P Tη η+ + − −

     ℘ − = − + −     
     

� � �             (49) 

with obvious notation. The relation  

1
2 2

   ℘ + +℘ − =   
   

� �                         (50) 

holds. 
The following diagram illustrates the process just described. 

 

 
 

The probabilities 
2

 ℘ + 
 

�  and 
2

 ℘ − 
 

�  depend on the polar angle ϑ . If  
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0ϑ  , the same holds for the inverse of the relaxation time τ ; see Equation 
(41). For T τ� , the atom “has no time” to decay to one of its preferential states 
during its passage through the magnet. The probability that it will remain in the 
Schrödinger channel is ( ) 1SP T 

. Hence  

1
2

 ℘ + 
 

�
                        (51) 

0
2

 ℘ − 
 

�
                        (52) 

(Figure 4(a)). In this case the difference between SPA and OQM predictions is 
irrelevant. 

When ϑ  increases, the relaxation time τ  and the probability ( )SP T  
decrease and the sum ( ) ( )z zP T P T+ −+  increases, see Equations (41), (43) and 
(47). If the experiment is performed with a beam of atoms, the number of atoms 
abandoning the Schrödinger channel and exiting the magnet either in the state 

z+  or in the state z−  increases with ϑ . 
A measurement of uS  performed on an atom in the state z+  may yield 

either the result 
2

+
�  or the result 

2
−
� ; the same holds for an atom in the state 

z− . As the probability 
2

 ℘ − 
 

�  increases, the probability 
2

 ℘ + 
 

�  decreases; 

see Equation (50). Plate P registers the impacts corresponding to both results 
(Figure 4(b)). 

If 2ϑ = π , the probability that the atom will remain in the Schrödinger 
channel during its flight through the magnet is almost null. As ( ) 0SP T 

, the 
sum ( ) ( ) 1z zP T P T+ −+ 

. Taking into account Equation (44), it is easily 
concluded that  

( ) ( ) 1
2z zP T P T+ −                      (53) 

If the atoms enter the magnet in the state ( )0 uψ = + , almost a half of them 
will decay to z+  and the other half will decay to z−  while flying through 
the magnet. A measurement of uS  performed on an atom in the state z+  

may yield either the result 
2

+
�  or the result 

2
−
�  with the same probability. This 

assertion is also valid if the state of the atom is z− . As 
 

 
Figure 4. Registers on plate P of the measurement of uS  according to SPA. The results 
depend on the polar angle: (a) 0ϑ  ; (b) 6ϑ = π ; (c) 2ϑ = π . 
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1
2 2 2

   ℘ + ℘ −   
   

� �
                      (54) 

the intensity of the traces on plate P corresponding to both results will be very 
similar (Figure 4(c)). 

3.3.3. SPA Vs. OQM: Which One Is Valid (If Any)? 
Taking into account the previous analysis we can assert that:  

1) either all the atoms hit the same point on plate P (which depends on the 
polar angle ϑ ), as shown in Figure 3; or 

2) the atoms make impact in one of the two opposite points on plate P as 
shown in Figure 4; here the positions of the opposite points depend on the polar 
angle and the rate between the number of impacts corresponding to the  

eigenvalues 
2

−
�  and 

2
+
�  of uS  grows with ϑ . 

In the first case we should conclude that when flying through the magnet 
N S−  no atoms abandon the Schrödinger channel. The predictions of OQM 
would be confirmed. In the second case we should conclude that when flying 
through the magnet N S−  some atoms do abandon the Schrödinger channel, 
the number of them exiting the magnet N S−  increases with the polar angle 
and takes a maximum for 2ϑ = π . The predictions of SPA would be confirmed. 

4. Discusion and Conclusions 

John Bell points out: “In the beginning natural philosophers tried to understand 
the world around them. Trying to do that they hit upon the great idea of 
contriving artificially simple situations in which the number of factors involved 
is reduced to a minimum. Divide and conquer. Experimental science was born. 
But experiment is a tool. The aim remains: to understand the world. To restrict 
quantum mechanics to be exclusively about piddling laboratory operations is to 
betray the great enterprise. A serious formulation will not exclude the big world 
outside the laboratory” [20]. 

OQM is fine for all practical purposes. But besides excluding the big world 
outside the laboratory, its formulation lacks precision. The central notions of 
system, apparatus and measurement are neither included as primitive concepts 
nor defined in the theory. To circumvent this ambiguity—says Bell—discretion 
and good taste (born from experience) are needed ([39], p. 160). It would be 
perhaps possible to improve OQM by replacing these ambiguous notions. 
“However, the idea that quantum mechanics, our most fundamental physical 
theory, is exclusively even about the results of experiments would remain 
disappointing” [20]. 

SPA is a version of quantum theory grounded on philosophical realism. It is 
not about the results of experiments; it talks about what happens [16]. It has 
been precisely formulated [12]. The notion of system is introduced as a primitive 
concept and those of apparatus and measurement are not included in its 
formulation. Spontaneous and measurement processes are treated on the same 
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footing [16]. In SPA transitions to the continuum are spontaneous processes. 
The expressions of the probability density per unit interval of energy resulting 
from SPA and from OQM treatments coincide approximately and Fermi’s 
golden rule is obtained [15]. 

In the framework of OQM, it is agreed that time-dependent perturbation 
theory (TDPT) must be used for solving all problems involving time, including 
spontaneous time-dependent processes. We have questioned TDPT on the 
following grounds: accounting for spontaneous time-dependent processes requires 
the application of a law (the projection postulate) which is not valid in such 
processes [40]. In the same direction, contradictions reminiscent of Zeno’s 
paradoxes of motion have been pointed out [41]. By contrast, SPA has no 
relation with TDPT. Hence it does not confront these issues. 

According to SPA the Schrödinger equation not only rules processes where 
the system has no preferential set, but it also rules most processes where the 
system does have a preferential set. Spontaneous projections seldom occur. It is 
worth noting that spontaneous projections and projections resulting from OQM 
measurements share several traits. In particular, the mathematical expressions 
for the corresponding probabilities are quite similar; see Section 2.3. 

The rule forcing the state vector to remain continuous as long as no measure- 
ments are performed poses a serious problem for OQM. By contrast, assuming 
that spontaneous projections are natural processes, SPA succeeds in stopping the 
endless ramifications resulting from Schrödinger evolution; see Section 2.4. 
Hence if SPA is valid there should be no paradoxes such as that of Schrödinger’s 
cat. 

SPA exhibits several advantages over OQM, but OQM enjoys the prestige of 
old age. In order to put both theories to the test, in this paper we suggest an 
experiment where at least one of them should fail. We study the behavior of a 
silver atom, initially in an eigenstate of the u-component of the spin, placed in a 
uniform magnetic field. 

Assuming the validity of OQM, in Section 3.1 we find the state of the atom at 
a certain time LT . 

Assuming the validity of SPA, in Section 3.2 we find the possible states of the 
atom at the same time LT . 

In this particular case, the experimental predictions of SPA are radically 
different from those yielded by OQM. The resulting contradiction could be 
decided by means of the experiment described in Section 3.3. 

Until today OQM experimental predictions seem to have no exceptions. 
Should the experiment mentioned yield the results predicted by SPA, it would be 
the first time that OQM experimental predictions fail. 
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Abstract 
Work on quantum entanglement is currently emphasizing the nonlocal na-
ture of theories that attempt to explain spatially separated Einstein-Podolsky- 
Rosen (EPR) correlation experiments. It is frequently claimed that nonlocal 
instantaneous influences, or equivalently a breakdown of Einstein’s separa-
tion principle, are a signature property of (quantum) entanglement. This pa-
per presents a categorization of the various forms of nonlocality in physical 
theories. It is shown that, even for Einstein’s theory of relativity, correlations 
of spatially separated measurements cannot be explained without the involve-
ment of some nonlocal or global knowledge and facts. Instantaneous Influ-
ences at a distance are, however, in a special category of nonlocality and, as is 
well known, Einstein called them spooky. Following a separation of nonlocal-
ities into four distinctly different categories 0, 1, 2, 3, with number 3 corres-
ponding to theories containing instantaneous influences at a distance, I show 
that any theory of EPR experiments must be at least in category 1 or 2 and 
does not need to be in category 3. In particular, the Bell theorem, valid for 
category 0 theories, may be violated for categories 1 and 2 and does not re-
quire category 3 theories. Category 0 enforces Bell’s theorem. However, it 
does not apply to relativistic theories of space like separated measurements.  
 

Keywords 
Bell’s Theorem, Einstein’s Separation Principle, EPRB Experiments 

 

1. Introduction 

The EPR Gedanken-experiments [1] were originally designed to show that quan-
tum mechanics is either involving velocities higher than the speed of light in va-
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cuum or is incomplete. Such experiments were later suggested by Bohm (EPRB), 
in a specific form, for correlated particles with spin and measurements with 
Stern-Gerlach magnets. The experiments have actually been performed with 
optical polarizers measuring correlated (commonly called entangled) photon 
pairs. 

The incompleteness of quantum mechanics was suspected by Einstein, be-
cause of the possible existence of hidden variables in the theory of EPR experi-
ments. However, John Stuart Bell [2] claimed that he could prove that no hidden 
variables can exist in any EPR-type theory that uses exclusively the physics of 
Einstein as opposed to quantum theory. (Bell used actually the phrase “classical 
physics” instead of the “physics of Einstein”. The term “classical physics” is, 
however, not clearly defined and usually refers to physics that violates the Un-
certainty Principle. Such violations are not permitted in the EPR Gedan-
ken-experiment, which was constructed in a way to avoid violations of this es-
tablished quantum principle.) 

As a consequence of Bell’s denial of the existence of hidden variables, the EPR 
logic leads necessarily to some violations of the limiting nature of the speed of 
light. This fact was only reluctantly accepted even by Bell himself, but is now ac-
cepted by a significant majority of the physics community who believes that en-
tanglement does just that. It is widely assumed that instantaneous influences are 
exerted over arbitrary large distances between entangled particles or equivalently 
that entangled particles exhibit a “quantum nonlocality”. They cannot be entire-
ly separated but carry with them some properties that are rigidly connected to 
each other irrespective of space-like distances. Thus, Einstein’s separation prin-
ciple that is the basis of the EPR paper [1] is said to be violated by entanglement. 

However, no experimental proof of instantaneous influences (or a violation of 
Einstein’s separation principle) has ever been provided for any given entangled- 
particle-pair measurement. Nor can it ever be provided, because of the random 
outcome of the single measurement events. Any proof of instantaneity for a giv-
en pair would necessarily involve instantaneous information transfer at a dis-
tance, which contradicts the theory of relativity. Such possibility is indeed enter-
tained by many science writers. 

Experts on EPR questions, however, point to Bells theorem and to statistical 
experiments involving significant distances to justify their acceptance of such 
instantaneous influences. However, as we will see, Bells theorem depends sensi-
tively on the actual meaning of the words “quantum nonlocality” as opposed to 
“local”, words that are used when stating what the theorem means. A stalemate 
usually occurs at this point of discussions, because most of Bell’s followers claim 
that the word “quantum nonlocality” is of a nature unknown to our macroscopic 
world and we can, therefore, not find any valid analogies about it. 

It is the purpose of this paper to show that “nonlocalities” in physical theories 
(including Bell’s) may be subdivided into 4 categories. The Bell theorem of the 
non-existence of hidden variables is shown to be valid in category 0 but may be 
violated in categories 1, 2 and 3. Only the theories of category 3 violate Einstein’s 
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separation principle. This means that the Bell theorem is not sufficient to guar-
antee membership of any EPR theory in category 3. 

2. Illustrations of the Nonlocal Content in Physical Theories 

As the first example for nonlocal content consider Einsteins special relativity and 
corresponding experiments: we must assume that the speed of light in vacuum is 
the same everywhere in empty space. This nonlocal (global) knowledge is a 
postulate of special relativity. Furthermore and most importantly, any observa-
ble physical events in different macroscopic inertial systems are linked by their 
relative velocity and their theory must, therefore, involve nonlocal knowledge. 

As a second example consider EPRB-type experiments and corresponding 
theories, which are about macroscopically detecting separate and distant mea-
surement events corresponding to entangled pairs emanated from a common 
source. We encounter here the difficult task of asserting experimentally and 
theoretically which of the single detections have indeed originated from entan-
gled pairs. The difficulties of this task arise because of the existence of quantum 
fluctuations that influence all measurements related to atomic and subatomic 
phenomena. This difficult task of pairing the single outcomes is the last step of 
the data formation process in EPRB experiments, which must produce data for 
the products of two distant measurement outcomes. That last step involves non-
local knowledge and facts; a crucial point that is usually ignored. 

It appears then that correlations of space-like separated measurements cannot 
be understood by a completely local theory, nor is the process of data formation 
completely local. However, Bell stated himself the following about the meaning 
of his Theorem: “But if [a hidden variable theory] is local it will not agree with 
quantum mechanics, and if it agrees with quantum mechanics it will not be lo-
cal. This is what the [Bell] Theorem says”. 

Bell refers, of course, to the quantum mechanics of EPRB experiments and to 
experimental results that agree to a very good approximation with that quantum 
mechanics. Proving the Theorem involves a mathematical inequality [2] that 
contradicts quantum mechanics. 

As we just have seen, all theories and experiments of spatially separated events 
must involve some nonlocal knowledge. Why, then, did Bell need a mathemati-
cal inequality to prove what he claims “the Theorem says”? The contradictions 
to Bells inequality [2] and similar Bell-type inequalities are the crux of Bells 
claim. One could restate Bells explanation of the meaning of his Theorem by: 

“But if [a hidden variable theory] is local, it will obey Bell-type inequalities, 
and if it agrees with quantum mechanics it will not be local.” 

The above examples show, however, that nonlocal (global) knowledge is in-
deed involved in any non-trivial theory of correlations of separated systems and 
events. All EPRB-experimenters rely on some form of post-processing, which 
accomplishes the bringing together of the results of the single measurements and 
in itself requires a nonlocal knowledge of facts. Nonlocal (global) knowledge 
must be contained in any specific labelling of the experimental data that is used 
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for the pairing of distant events. 
We must, therefore, ask what precisely the word “local” means in Bells theo-

rem. Why is it not clear without any inequality and theorem that some nonlocal-
ity is involved in both theory and experimental data as soon as we talk about 
space-like separated measurements and their correlations? What kind of nonlo-
cality did Bell actually identify by his inequality and why should this fact have 
any special significance? There also exist numerous text-book tutorials involving 
the two characters Alice and Bob, who have exclusively local knowledge and try 
to explain EPRB experiments. How can they work without any nonlocal know-
ledge and again what does nonlocal mean? 

In order to answer these questions with precision, I propose the following ca-
tegorization of local and nonlocal theories. 

3. Categories of Nonlocality 

I wish to define four mutually exclusive categories of locality or nonlocality of 
theories that correlate space-like distant events: 
 Category 0: Any physical theory that exclusively uses local knowledge of 

facts and data that are immediately available to the local experimenters and 
only to them. 

 Category 1: Any physical theory that uses nonlocal (global) knowledge of 
facts, which is precisely the same than (or physically equivalent to) the non-
local (global) knowledge of facts that the formation and labeling of the expe-
rimental data necessarily involves. This category includes theories that con-
sider the experimental processing of data, which originally have been ob-
tained at two or more different locations, for the purpose of comparison. 

 Category 2: Any physical theory that uses nonlocal (global) knowledge of 
facts beyond that of category 1 but is itself not contained in the theory-sets of 
category 3. 

 Category 3: Any physical theory that involves a measurement event at one 
location that determines instantaneously the outcome of a measurement 
event at a space-like separated location. Both measurements must be related 
to two or more physical entities (such as electrons or photons) that are 
“nonlocally connected”. The words “nonlocally connected” mean that the 
physical entities violate Einstein’s separation principle as defined in [1]. This 
nonlocal connection is currently thought to describe the nature of entangle-
ment. 

As shown in the next section, categorizing the main theories of physics, in-
cluding relativity and quantum mechanics, suggests the following epistemologi-
cal acceptability of categories: 

Theories of category 0 and 1 that are used to describe correlations of distant 
measurement events are entirely acceptable. Correlations of measurement events 
described by category 2 are acceptable, but call for investigations to transform 
the theory into category 1. Category 3 theories are the only theories that use 
nonlocal “knowledge” that is not exclusively about macroscopically measurable 
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facts. Therefore, theories of category 3 are not of the type that Mach found ap-
propriate and venture into the realm of what Einstein called spooky. They can 
only be accepted if there is no viable theoretical path in categories 0, 1 and 2. 

It was already discussed above and is illustrated in more detail below that 
there exist no nontrivial category 0 theories of correlations between space-like 
separated measurements. It will also be shown that the Bell theorem, which is 
clearly valid for category 0 theories, may be violated in theories of all other cate-
gories and does, therefore, not specifically require a theory of category 3. 

4. Examples to Illustrate the Nonlocality-Categories 

As a first example that illustrates nonlocal categories take Newtons theory of 
gravitation. This theory assumes an instantaneous gravitational force acting be-
tween the sun and planets. The experiments that attempt to confirm this theory, 
however, are all performed by optical observations, which have the speed of light 
in vacuum as upper limit. Newtons theory is, therefore neither of category 0 nor 
of category 1. Simplified model systems such as point-masses and a fixed sun 
may be put into category 2, with category 3 being a possibility that cannot nec-
essarily be excluded for more complex models. Einstein transformed the theory 
of gravitation into category 1. The recent measurements of gravitational waves 
gave a brilliant confirmation to this fact. 

Take as another example an experiment from Einsteins special relativity. Alice 
and Bob are flying in two separate spaceships. Each of their spaceships contains 
an identical clock fabricated before departure. Einsteins special relativity gives 
the theory of the clock-times that Alice and Bob may determine by measure-
ments and observations. We do not need to repeat here Einsteins solution, 
which is given in many elementary texts. The theory uses only the global know-
ledge found by all actual experiments and that forms the basis of the experi-
ments: the velocity of light in vacuum and the global validity of the same physi-
cal law independent of the uniform motion of the systems in question. Thus, 
according to our postulate, there is no need to suspect spooky influences. How-
ever, it is also clear that Alice and Bob could not determine the clock correla-
tions without knowing anything of each other. The requirement of category 0 to 
use exclusively knowledge that is locally available to them also excludes the rela-
tive velocity of the other spaceship and the identity of the velocity of light in va-
cuum at all spatially separated locations. Membership in category 0 thus pre-
vents any meaningful theory of clock rates that Alice and Bob would observe. 
For example, how could they form a theory for the probability that both clocks 
are pointing to times in the first quarter (12 - 3) without knowing anything 
about the other spaceship? How could they predict the clock-times when the 
spaceships are finally brought together again (compare to post-processing of da-
ta)? Actual measurements of the relative velocity of the other spaceship permits 
the explanation of the clock-times by a category 1 theory as Einstein has shown. 

Many body quantum theory, our third example, is very complex. It certainly 
cannot be placed into category 0. Some quantum physics has used global gauge 

https://doi.org/10.4236/jmp.2019.1010080


K. Hess 
 

 

DOI: 10.4236/jmp.2019.1010080 1214 Journal of Modern Physics 
 

fields, which would correspond to category 2 frameworks. Modern teachings tell 
us how global gauge fields may be promoted to local ones and put the theory in-
to category 1, which is commensurate with the Machian design of quantum me-
chanics by some of its fathers. However, many researchers of the quantum en-
tanglement area and all science writers, have moved quantum mechanics into 
category 3 on the basis of Bell’s theorem; incorrectly as we will see. 

5. Nonlocal Relativistic Factors Involved in EPRB Theories  
(Models) 

From the above examples, we can deduce that the postulate of exclusively local 
knowledge (category 0) prevents Alice and Bob to find any relativistic theory of 
clock-rates in spaceships. Relativistic theories necessarily depend on the velocity 
of both spaceships (the relative velocity of the spaceships to each other). The re-
turn and reuniting of the spaceships involves also nonlocal factors. However, 
Einsteins relativity is clearly of category 1, because the relative velocity and the 
return of the spaceships are part of the experiments and the process to obtain the 
data (compare to post-processing of data in EPRB experiments). 

It is worthwhile to note that the relativity of events in two or more space-like 
separated locations, taken in its most basic meaning of the word “relative”, nec-
essarily involves nonlocal facts. However, the relativity of space-like separated 
events does not mean that Einstein’s separation principle is violated. Take for 
example a double-barrel that shoots bullets into two directions. The bullets hit 
wooden planks with different thickness and strength in two separate locations. 
The bullets are detected if and only if they break through the wooden planks. 
The question of how many pairs of bullets break through the planks on average 
cannot be theorized about if one does not know the thickness of the planks on 
both sides. Therefore, a theory of category 0 cannot explain this elementary ex-
periment. (As an aside, the probability for both bullets of a pair to break through 
planks with different thickness is, in general, not equal to the product of the sin-
gle probabilities to break through on the respective side (equality being a signa-
ture feature of Bell-type proofs.) 

Deeper relativistic aspects come to light if we consider the actual interactions  

of the particles with the measurement equipment. Consider spin 1
2

 particles  

interacting with Stern-Gerlach magnets and attempt to explain the interaction in 
terms of Einstein’s physics (we defer the quantization to a later choice of the 
range of possible experimental outcomes). 

The single particles approaching the Stern-Gerlach magnet system obey a 
symmetry by rotations of 4π, while the macroscopic magnet-symmetry is for ro-
tations by 2π. The total system of entangled pairs (in the singlet state) plus mag-
nets has also a 2π rotational symmetry. Each single collision in the separate 
EPRB wings involves relativistic interactions of the incoming single particles (4π 
rotational symmetry) with those of the equipment (2π symmetry). Because of the 
existence of the (2π) rotational symmetry of the system as a whole, there must be 
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some “connection” for the macroscopic outcomes of the two separate single col-
lisions that is noticeable over longer time periods. This connection must reflect, 
on average, the symmetry of the whole system (rotations by 2π). 

If one aims, however, for a more detailed description of the measurement 
outcomes (data) including the single collisions, it is not sufficient to consider 
only the symmetry of the whole system. One needs then to consider the dynam-
ics of the single collisions on each side and, in addition, a space-time correlation 
for the pair-outcomes describing the remnants of the overall symmetry “carried” 
by the single particles. A model of the single measurements on both sides that 
just includes the magnet directions without any trace of the space-time dynamics 
is certainly oversimplified. Even a very simple model of such a complex situation 
cannot work with a description that considers exclusively, in a dice-game-like 
manner, space-like entities. Any model that attempts to provide some realistic (if 
the word is permitted) description of the measurement outcomes needs at least 
to include some remnants of the space-time dynamics such as the measurement 
times in the laboratory system, as I have emphasized in several previous publica-
tions. The measurement time then carries the significance of representing the 
hidden or rather suppressed variable. 

But what about Bell, who claims to have proven with his inequalities that hid-
den variables do not exist. Here lies one of my major points. Measurement times 
cannot and must not be included in Bell’s theory. Walter Philipp and I have 
proven a theorem (theorem 2 in reference [3]) that means the following: Bell- 
type inequalities may be and even must be violated, if Bell’s functions depend on 
the measurement times in addition to the magnet (polarizer) directions. 

The quantum mechanical treatment has eliminated the use of space-time re-
lated effects for the single outcomes, because it does not consider the single out-
comes and it uses the rotational symmetry of the whole system (2π) to calculate 
the averages over many experiments. The detailed dynamics of single particle 
equipment interactions are of no concern for what one can calculate, much to 
the advantage of the quantum theory. For interpretational questions, however, 
one must include invariably space-time, or equivalent concepts, in a more de-
tailed way, because the macroscopic world of the data is currently only unders-
tandable in space-time or at least space and time. No better substitute has been 
offered yet. Space-time emerges, thus, as the “hidden” or rather suppressed va-
riable. Its partial suppression in quantum theory permits us to “shut up and cal-
culate”. 

6. Nonlocal Facts and Labeling of EPRB Measurement Data 

To answer the question into which category theories of EPRB experiments may 
belong we need to know also nonlocalities that are necessarily used to label the 
data of these experiments. 

Discussions of EPRB experiments frequently involve arguments with the two 
characters Alice and Bob that may be located arbitrarily far away from each oth-
er. They know everything about quantum physics and EPRB experiments but 

https://doi.org/10.4236/jmp.2019.1010080


K. Hess 
 

 

DOI: 10.4236/jmp.2019.1010080 1216 Journal of Modern Physics 
 

they do not know anything about each other, because of the arbitrarily large dis-
tance between them, which may be light years. They must be able, however, to 
take data characterizing the EPRB measurements and label them. To be con-
crete, we consider the modern experiments of groups (e.g. [4]) that often use 
optical fibers to transmit and detect the single signals corresponding to photon 
pairs emanating from a common source and being detected after passing pola-
rizers. 

We assume here for the sake of argument that we have very long fibers, thou-
sands of kilometers to each side so that a whole experimental sequence of mea-
surements on many single pairs may be completed before Alice or Bob could 
obtain any information from each other. Alice and Bob, therefore, know nothing 
about each others measurements and have performed all their measurements 
independent from the other side. These measurements are taken with two ran-
domly different polarizer directions denoted by unit vectors, a and d at Alice’s 
location and b and c at Bob’s, respectively. (Bells original theory deals with the 
special case d = b.) 

Thus, we assume that Alice has been given the end of an optical fiber and a 
polarizer that measures the transmission of single photons from that fiber-end 
for a certain polarizer direction that Alice denotes e.g. by unit radius vectors a or 
d using her own coordinate system. Bob does the same with polarizer settings b 
or c defined in his respective coordinate system. They both create data when 
their detectors click and label the clicks with their own polarizer direction vec-
tor. (One can imagine an analogous experiment with spin 1/2 particles and 
Stern-Gerlach magnets.) 

The goal of these EPRB experiments is to determine the frequency (related to 
the probability) of common clicks for the 4 different given setting pairs a, b; a, c; 
d, b and d, c, in order to use these data to perform a so called Bell-test [4]. This 
determination is, as discussed above, impossible without the knowledge of fur-
ther global facts. Assume for the moment, however, that we somehow are able to 
correctly pair detector clicks in the respective stations using a common vector 
space for the polarizer or magnet directions. Then we obtain certain frequencies 
and corresponding probabilities for each of the different polarizer-setting pairs. 

Is it then possible to obtain the probabilities for detector clicks in both sta-
tions and compare them with the quantum result? The answer is no! We are still 
missing an important piece of information, because we do not know how the fi-
bers have changed the polarization. To find this polarization change, we need to 
know for which pairs of polarizer settings all entangled pairs produce either a 
certain double click thus showing complete correlation (or equivalently an-
ti-correlation as discussed in Bells original papers [2]). Knowledge of this latter 
fact is also an important part of Bells theory. Without this knowledge of the po-
larizer settings and detector ordering for complete correlation (or anti-correla- 
tion), neither Bells theory nor quantum theory can be related to the measure-
ment results. How can Alice and Bob obtain this knowledge and label the data 
correspondingly? A relatively easy way is for Alice to take one setting-vector in 
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station one, say a, and search in station 2 for the setting vector a* that always 
leads to detector clicks when a click for a is obtained. This can, of course, only be 
achieved by letting Alice and Bob work together and know the outcomes of both 
stations, which represents a highly nonlocal procedure. To be complete, we also 
need to determine d* as well as b* and c*. 

If we like to include the additional complication of quantum fluctuations and 
very large distances, we need to let Alice and Bob use certain additional tools, 
e.g. correlated clocks, in order to determine which of the clicks likely belong to 
pairs; or we need to invoke other additional global knowledge such as global 
thresholds. We can see from this discussion that nonlocality cannot easily be 
banned from the physics of correlations and we need a clear definition of which 
type of nonlocality is spooky as Einstein called it, and not scientifically permit-
ted, and which type is permitted and must even be used to exorcise the spook 
and to demonstrate a natural correlation (or even causation). 

7. Analytical Form of EPRB Theories of Category 3 

EPRB theories that embrace Einstein’s relativity and address separate measure-
ments of entangled (or just correlated) pairs use the functions ( ),A j�  in one 
wing of the EPRB experiment and ( ),B ′j �  in the other. The variable j may 
assume, for example, the values a, d and j' may assume the values b, c. The do-
main of the functions includes thus a variable representing the magnet (or pola-
rizer) settings and other variables that do not necessarily represent numbers but 
may represent more complex elements of physical reality such as space-time or 
objects in space-time. 

The co-domain (range) of the functions is frequently taken as some outcome 
of spin-measurements such as up (+1) or down (−1) (quantization). However, it 
is clear that “up” is only well defined with respect to a given magnet (polarizer) 
setting and needs, from a more strict point of view, further labeling when mul-
tiple magnet (polarizer) settings are involved. It is not at all a priori clear wheth-
er or not “up (+1)” with an a direction of the magnet is physically or mathemat-
ically the same as “up (+1)” for a b direction of the magnet when multiple mea-
surements with multiple magnet directions are involved. We do not address this 
point in most of the following discussions, but instead refer below to a publica-
tion that deals with complexities of the co-domain. Our main interests are re-
lated to questions regarding the domain of the functions A, B. 

We ask ourselves the question whether there are distinct properties of the 
domain that signify the presence of instantaneous influences at a distance (a vi-
olation of Einstein’s separation principle). The answer to this question is as fol-
lows. 

The functions ( ),A j�  indicate the presence of instantaneous influences at a 
distance, or equivalently a breakdown of Einstein’s separation principle, if and 
only if they are equivalent to functions ( ), ,A′ ′j j �  i.e. functions that include 
explicitly the variable corresponding to the magnet settings of the other wing of 
the EPRB experiment. Obviously this condition is sufficient to describe an in-
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stantaneous dependence on the magnet (polarizer) setting of the other side. It is 
also necessary, because otherwise no instantaneous change of the outcome value 
of A depending on magnet position can be achieved. Analogous reasoning ap-
plies for the functions B. 

8. Category 1 and 2 EPRB Theories 

In contrast to the immediately identifiable mathematical form of nonlocal cate-
gory 3 theories, one cannot find a straightforward way to determine which ma-
thematical form of functions puts the theory clearly into nonlocal category 1 or 
2. The mathematical signatures of general global (nonlocal) knowledge that may 
be used in EPRB theories are numerous. Such signatures may be present in both 
domain and codomain of the functions. They also may shape the graph of the 
function and no specific and succinct criterium can be given for the func-
tion-forms that A, B must assume to be in nonlocal categories 1, 2 without de-
tailed investigations of the involved specific physics. 

Membership in a particular category other than 3 and 0 may only be deduced 
by extended physical reasoning. For example, the equipment settings a* and d* 
that guarantee the complete anti-correlation to the outcomes with Alices settings 
a and d, respectively, must be known by Bob in order to properly label his mea-
surement results. Therefore, a corresponding theory using Bobs nonlocal labe-
ling belongs still to nonlocal category 1. 

These complexities have impeded the detailed modeling of EPRB experiments 
by category 1 and 2 EPRB theories. However, several such theories are available 
in the literature and four examples are given in this section by pointing to refer-
ences. It would be too complicated to report the detailed reasoning in these ref-
erences but the main lines include the introduction of measurement time in the 
first two, the introduction of the mathematics of dynamical systems for the third 
and the explicit use of symmetries for the fourth. Finally I point to the confe-
rences organized by Andrei Khrennikov for a world of further information. 

In paper [5], the nonlocal knowledge involved is a globally known threshold 
for photon detection as well as a common vector space that is used in both EPRB 
wings to label the polarizer settings. Both pieces of global knowledge are also 
used by the experimenter and therefore the theory belongs to nonlocal category 
1. No instantaneous influences are needed. The paper shows a clear contradic-
tion to Bell-type inequalities and thus Bells theorem if it refers to nonlocalities of 
category 3. 

In paper [6], the nonlocal knowledge involved is that of the magnet (polarizer) 
directions leading to perfect anticorrelation and the choice of a coordinate sys-
tem for any given magnet or polarizer orientation of one experimental wing. 
This knowledge is used also by the experimenters and, therefore, up to this point 
the theory is of category 1. Furthermore, however, a global random function of 
time rm(t) is used. The reason that Bell’s theorem cannot capture such an ap-
proach related to measurement time is his assumption that puts all the variables 
of the domain of A as well as B on the same probability space. As shown by the 
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above mentioned theorem [3], measurement time and magnet settings cannot be 
on the same probability space. Global functions rm(t) represent, of course, a 
remnant of nonlocality and are not used by experimenters. This puts the theory 
of this paper into category 2. However, such remnant nonlocalities (e.g. a global 
negative electron charge or any global symmetry) are completely different from 
instantaneous influences between one measurement event and a spatially distant 
event i.e. category 3. 

For completeness, I like to add that the above considerations are not covering 
all the past and current work of dealing theoretically with EPRB experiments 
and finding contradictions to Bell-type inequalities. 

For example, Luigi Accardi [7] has made early investigations of the dynamics 
of EPRB experiments in rigorous mathematical form. 

Marian Kupczynski [8] has made many significant contributions and has re-
cently closed the door on quantum nonlocality. 

Joy Christian [9] used a more general codomain for the functions A, B as 
compared to the work described above, which only uses Bells original codomain 
of A, B = +1 or −1. Christian has attempted to show that his theory is within 
category 1. The complications of such assessment are beyond the scope of this 
discussion. However, as far as I understand it, Christians framework is at least in 
category 2 and certainly not in category 3. 

Last, but not least, Andrei Khrennikov has made many important contribu-
tions in journals, books and conferences that he organized over decades. Many 
references to his work as well as papers of and references to other notables can 
be found in a special issue on this subject [10]. 

9. Conclusions 

A quantum nonlocality violates Einstein’s separation principle, and a theory that 
contains a quantum nonlocality is of category 3. I have shown, however, that 
nonlocal theories of category 1 and 2 exist that explain EPRB experiments and 
are based on Einstein’s physics and the validity of his separation principle. These 
category 1 and 2 theories also agree with the quantum result for EPRB correla-
tions and thus violate Bell-type inequalities. Bell’s theorem stating that any local 
theory validates Bell-type inequalities is still correct. Completely local theories 
(category 0) do indeed validate Bell-type inequalities but cannot cover non-trivial 
relativisitc theories, because of the very definition of the word relativity, which 
requires viewing a system relative to another system (a nonlocal requirement). 
This nonlocality of relativistic theories is, however, not of category 3, which re-
quires a breakdown of Einstein’s separation principle. 

A simplified explanation of these very formal distinctions and corollaries may 
be given in the following way. It is commonly assumed that entangled particles 
do not obey Einstein’s separation principle, because the single particles carry 
properties that do not only depend on themselves but also on the other particles 
of the entangled system. This latter assertion is thought to invalidate Einstein’s 
separation principle and is also seen as equivalent to the consequences of Bell’s 
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theorem that requires nonlocality if one wishes to obtain the quantum result. 
These factors seem to present a shut and closed case for the Bell theorem and the 
concept of entanglement that violates Einstein’s separation principle. Instead we 
are dealing here with a logical circle that can only be broken by the use of precise 
categorization as shown above. 

The properties of the particle-pair that are not independent but nonlocal may 
just be properties of symmetry: the symmetry property of the single particles, the 
symmetry properties of the equipment with which they interact and the symme-
try of the system as a whole. These various symmetries leave a trace in the single 
EPRB measurement outcomes for both measurement stations. As a conse-
quence, the single-pair measurement outcomes are somehow linked to each 
other; a fact that may be described for interpretational purposes by the space- 
time dynamics of particle equipment interactions. In other words one needs to 
discuss details related to the dynamical interactions with the measurement 
equipment that quantum mechanics wisely avoids considering (at the risk of be-
ing incomplete). Considerations of many body interactions with the equipment 
help avoid any violation of Einstein’s separation principle and remove the 
“weirdness” of quantum interpretations, at least as far as EPRB experiments and 
theories are concerned. Such considerations are, of course, of great complexity 
and reduce the effectiveness of quantum mechanics, which rests on the repre-
sentation of polarizers and Stern-Gerlach magnets by unit vectors in three di-
mensional space. As I have shown, however, the mere addition of a time variable 
in the functions A and B (symbolizing correlated dynamic processes) is suffi-
cient to avoid the pitfalls of model-oversimplification and allows violations of 
the Bell theorem in categories 1 and 2. 
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Abstract 
We have obtained exact static plane-symmetric solutions to the spinor field 
equations with nonlinear terms which are arbitrary functions of invariant  

( )22 5
pI P iψγ ψ= = , taking into account their own gravitational field. It is 

shown that the initial set of the Einstein and spinor field equations with a 
power-law nonlinearity have regular solutions with a localized energy density 
of the spinor field only if 0m =  (m is the mass parameter in the spinor field 
equations). Equations with power and polynomial nonlinearities are studied 
in detail. In this case, a soliton-like configuration has negative energy. We 
have also obtained exact static plane-symmetric solutions to the above spinor 
field equations in flat space-time. It is proved that in this case soliton-like so-
lutions are absent.  
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1. Introduction 

The consideration of the nonlinear generalization of classical field theory is the 
only possibility to overcome the shortcomings to the theory which considers 
elementary particles as materials points. Indeed, with this theory, it is impossible 
to get a finite quantity of mass, charge and spin of elementary particles as 
prouved experimentaly. In order to describe the elemetary particles, it is necessary 
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to take account the nonlinear terms in the field equations and their own gravi- 
tational field. In these conditions, we obtain the soliton-like solutions which are 
used in the formation of the fields configurations of elementary particles with 
limited total energy and localized energy density. The concept of soliton is more 
used in pure science for different purpose. It’s studied by many authors in the 
gravitational theory. G.N. Shikin has investigated the basics of soliton theory in 
general relativity. In his work, he has formulated clearly the requirements to be 
fulfilled by soliton-like solutions [1]. In a remarkable paper on the soliton, A. 
Adomou and G. N. Shikin have obtained exact plane-symmetric solutions to the 
spinor field equations with nonlinear terms which are arbitrary functions of the 
invariant S ψψ= , taking into account their own gravitational field. They have 
studied in detail equations with power and polynomial nonlinearities. They have 
shown that the initial set of the Einstein and spinor field equations with a power- 
law nonlinearity has regular solutions with a localized energy density of the spinor 
field only in the case of zero mass parameter in the spinor field, with a negative 
energy for the soliton-like configuration. They have also proved that the spinor 
field equation with a polynomial nonlinearity has a regular solution with positive 
energy. Their study has come out onto the non existence of soliton-like solutions 
in the flat space-time [2]. 

The plane-symmetric solitons of spinor and scalar fiels are studied by B. Saha 
and G. N. Shikin. They have considered a system of nonlinear spinor and scalar 
fields with minimal coupling in general relativity. The nonlinear term in the 
spinor field is given by an arbitrary function depending on the bilinear spinor 
forms S ψψ=  and ( )5P iψγ ψ= . As for the scalar lagrangian, it is chosen as 
an arbitrary function of the scalar invariant ,

,
α

αφ φΩ =  that becomes linear 
when 0Ω→ . The spinor and scalar fields in question interact with each other 
by means of a gravitational field. The gravitational field is given by a plane- 
symmetric metric. They have obtained exact plane-symmetric solutions to the 
gravitational, spinor and scalar field equations. They have also investigated the 
role of gravitational field in the formation of the configurations with limited 
total energy,spin and charge. In general, they have proved that the choice of 
spinor field nonlinearity can lead to the elimination of scalar field contribution 
to the metric functions, but having it contribution to the total energy unaltered 
[3]. V. Adanhoum, A. Adomou, F. P. Codo and M. N. Hounkonnou have 
obtained spherical-symmetric soliton-like solutions of nonlinear spinor field 
equations in gravitational theory. The regularity properties of the obtained 
solutions as well as the asymptotic behavior of the energy and charge densities 
are studied [4]. 

The aim of the paper is to study the role of nonlinear spinor as well as the own 
gravitational field in the formation of configurations of elementary particles with 
localized energy density and limited total energy. In this optic, we choose the 
nonlinear terms in the spinor field equations which are arbitrary functions of 

( )22 2
PI P iψγ ψ= = . 
The rest of the present research work is organized as follows. Section 2 deals 
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with fundamental equations and general solutions. In the first time, we have 
established gravitational and spinor fields equations, using the variational 
principle and usual algebraic manipulations. in the second time, we have obtained 
and analized the general solutions of the basic equations established. In Section 3, 
we have investgated in detail the polynomial nonlinearities equations. Section 4 
addresses to the concluding remarks. 

2. Fundamental Equations and Their General Solutions 

The lagrangian of the nonlinear spinor and gravitational fields can be written in 
the form [3]: 

( ) ,
2 2 2Sp N
R R iL L m Lµ µ

µ µψγ ψ ψγ ψ ψψ
χ χ

= + = + ∇ −∇ − +          (1) 

with R the scalar curvature and χ  the Einstein’s gravitational constant. The 
nonlinear term NL  in spinor lagrangian characterizes the self-interaction of a  
spinor field. ( )N pL F I=  represents an arbitrary function depending on the 

invariant ( )25
pI iψγ ψ= . 

The metric of space-time admitting static plane-symmetric may be written as 
[1]: 

( )2 2 2 2 2 2 2 2d e d e d e d d .s t x y zγ α β= − − +                 (2) 

Here the speed of light C is taken to be unity and the metric functions , ,α β γ  
depend exclusively on the spatial variable x. They satisfy the coordinate condition 
having the form:  

2 .α β γ= +                            (3) 

The general form of Einstein equation is:  
1 ,
2

G R R Tν ν ν ν
µ µ µ µδ χ= − = −                      (4) 

where Gν
µ  is the Einstein’s tensor; Rν

µ  is the Ricci’s tensor; ν
µδ  is the Kro- 

necker’s symbol and Tν
µ  is the energy-momentum tensor. 

Taking into account the metric tensor gµν , the larangian (1) and the varia- 
tional principle, we obtain Einstein’s field equations for the metric (2) under the 
coordinate condition (3) [5] [6]: 

( )0 2 2 0
0 0e 2 2 ,G Tα β γ β β χ− ′′ ′ ′ ′= − − = −                 (5) 

( )1 2 2 1
1 1e 2 ,G Tα β γ β χ− ′ ′ ′= + = −                   (6) 

( )2 2 2 2
2 2e 2 ,G Tα β γ β γ β χ− ′′ ′′ ′ ′ ′= + − − = −              (7) 

2 3 2 3
2 3 2 3, .G G T T= =                       (8) 

Let us write down the spinor field equations for the functions ψ  and ψ  [2] 
[6]: 

( ) 0,pi m F Iµ
µγ ψ ψ ψ′∇ − + =                    (9) 

( ) 0,pi m F Iµ
µψγ ψ ψ′∇ + − =                   (10) 
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with 

( ) 52 .p
p

FF I iP
I
γ∂′ =

∂
                     (11) 

The metric energy-momentum tensor of the spinor field is [5] [6] 

( )
4 Sp
iT g Lν νρ ν

µ µ ν ν µ µ ν ν µ µψγ ψ ψγ ψ ψγ ψ ψγ ψ δ= ∇ + ∇ −∇ −∇ −      (12) 

where spL  with respect to (9) and (10) takes the form 

( ) ( )1 2 .
2

pN N
Sp N P p

p

F IL L
L L I F I

I
ψ ψ

ψ ψ

∂∂ ∂ 
= − + + = − + ∂ ∂ ∂ 

      (13) 

From (13), let us write explicitly the nonzero components of the tensor Tν
µ :  

( ) ( )0 2 3
0 2 3 2 p

Sp p p
p

F I
T T T L I F I

I

∂
= = = − = −

∂
            (14) 

( ) ( ) ( )1 1 1
1 1 1 2 .

2
p

p p
p

F IiT I F I
I

ψγ ψ ψγ ψ
∂

= ∇ −∇ + −
∂

         (15) 

In (9), (10) and (12), µ∇  denotes the covariant derivative of spinor, having 
the form [3] [4] [7] [8] 

or
x xµ µ µ µµ µ

ψ ψψ ψ ψ ψ∂ ∂
∇ = −Γ ∇ = +Γ

∂ ∂
            (16) 

where µΓ  are the spinor affine connection matrices. 
In curved space-time, the Dirac’s matrices µγ  are defined in the following 

way. 
Using the egalities  

( ) ( ) ( ) ,a b
abg x e x e xµν µ ν η=  

( ) ( ) ,a
ax e xµ µγ γ=                        (17) 

where ( )1, 1, 1, 1ab diagη = − − − , aγ  are Dirac’s matrices in flat space-time,  
( )ae xµ  are tetradic 4-vectors, we obtain: 

( )0 0 1 1 2 2 3 3e , e , e , e .xγ α β βγ γ γ γ γ γ γ γ− − − −= = = =       (18) 

From  

( ) ( )1 ,
4

b
ax g e eρ ρ δ σ

µ ρµ µ σ µσ γ γΓ = ∂ −Γ                 (19) 

we get 

2 0 1 2 1 3 1
0 1 2 3

1 1 1e , 0, e , e
2 2 2

β β γ β γγ γ γ γ γ β γ γ β− − − − −′ ′ ′Γ = − Γ = Γ = Γ =  (20) 

The Dirac’s matrices aγ  in flat space-time are chosen as in [8] [9]. 
Using Einstein’s sommation, we find  

11 e .
2

µ α
µγ α γ− ′Γ = −                       (21) 

Taking into account the obtained expression for µ
µγ Γ  (21), we can rewrite 
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the Equations (9) and (10) as follows  

( )1 51e 2 0,
2

p
x

p

F I
i m iP

I
αγ α ψ ψ γ ψ−

∂ ′∂ + − + =  ∂ 
           (22) 

( )1 51e 2 0.
2

p
x

p

F I
m iP

I
α α ψγ ψ γ ψ−

∂ ′∂ + + − =  ∂ 
           (23) 

Further setting ( ) ( )x V xδψ =  with ( )

( )
( )
( )
( )

1

2

3

4

V x
V x

V x
V x
V x

δ

 
 
 =  
  
 

, for the components 
of spinor field one deduces the following set of equations from (22) 

( )4 4 1 3
1 e 2 e 0.
2 pV V im V PF I Vα αα′ ′ ′+ + − =              (24) 

( )3 3 2 4
1 e 2 e 0.
2 pV V im V PF I Vα αα′ ′ ′+ + − =              (25) 

( )2 2 3 1
1 e 2 e 0.
2 pV V im V PF I Vα αα′ ′ ′+ − + =              (26) 

( )1 1 4 2
1 e 2 e 0.
2 pV V im V PF I Vα αα′ ′ ′+ − + =               (27) 

The functions 1V , 2V , 3V  and 4V  are connected by the relations  
2 2 2 2

1 2 3 4 1 4 2 3 3 2 4 1and .V V V V cste VV V V V V V V− − + = + = +        (28) 

The set of Equations (24)-(27), leads to the system of equations for invariant 
functions S ψψ= , 5P iψγ ψ=  and 5 1R ψγ γ ψ= : 

( )4 e 0pS S F I P Rαα′ ′ ′+ + =                  (29) 

( )2 e 4 e 0pR R m P F I P Sα αα′ ′ ′+ + + =               (30) 

2 e 0P P m Rαα′ ′+ + =                     (31) 

Immediately, the solution of the system of equations of the invariant functions 
is 

( )22 2 2 e ,xP R S C α−− + =                      (32) 

.C const=  

Using the spinor field equation in the form (9) and the conjugate one in the 
form (10), we obtain the following expression for 1

1T  from (15):  

( )1
1 pT mS F I= −                        (33) 

Let us now solve the Einstein equation. In view of 0 2
0 2T T= , the difference 

0
0
 
 
 

 - 
2
2
 
 
 

 of the Einstein equations leads to  

0.β γ′′ ′′− =                          (34) 

By integrating, the Equation (34) has the solution  

( ) ( )x x Axβ γ= +                       (35) 

where A is the integration constant; another integration constant has been 
chosen equal to zero since the functions β  and γ  depend only of the spatial 
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variable x. 
From (3), we have  

2 .α β γ′′ ′′ ′′= +                         (36) 

Taking into account (34), we obtain from (36) the following equalities 

( ) ( ) ( ) ( )1 1, .
3 3

x x x xβ α γ α′′ ′′ ′′ ′′= =                (37) 

The solutions to the Equation (37) using (3) and (35) lead to the following 
expressions for ( )xβ  and ( )xγ : 

( ) ( )( ) ( ) ( )( )1 1, 2
3 3

x x Bx x x Bxβ α γ α= + = −           (38) 

where B is the integration constant. Taking into account the expressions (35) 
and (38), we deduce easily A B= . 

The Equation (6) being the first integral of (5) and (7), is a first order 
differential equation. Inserting (38) into (5) and substituting the result into (33),  

we get the Eintein equation 
1
1
 
 
 

 under the form  

( ) ( )2 2 23 e .pA mS F Iαα χ  ′ − = − −                  (39) 

In order to solve the Equation (39), it is necessary to choose massless spinor 
field, i.e., 0m =  according to unified nonlinear spinor theory of Heisenberg. 
The mass term should be obtained after quantization. For details, refer to [10] 
[11] and references therein. 

From (31), for 0m = , 1 d
d
P

P x
α′ = − . Therefore (39) becomes  

( )2 2 2
0

d d .
3 p

P x
A P C F Iχ

= ±
+

                   (40) 

Thus, the general exact solutions of Einstein equations and nonlinear spinor 
field equations are:  

( )
( )0 02 2 2

0

d , .
3 p

P x x x cste
A P C F Iχ

= ± + =
+

∫           (41) 

Let us remark that the general solutions depend on the analytics explicits 
forms of ( )pF I . Indeed knowing ( )pF I , we can find ( )P x  from (41). If 
( )P x  is known, we can determine ( )xα  from (31) and if ( )xα  is known, 

we can determine easily ( )xβ  and ( )xγ  from (38). 
Taking into account ( ) ( )

0e xP x C α−= , we can establish the regular properties 
of the obtained solutions and on the other hand to establish the regularity of the 
metric functions and the matter fields in the whole space-time. Studying the 
energy density 0

0T , we can establish the localization properties of the solutions 
and the finiteness of The total energy [2] [8]. 

Let us resolve the spinor field equations in the following paragraph . We can 
get a concrete form of the functions Vδ  by solving Equations (24)-(27) in a  
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more compacte form if we pass to the functions 2eV W
α

δ δ

−
= , 1,2,3,4δ = : 

( ) ( ) ( )4 3 0W x x W xφ′ − =                     (42) 

( ) ( ) ( )3 4 0W x x W xφ′ − =                     (43) 

( ) ( ) ( )2 1 0W x x W xφ′ + =                     (44) 

( ) ( ) ( )1 2 0W x x W xφ′ + =                     (45) 

With ( ) ( )2 epx F I P αφ ′= . Let us find from the set of first-order Equations 
(42)-(45) to a set second-order equations for the functions 1W , 2W , 3W , 4W . 

We have: 

2
1 1 1 0W W Wφ φ

φ
′

′′ ′− − =                      (46) 

2
2 2 2 0W W Wφ φ

φ
′

′′ ′− − =                     (47) 

2
3 3 3 0W W Wφ φ

φ
′

′′ ′− − =                     (48) 

2
4 4 4 0W W Wφ φ

φ
′

′′ ′− − =                     (49) 

The solution of the Equation (46) is  

( ) ( )( ) ( )( )1 1 2exp d exp dW x C x x iC x xφ φ= + −∫ ∫           (50) 

where 1C  and 2C  are integration constants. 
From (45), the solution of the Equation (47) is  

( ) ( )( ) ( )( )2 1 2exp d exp d .W x C x x iC x xφ φ= − + −∫ ∫          (51) 

Solving analogously Equations (48) and (49), we obtain the following expres- 
sions for 3W  and 4W :  

( ) ( )( ) ( )( )3 3 4exp d exp d ,W x C x x iC x xφ φ= + −∫ ∫           (52) 

( ) ( )( ) ( )( )4 3 4exp d exp dW x C x x iC x xφ φ= − −∫ ∫           (53) 

with 3C  and 4C  are integration constants. 
Let us determine the link between the integration constants C, 0C , 1C , 2C , 

3C  and 4C  which are in the solutions of Einstein’s and spinor fields equations. 

From 2eV W
α

δ δ

−
= , we get  

( ) ( )1 4 2 34 exp ,P C C C C α= − −                  (54) 

( ) ( ) ( )( ) ( ) ( )( ) ( )2 2 2 2
2 4 3 12 exp 2 d exp 2 d exp ,R x C C x x C C x xφ φ α = − − + − − ∫ ∫ (55) 

( ) ( ) ( )( ) ( ) ( )( ) ( )2 2 2 2
1 3 2 42 exp 2 d exp 2 d exp .S x C C x x C C x xφ φ α = − + − − ∫ ∫  (56) 

Substituting the expressions (50), (51), (52) and (53) obtained previously in 
(32), we have  
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( )2
1 2 3 416 .C C C C C= −                      (57) 

Later, comparing the expression of ( )P x  in (54) and ( ) 0eP x C α−= , we have 

( )0 1 4 2 34 .C C C C C= −                      (58) 

Thus, we have obtained the general solutions of the Equations (46)-(49) which 
contain four arbitrary constants 1C , 2C , 3C  and 4C . 

In the following section, we shall analyze the general solutions obtained in the 
previous section choosing the nonlinear term in the concrete form. 

3. Analysis of the Results: Concrete Form of Nonlinear Term  
in Spinor Lagrangian 

Let us study the solution to linear Equation (Dirac’s equation). Note that this 
solution is necessary for comparing with solutions to nonlinear spinor equations 
in order to clarify the influence of nonlinear terms in the nonlinear field 
equations in the formation of configuation of elementary particles. 

In the linear case 0NL =  for 0m =  we have from (22)  

1 1e 0
2xi αγ α ψ−  ′∂ + = 

 
                    (59) 

Taking into account (41), we get 

( ) ( )0
0e A x xP x C − +=                       (60) 

As ( ) 0eP x C α−= , from (60), we obtain the expression of the metric function:  

( ) ( )0x A x xα = +                       (61) 

From (38), we find the following expressions of β  and γ :  

( ) ( )0
2
3

x A x xβ = +                      (62) 

( ) ( )0
1
3

x A x xγ = − +                     (63) 

With 0NL = , the energy density is  
0

0 0T =                           (64) 

From (64) it follows that, the energy density of the system is not localized. In 
sum, the soliton-like solutions are absent in the linear case. 

Let us now consider a concrete type of nonlinear spinor field equation in the 
form ( ) 2n

N pL F I Pλ= =  where λ  is a nonlinearity parameter and n is a 
power of nonlinearity. In the first case, For 1n = , we find Heisenberg-Ivanenko 
type nonlinear spinor field equation [10]  

1 51 2 0,
2xie m iPαγ α ψ ψ λγ ψ−  ′∂ + − + = 

 
            (65) 

Substituting ( ) 2
P PF I I Pλ λ= =  into (41), we obtain the similar expression 

as for a linear spinor field, only now the constant 2A  is replaced by  
2 2

03A Cχλ+ . 
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We have  

( ) ( ) 2 2
0 03

0e x x A CP x C χλ+ +=                     (66) 

From the relation 0eP C α−= , we get  

( ) ( ) 2 2
0 03 .x x x A Cα χλ= − + +                  (67) 

According to the equality (38), we define the functions ( )xβ  and ( )xγ  as 
follows 

( ) ( ) 2 2
0 0

1 3
3

x x x A C Axβ χλ = − + + +  
             (68) 

( ) ( ) 2 2
0 0

1 3 2
3

x x x A C Axγ χλ = − + + +  
             (69) 

The invariant 2
PI P=  and the functions 2

00 eg γ= , 2
11 eg α= − ,  

2
22 33 eg g β= = −  are regular in all space. 
The energy density 0

0T  has the following expression:  
( ) 2 2

0 02 30 2
0 0 e x x A CT C χλ+ +=                     (70) 

hence we obtain for ( )xε  the energy density per unit invariant volume 

( ) ( ) 2 2
0 0

2
2 30 2 3

0 03 e e
Axx x A C

gx T C χλε + += − =              (71) 

We conclude from (70) and (71) that a localization of the energy density and 
the energy density per unit invariant volume are absent. The total energy diverges. 
The Equation (65) has no soliton-like solution. 

In the second case when ( ) 2n
PF I Pλ=  and 1n > , From (41), we have  

( )
( )

1
1

2
0

; 1.
3 sinh 1

n
AP x n

C A n xχλ

−  = > 
−    

           (72) 

From (14), the energy density is  

( )
( )

2
1

0
0 2

0

2 1 ; 1.
3 sinh 1

n
n

AT n n
C A n x

λ
χλ

−  = − > 
−    

        (73) 

We remark that, from 2n
NL Pλ= ; (72) and (73), when 0x → , ( )P x →∞  

and 0
0T →∞ . 

It follows that the energy density is not localized and the total energy does not 
finite value. 

When 2λ = −Λ , from the relation (41), we deduce that:  

( )
( )

1
1

2 2
03 cosh 1

n
AP x

C A n xχ

−  =  
Λ −    

              (74) 

From (74), it follows that ( )P x  has its maximum value 

1
1

2 2
03

nA

Cχ

−  
 

Λ  
; 
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1n >  when 0x =  and ( ) 0P x →  when x → ±∞ . In this case 0
0T  is 

( )
( )

2
1

0 2
0 2 2

0

2 1 ; 1
3 cosh 1

n
n

AT n n
C A n xχ

−  = −Λ − > 
Λ −    

        (75) 

From the expression (75), it follows that the energy density 0
0T  of a nonlinear 

spinor field is negative and localized in space when the nonlinear term of the 
equation is chosen under the form ( ) 2 2n

N pL F I P= = −Λ  with 2 0−Λ <  [2] [12] 
[13]. 

The energy density per unit invariant volume is: 

( ) ( )
( )

( )
4

3 15 2
0 2 3 3

0 0 2 2
0

3 2 1 e
3 cosh 1

n
n

Ax

g
Ax T n C

C A n x
ε

χ

−
−  = − = −Λ −  

Λ −    
 (76) 

From (76), it follows that the energy density is negative and localized. Indeed, 
when 0A > ; 1n >  and for ; 0x ε→ ±∞ → . Furthermore, ( )xε  has its mini- 

mal value ( )
( )

4
3 15

2 3
0 2 2

0

2 1
3

n
nAn C

Cχ

−
−  −Λ −  

Λ  
 when 0x = . 

The total energy of spinor field is defined by  

( ) 0
0d 3 d .f gE x x T xε

+∞ +∞

−∞ −∞
= = −∫ ∫  

Thus  

( )
( )

( )
4

3 15 2
2 3 3

0 2 2
0

2 1 e d .
3 cosh 1

n
n

Ax

f
AE n C x

C A n xχ

−
−

+∞

−∞

  = −Λ − < ∞ 
Λ −    

∫  (77) 

( )xε  is a regular, negative and localized function therefore the total energy 

fE  is limited and negative. 
Since the obtained solution is regular and has a localized energy density 0

0T , 
the total energy fE  negative, limited and the metric functions regular and 
limited, it is a soliton-like solution. Moreover, this solution can be used to 
describe the configuration of the elementary particles. 

From (50)-(53), we can obtain the concrete form of the functions ( )V xδ  in 
their more compact form. 

( ) ( ) ( )( ) 2
1 1 2e e e .x xV x C iC

α
σ σ −−= + ⋅                 (78) 

( ) ( ) ( )( ) 2
2 1 2e e e .x xV x C iC

α
σ σ −−= − + ⋅                (79) 

( ) ( ) ( )( ) 2
3 3 4e e e .x xV x C iC

α
σ σ −−= + ⋅                (80) 

( ) ( ) ( )( ) 2
4 3 4e e e .x xV x C iC

α
σ σ −−= − ⋅                (81) 

where 1C ; 2C ; 3C  and 4C  are integration constants. Furtermore,  
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( )
1

2 2
0e P x C

α
−

=     with ( )P x  defined by the expression (74). 

( ) ( ) ( ) ( ) ( )0
0

2d 2 d tanh 1
3 1P

nAx x x F I C x A n x
C n

σ
χ

′= Φ = = − −  −∫ ∫   (82) 

( )P x  is a regular function, then ( )xσ  and ( )V xδ  are also the regular 
functions. 

In sum, for a massless field (i.e. m = 0) and ( ) 2 n
p pF I I= −Λ ; 1n > ; the 

solutions of the equations of the spinor and gravitational fields have an energy 
density ( )xε  and total energy fE  negative, regular and localized. 

Let us now study the influence of the proper gravitational field in the for- 
mation of the configuration of elementary particles. 

In order to determine the role of the own gravitational field in the formation 
of regular localized solutions of soliton-like type to nonlinear spinor field equa- 
tions, it is necessary to consider solutions to Equation (9) in flat space-time 
when 0β α γ= = =  in (2). In this case, from (41) we get  

0 .P C cste= =                        (83) 

The explicit form of ( )V xδ  is:  

( ) ( )1 1 2e e .Mx MxV x C iC −= +                  (84) 

( ) ( )2 1 2e e .Mx MxV x C iC −= − +                 (85) 

( ) ( )3 3 4e e .Mx MxV x C iC −= +                  (86) 

( ) ( )4 3 4e e .Mx MxV x C iC −= −                  (87) 

where ( )x Mxσ = ; M cste=  and 0
0T cste= . 

We deduce that, the proper gravitational field of elementary particles plays an 
important role in the aim to obtain the regular solutions which possess a localized 
energy density and limited total energy of the nonlinear equations with the 
nonlinear term depending on 2P . 

The last point is addressed to the spinor current vector and the total charge. 
Using the general solutions of the Equations (24)-(27), we can write the com- 
ponents of the spinor current vector jµ µψγ ψ= : 

0 0 0j ψ γ γ ψ+=  

( )0 * * * *
1 1 2 2 3 3 4 4 e .j V V V V V V V V α γ− −= + + +  

( ) ( ) ( ) ( )0 2 2 2 2 2 2 2 2
1 2 1 2cosh cosh sinh sinh e .j C x C x C x C x α γσ σ σ σ − − = + + +  (88) 

1 0 1 .j ψ γ γ ψ+=  

1 * * * * 2
1 4 2 3 3 2 4 1 e .j V V V V V V V V α− = + + +   

1 0.j =                             (89) 
2 0 2 .j ψ γ γ ψ+=  

2 * * * * 2
1 4 2 3 3 2 4 1 e .j i V V V V V V V V α− = + + +   
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( ) ( ) ( ) ( )2 2 2
1 22 cosh sinh cosh sinh e .j C x x C x x α βσ σ σ − − = − −       (90) 

3 0 3j ψ γ γ ψ+=  

3 * * * *
1 3 2 4 3 1 4 2 e .j V V V V V V V V α γ− − = − + −   

3 0.j =                           (91) 

Since the field configuration is chosen to be static plane symmetric, the spatial 
components of the spinor current vanishes. Alone the component 0j  is non- 
zero. This assumption leads to the following relations between the constants:  

1 2 3 2
1 20 and 0 .j j j j C C a= = = = ⇒ = =            (92) 

The component 0j  defines the charge density of spinor field that has the 
following chronometric-invariant form given by the expression 

( ) ( ) ( )
1

0 22
0 2 cosh 2 e .x j j a x αρ σ −= =                 (93) 

The total charge of the spin is defined by  

( ) 3 dgQ x xρ
+∞

−−∞
= ∫                     (94) 

The spin tensor is given by the expression as in [9] [11] 

{ }, 1 .
4

S µν λ λ µν µν λψ γ σ σ γ ψ= +                 (95) 

The spatial density of the spin tensor ,0 , , 1;2;3ikS i k =  from (95) is:  

{ },0 0 0 01 1 .
4 2

ik ik ik ikS ψ γ σ σ γ ψ ψγ σ ψ= + =            (96) 

Here i, j, k take the value 1, 2, 3 and i j k≠ ≠ . Thus, for the projection of spin 
vector on the x, y and z axis, we get:  

23,0 * * * * 2
1 2 2 1 3 4 4 3 eS V V V V V V V V α β γ− − − = + + +              (97) 

31,0 * * * * 2
1 2 2 1 3 4 4 3 eS V V V V V V V V α β γ− − − = − + −              (98) 

12,0 * * * * 2
1 1 2 2 3 3 4 4 eS V V V V V V V V α β γ− − − = − + +              (99) 

Thus, we have 
12,0 13,0 0.S S= =                    (100) 

( )23,0 2 cosh 2 e .S a x ασ −=                   (101) 

From (101) the chronometric invariant spin tensor is defined by:  

( ) ( )
1

23,0 23,0 22
23,0 cosh 2 e .chIS S S a x ασ −= =              (102) 

We remark that the total charge and total spin are not limited because from 
(93), ( )xρ  is not a localized function since when x → ±∞ , we have  
( )xρ → ±∞ . Thus, we can note that the nonlinearity of the spinor field equation 

and the consideration of the proper gravitational field of the elementary particles 
are the necessary conditions but not sufficient in order to obtain the limited total 
charge and total spin to confirm what are got experimentaly. 
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4. Concluding Remarks 

In this research work, we have obtained the analytic general solutions of non- 
linear spinor and gravitational fields equations which are regular, localized 
energy density and finite total energy. These solutions are soliton like solutions. 
They can be used in order to describe the configuration of elementary particles. 
In flat space-time and linear cases, the soliton like solutions are absent. The role 
of the own gravitational field is crucial for the formation of soliton-like con- 
figuration of nonlinear spinor fields. In the case of the study of polynomial 
nonlinearities 2n

NL Pλ= , 1n > , we remark that the obtained solutions are 
regular, localized energy density and finite quantity of total energy in the exclu- 
sively case where 2λ = −Λ . Emphasize that the total charge and total spin are 
not limited in the all metric case. Our perspective, in the forthcomming research 
work, is to examine the spherical symmetric soliton-like solutions to the spinor 
field equations with nonlinear terms ( )N PL F I=  which are arbitrary functions 
of ( )25

PI iψγ ψ= . 
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Abstract 
The ac recombination velocity of the excess minority carriers, in the back 
surface of a silicon solar cell with a vertical junction connected in series, is 
developed through Einstein’s law giving the diffusion coefficient of minority 
carriers according to temperature, through mobility. The frequency spectrum 
of both, amplitude and phase, are produced for the diffusion coefficient and 
the recombination velocity in the rear face, in order to identify the parame-
ters of equivalent electric models. 
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1. Introduction 

Vertical multi-junctions (VMJ) silicon solar cells have an architecture that is an 
alternative for collecting minority carriers with low-diffusion length [1] [2] [3] 
[4] [5]. 

Two types of VMJ solar cells are developed, by a succession of npp or pnn 
junctions. The VMJ-P has connections in parallel, between bases and connec-
tions between emitters. Thus a base type (p) is surrounded by two emitters al-
lowing the collection of minority carriers at close range, leading to the increase 
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of photocurrent [6] [7] [8]. The VMJ-S, presents a succession of npp+ or pnn+ 
solar cells, connected in series, allowing increasing the electrical voltage [9]. 

The VMJ is designed to operate under light concentration to generate more 
minority carriers, thereby increasing voltage or current production. In this situa-
tion, temperature is an important factor that influences the operating perfor-
mance of the solar cell, through the physical mechanisms that are important to 
study [10]. In this work, the ac recombination velocity in the rear face (p/p+) of 
the solar cell, is determined and studied in temperature using the frequency spec-
trum of its amplitude and phase. 

2. Theory 

The structure of the serially connected vertical multi-junctions silicon solar cell, 
under monochromatic illumination in frequency modulation, is given by Figure 
1 [11]. 

The unit of the solar cell extracted from the series representation, is a npp+ 
structure, the base of which is studied by variation in the temperature T (Figure 
2). 

The continuity equation relating to the excess minority carriers density  
( ), , ,x z T tδ  in the base at temperature T, and under monochromatic illumina-

tion in frequency modulation, is given by the relationship [12] [13]: 

( ) ( ) ( ) ( ) ( )2

2

, , , , , , , , , , , ,
, , ,

x z T t x z T t x z T t
D T G z t

tx
δ ω δ ω δ ω

ω ω
τ

∂ ∂
× − = − +

∂∂
 (1) 

 

 
Figure 1. Schematic of a series-connected vertical multi-junction solar cells. 
 

 
Figure 2. Across section of the vertical junction. 
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The density of photogenerated carriers is written according to the space coor-
dinates (x, z) and the time t as: 

( ) ( ) ( ), , , expx z t x z j tδ δ ω= −                   (2) 

The minority carriers generation rate at depth z in the base and at any point of 
absciss x, under the modulation frequency ω  of the incident wave, is given by 
the relationship: 

( ) ( ) ( ), , expG z t g z j tω ω= −                   (3) 

where g(z) is the steady stateminority carriers generation rate at the z depth in-
duced in the base by a monochromatic light of incident flow ( )φ λ , respectively 
with monochromatic absorption and reflecting coefficients ( )α λ  and ( )R λ . 
It is then written by the following relation:  

( ) ( ) ( )( ) ( ) ( )( )1 expg z R zα λ λ φ λ α λ= ⋅ − ⋅ ⋅ − ⋅            (4) 

With τ the excess minority carrier lifetime in the base. 
( ),D Tω  is the complex diffusion coefficient of excess minority carrier in the 

base at T-temperature. Its expression is given by the relationship [14]: 

( )
( )( )

( )

2 2

2

1
,

1

D T j
D T

ω τ
ω

ωτ

− ⋅
=

+
                  (5) 

( )0D T  is the temperature-dependent diffusion coefficient given by Einstein’s 
relationship [15]: 

( ) ( ) bK T
D T T

q
µ= ⋅

⋅
                      (6) 

T is the temperature in Kelvin, Kb the Boltzmann constant:  
23 2 2 11.38 10 m kg S KbK − − −= × ⋅ ⋅ ⋅                  (7) 

The minority carrier mobility coefficient [16] expressed according to the tem-
perature, is given by: 

( ) 9 2.42 2 1 11.43 10 cm V sT Tµ − − −⋅ ⋅= ×                (8) 

By replacing the Equations (2) and (3) in the Equation (1), the continuity eq-
uation for the excess minority carriers density in the base is reduced to the fol-
lowing relationship: 

( ) ( )
( )

( )
( )

2

2 2

, , , , , , ,
,,

x z T x z T G x z
D Tx L T

δ ω δ ω
ωω

∂
− = −

∂
            (9) 

( ),L Tω  is the complex diffusion length of excess minority carrier in the base; 
ilest donné par : 

( )
( ),

,
1

D T
L T

j

ω τ
ω

ω τ
=

+ ⋅ ⋅
                    (10) 

(ω, T) is the ac minority carriers diffusion coefficient in the base under the in-
fluence of temperature and the minority carrier lifetime in the base. 
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Thus the solution of the Equation (9) is given by the following expression of 
the ac density of minority carriers: 

( ) ( ) ( )
( )
( ) ( )( ) ( ) ( )

2

, , , cosh sinh
, ,

,
1 exp

, t t

x xx T z A B
L T L T

L T
R z

D T

δ ω
ω ω

ω
α λ φ λ α

ω

   
= +      

   

+ ⋅ − ⋅ ⋅ ⋅

   (11) 

Coefficients A and B are determined from conditions at the base space boun-
daries, i.e. at the junction (x = 0) and in the rear (x = H) and are expressed by: 

1) At, x = 0, at the junction emitter-base (n/p) surface 

( ) ( ) ( )
0

0

, , ,
, , , ,

x
x

x z T
D T Sf x z T

x
δ ω

ω δ ω
=

=

∂
⋅ = ⋅

∂
       (12) 

2) At, x = H, the back surface (p/p+) 

( ) ( ) ( )
, ,

, , , ,
x H

x H

x z
D T Sb x z T

x
δ ω

ω δ ω
=

=

∂
⋅ = − ⋅

∂
       (13) 

where Sf  is the junction surface recombination velocity [17]. It can be repre- 
sented into the sum of two terms. We then get: 

O jSf Sf Sf= +                      (14) 

OSf , defines the lost electrical charges velocity at the junction surface and is 
related to shunt resistance in establishing the electric model equivalent to the il-
luminated solar cell [17] [18]. 

jSf  is the velocity of the flow of electrical charges that crosses through the 
external charge and defines the solar cell operating point [18]. 

Sb is the excess minority carrier recombination velocity at the rear surface of 
the solar cell’s base (p/p+) [19]. It characterizes the electric field in this area 
(low-high junction), which allows the return of minority carrier to the junction 
to participate in the photocurrent. 

3. Results and Discussions 
3.1. Diffusion Coefficient: Bode and Nyquist Diagrams for  

Différent Temperatures 

The amplitude and phase of the diffusion coefficient under different tempera-
tures, are represented versus frequency, through the Figure 3 and Figure 4. 

For a given temperature, the diffusion coefficient is maximum and virtually 
constant when the frequency is low. Indeed, in a quasi-static regime the diffu-
sion of minority carriers is not influenced by the frequency which explains the 
level observed. On the other hand, in a dynamic frequency regime, repeated 
arousals lead to a problem of relaxation of the solar cell which is a blocking fac-
tor for the diffusion of minority carriers. In addition, an increase in temperature 
decreases the diffusion of minority carriers. The diffusion is more sensitive to 
temperature in a quasi-static regime. 
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Figure 3. Diffusion coefficient versus frequency for different temperatures. 
 

 
Figure 4. Diffusion coefficient phase versus frequency for different tempera-
tures. 
 

In a dynamic frequency regime, the problem of relaxation in the solar cell, 
blocks the diffusion of the minority carriers which gives a negative phase of the 
diffusion coefficient. The Nyquist diagram is shown in Figure 5. 

We find that the radius of the semicircles decreases according to the tempera-
ture with a shift from the center of the circles to the origin of the axes. The semi-
circle indicates a resistor in parallel with a capacitor, so gives rise to a single time 
constant. The deformation of the semicircles, corresponds to a time constant, 
time dependent. The exploitation of the half-circle radius allows to determine 
electrical parameters characteristic of the equivalent electric model. 

3.2. Photocurrent 

The density of photocurrent at the junction is obtained from the density of mi-
nority carriers in the base and is given by the following expression: 
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Figure 5. Imaginary component versus real component of diffusion coefficient 
for different temperatures. 
 

( ) ( ) ( )
0

, , , ,
, , , ,Ph

x

x T Sf Sb
J T Sf Sb q D T

x
δ ω

ω ω
=

∂
= ⋅ ⋅

∂
        (15) 

where q is the elementary electron charge. 
Figure 6 shows ac photocurrent density versus the junction surface recombi-

nation velocity for different temperatures. 

3.3. Deduction of the Sb(ω, T) Expression 

The representation of photocurrent density according to the junction recombi-
nation velocity of minority carriers shows that, for very large Sf, a bearing sets 
up and corresponds to the short-circuit current density (Jphsc). So in this junc-
tion recombination velocity interval, we can write [20]: 

( ), , ,
0phJ T Sf Sb

Sf
ω∂

=
∂

                     (16) 

The solution of this equation leads to expressions of the ac recombination ve-
locity in the back surface, given by:  

( )
( ) ( )

( ) ( )

, sinh
,

1 ,

, cosh 1
,

HD T
L T

Sb T
HL T

L T

ω
ω

ω

ω
ω

 
⋅   

 =
  
⋅ −      

           (17) 

( ) ( )
( ) ( )

,
2 , tanh

, ,
D T HSb T
L T L T

ω
ω

ω ω
 

= − ⋅   
 

            (18) 

Previous studies have looked at the second solution given to the Equation 
(18). Our study will consider this second solution, whose module and phase are 
represented versus the logarithm of the modulation frequency by the Figure 7 
and Figure 8, for different temperatures. 
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Figure 6. Photocurrent density versus junction surface recombination velocity 
under temperature influence. ω = 105 rad/s, H = 0.025 cm; z = 0.017 cm; λ = 0.9 
μm. 
 

 
Figure 7. Module of Sb versus frequency for different temperatures. 
 

Ac Sb in complex form (real and imaginary components) is presented by 
analogy of the effect of Maxwell-Wagner-Sillars (MWS) model [21] [22] [23] 
and can be written as: 

( ) ( ) ( ), , ,Sb T Sb T J Sb Tω ω ω′ ′′= + ⋅              (19) 

We define the ac phase for a given temperature, as following equation: 

( )( ) ( )
( )

,
tan ,

,
Sb T

T
Sb T

ω
φ ω

ω
′′

=
′

                 (20) 

( ),amplSb Tω  and ( ),Tφ ω  correspond for a given temperature T, to the 
amplitude and phase component of Sb. 
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At low frequencies (≤104 rad/s), the stationary regime is observed and gives 
constant amplitudes for each T. These amplitudes decrease with the temperature 
T. Beyond the frequency ( 410�  rad/s), the cut-off frequency (ωc, sb(T)) is de-
termined for each temperature. It is noted that the cut-off frequency decreases 
with the temperature T, as does the amplitude (Sbampl) and on the other hand the 
frequency (ωSb(T)) of oscillations increases, in the part corresponding to the dy-
namic regime(See Table 1).  

The phase is represented versus the logarithm of the modulation frequency. 
The part corresponding to the dynamic regime shows sinusoidal oscillations 
between positive and negative values of the phase, amplitude (Φampl) that de-
creases with the temperature T and the frequency of oscillations (ωΦ), which on 
the other hand increases with the temperature T (See Table 2). 

Figure 9 produces the Niquyst diagram of the excess minority carrier recom-
bination velocity for different temperatures. The radius of the resulting circles 
decreases with temperature, with a shift from the center of the circles to the ori-
gin of the axes (See Table 3 and Table 4). 

Figure 10 and Figure 11 show that the sb recombination velocity decreases 
with temperature. Indeed, when the temperature is above the optimum temper-
ature (Topt-300 K) [24], thermal agitation leads to the exponential evolution of 
umklapp processes that predict a temperature dependence of thermal conductivity  
 
Table 1. Ac Sb periods for different temperatures. 

T (K) 250 300 350 400 450 500 550 600 

ωc (rad/s) 104.34 104.38 104.33 104.24 104.23 104.24 104.06 104.18 

Sb (T) (cm/s) 1837.1 1813.1 1583.9 1523.8 1377 1295.5 1240 1156.3 

Sb, ampl (cm/s) 2711.3 2118.7 1940.9 1650.4 1547.4 1414.5 1280.5 1218.6 

ω (rad/s) 105.14 105.00 105.04 104.91 104.96 104.93 104.82 104.87 

 
Table 2. Ac Sb, phase period for different temperatures. 

T (K) 250 300 350 400 450 500 550 600 

Φ ampl 0.20 0.15 0.11 0.08 0.06 0.04 0.03 0.02 

ωΦ (rad/s) 104.85 104.79 104.74 104.70 104.67 104.64 104.61 104.57 

 
Table 3. Maximum amplitude of the imaginary part of Sb for different temperatures. 

T (K) 250 300 350 400 450 500 550 600 

ImSbmax (cm/s) 459.96 293.63 195.11 132.75 92.77 65.36 47.41 34.63 

 
Table 4. Parallel resistors characterizing Sb for different temperatures. 

T (K) 250 300 350 400 450 500 550 600 

Re (Sb (cm/s)) 2712 2252 1941 1717 1547 1415 1307 1219 

( )( ) 5

1
cm s 10Re Sb −⋅

 36.873 44.405 51.52 58.241 64.641 70.671 76.511 82.034 
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Figure 8. Phase of Sb versus frequency for different temperatures. 
 

 
Figure 9. Imaginary compoment versus real compoment of Sb for different 
Temperatures. 
 

 
Figure 10. Log(Im(Sb)) versus of temperature. 
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Figure 11. Reciprocal of Sb real part versus temperature. 
 
in 1/T [25] [26] [27]. This decreases the mobility of excess minority carriers and 
results in a decrease in the diffusion coefficient [25] which increases recombina-
tion. 

The negative phase of the ac Sb recombination velocity and the determination 
of electrical parameters, with the Bode and Nyquist diagrams, characterizing Sb, 
allow to determine the equivalent electric model [28] [29]. 

4. Conclusion 

The solar cell’s ac back surface (p/p+) recombination velocity that controls the 
recombination of the excess minority carrier has been determined. Thus, the 
spectroscopy method allowed the study of the Bode and Nyquist diagrams and 
extracted certain electrical parameters characterizing the equivalent electric model. 
The effect of temperature on back surface recombination velocity was explained 
by umklapp processes. 
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Lorem ipsum dolor sit amet, consectetuer
adipiscing elit. Ut purus elit, vestibulum ut,
placerat ac, adipiscing vitae, felis. Curabitur
dictum gravida mauris. Nam arcu libero,
nonummy eget, consectetuer id, vulputate a,
magna. Donec vehicula augue eu neque. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Mauris ut leo. Cras viverra metus rhoncus
sem. Nulla et lectus vestibulum urna fringilla
ultrices. Phasellus eu tellus sit amet tortor
gravida placerat. Integer sapien est, iaculis in,
pretium quis, viverra ac, nunc. Praesent eget
sem vel leo ultrices bibendum. Aenean fau-
cibus. Morbi dolor nulla, malesuada eu, pulv-
inar at, mollis ac, nulla. Curabitur auctor sem-
per nulla. Donec varius orci eget risus. Duis
nibh mi, congue eu, accumsan eleifend, sagit-
tis quis, diam. Duis eget orci sit amet orci
dignissim rutrum.
Nam dui ligula, fringilla a, euismod sodales,
sollicitudin vel, wisi. Morbi auctor lorem non
justo. Nam lacus libero, pretium at, lobortis
vitae, ultricies et, tellus. Donec aliquet, tor-
tor sed accumsan bibendum, erat ligula aliquet
magna, vitae ornare odio metus a mi. Morbi
ac orci et nisl hendrerit mollis. Suspendisse
ut massa. Cras nec ante. Pellentesque a nul-
la. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Aliquam tincidunt urna. Nulla ullamcorper
vestibulum turpis. Pellentesque cursus luctus
mauris.
Nulla malesuada porttitor diam. Donec felis
erat, congue non, volutpat at, tincidunt tris-
tique, libero. Vivamus viverra fermentum felis.
Donec nonummy pellentesque ante. Phasellus
adipiscing semper elit. Proin fermentum mas-
sa ac quam. Sed diam turpis, molestie vitae,
placerat a, molestie nec, leo. Maecenas lacinia.
Nam ipsum ligula, eleifend at, accumsan nec,
suscipit a, ipsum. Morbi blandit ligula feu-
giat magna. Nunc eleifend consequat lorem.
Sed lacinia nulla vitae enim. Pellentesque t-
incidunt purus vel magna. Integer non en-
im. Praesent euismod nunc eu purus. Donec
bibendum quam in tellus. Nullam cursus pul-
vinar lectus. Donec et mi. Nam vulputate
metus eu enim. Vestibulum pellentesque felis
eu massa.
Quisque ullamcorper placerat ipsum. Cras
nibh. Morbi vel justo vitae lacus tincidun-
t ultrices. Lorem ipsum dolor sit amet, con-
sectetuer adipiscing elit. In hac habitasse
platea dictumst. Integer tempus convallis au-
gue. Etiam facilisis. Nunc elementum fermen-
tum wisi. Aenean placerat. Ut imperdiet, en-
im sed gravida sollicitudin, felis odio placerat
quam, ac pulvinar elit purus eget enim. Nunc
vitae tortor. Proin tempus nibh sit amet nisl.
Vivamus quis tortor vitae risus porta vehicula.
Fusce mauris. Vestibulum luctus nibh at lec-
tus. Sed bibendum, nulla a faucibus semper,
leo velit ultricies tellus, ac venenatis arcu wisi
vel nisl. Vestibulum diam. Aliquam pellen-
tesque, augue quis sagittis posuere, turpis la-
cus congue quam, in hendrerit risus eros eget
felis. Maecenas eget erat in sapien mattis port-
titor. Vestibulum porttitor. Nulla facilisi. Sed
a turpis eu lacus commodo facilisis. Morbi
fringilla, wisi in dignissim interdum, justo lec-
tus sagittis dui, et vehicula libero dui cursus
dui. Mauris tempor ligula sed lacus. Duis cur-
sus enim ut augue. Cras ac magna. Cras nulla.
Nulla egestas. Curabitur a leo. Quisque eges-
tas wisi eget nunc. Nam feugiat lacus vel est.
Curabitur consectetuer.
Suspendisse vel felis. Ut lorem lorem, inter-
dum eu, tincidunt sit amet, laoreet vitae, ar-
cu. Aenean faucibus pede eu ante. Praesent
enim elit, rutrum at, molestie non, nonummy
vel, nisl. Ut lectus eros, malesuada sit amet,
fermentum eu, sodales cursus, magna. Donec
eu purus. Quisque vehicula, urna sed ultricies
auctor, pede lorem egestas dui, et convallis elit
erat sed nulla. Donec luctus. Curabitur et
nunc. Aliquam dolor odio, commodo pretium,
ultricies non, pharetra in, velit. Integer arcu
est, nonummy in, fermentum faucibus, egestas
vel, odio.
Sed commodo posuere pede. Mauris ut est.
Ut quis purus. Sed ac odio. Sed vehicula hen-
drerit sem. Duis non odio. Morbi ut dui. Sed
accumsan risus eget odio. In hac habitasse
platea dictumst. Pellentesque non elit. Fusce
sed justo eu urna porta tincidunt. Mauris felis
odio, sollicitudin sed, volutpat a, ornare ac, er-
at. Morbi quis dolor. Donec pellentesque, er-
at ac sagittis semper, nunc dui lobortis purus,
quis congue purus metus ultricies tellus. Proin
et quam. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Praesent sapien turpis, fermentum
vel, eleifend faucibus, vehicula eu, lacus.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Donec odio elit, dictum in, hendrerit sit
amet, egestas sed, leo. Praesent feugiat sapi-
en aliquet odio. Integer vitae justo. Aliquam
vestibulum fringilla lorem. Sed neque lectus,
consectetuer at, consectetuer sed, eleifend ac,
lectus. Nulla facilisi. Pellentesque eget lec-
tus. Proin eu metus. Sed porttitor. In hac
habitasse platea dictumst. Suspendisse eu lec-
tus. Ut mi mi, lacinia sit amet, placerat et,
mollis vitae, dui. Sed ante tellus, tristique ut,
iaculis eu, malesuada ac, dui. Mauris nibh leo,
facilisis non, adipiscing quis, ultrices a, dui.
Morbi luctus, wisi viverra faucibus pretium,
nibh est placerat odio, nec commodo wisi enim
eget quam. Quisque libero justo, consectetuer
a, feugiat vitae, porttitor eu, libero. Sus-
pendisse sed mauris vitae elit sollicitudin male-
suada. Maecenas ultricies eros sit amet ante.
Ut venenatis velit. Maecenas sed mi eget dui
varius euismod. Phasellus aliquet volutpat o-
dio. Vestibulum ante ipsum primis in faucibus
orci luctus et ultrices posuere cubilia Curae;
Pellentesque sit amet pede ac sem eleifend con-
sectetuer. Nullam elementum, urna vel im-
perdiet sodales, elit ipsum pharetra ligula, ac
pretium ante justo a nulla. Curabitur tristique
arcu eu metus. Vestibulum lectus. Proin mau-
ris. Proin eu nunc eu urna hendrerit faucibus.
Aliquam auctor, pede consequat laoreet var-
ius, eros tellus scelerisque quam, pellentesque
hendrerit ipsum dolor sed augue. Nulla nec
lacus.
Suspendisse vitae elit. Aliquam arcu neque,
ornare in, ullamcorper quis, commodo eu,
libero. Fusce sagittis erat at erat tristique
mollis. Maecenas sapien libero, molestie et,
lobortis in, sodales eget, dui. Morbi ultrices
rutrum lorem. Nam elementum ullamcorper
leo. Morbi dui. Aliquam sagittis. Nunc plac-
erat. Pellentesque tristique sodales est. Mae-
cenas imperdiet lacinia velit. Cras non urna.
Morbi eros pede, suscipit ac, varius vel, eges-
tas non, eros. Praesent malesuada, diam id
pretium elementum, eros sem dictum tortor,
vel consectetuer odio sem sed wisi.
Sed feugiat. Cum sociis natoque penatibus
et magnis dis parturient montes, nascetur
ridiculus mus. Ut pellentesque augue sed ur-
na. Vestibulum diam eros, fringilla et, con-
sectetuer eu, nonummy id, sapien. Nullam at
lectus. In sagittis ultrices mauris. Curabitur
malesuada erat sit amet massa. Fusce blan-
dit. Aliquam erat volutpat. Aliquam euismod.
Aenean vel lectus. Nunc imperdiet justo nec
dolor.
Etiam euismod. Fusce facilisis lacinia dui.
Suspendisse potenti. In mi erat, cursus id,
nonummy sed, ullamcorper eget, sapien. Prae-
sent pretium, magna in eleifend egestas, pede
pede pretium lorem, quis consectetuer tortor
sapien facilisis magna. Mauris quis magna var-
ius nulla scelerisque imperdiet. Aliquam non
quam. Aliquam porttitor quam a lacus. Prae-
sent vel arcu ut tortor cursus volutpat. In vi-
tae pede quis diam bibendum placerat. Fusce
elementum convallis neque. Sed dolor orci,
scelerisque ac, dapibus nec, ultricies ut, mi.
Duis nec dui quis leo sagittis commodo.
Aliquam lectus. Vivamus leo. Quisque ornare
tellus ullamcorper nulla. Mauris porttitor
pharetra tortor. Sed fringilla justo sed mau-
ris. Mauris tellus. Sed non leo. Nullam el-
ementum, magna in cursus sodales, augue est
scelerisque sapien, venenatis congue nulla arcu
et pede. Ut suscipit enim vel sapien. Donec
congue. Maecenas urna mi, suscipit in, plac-
erat ut, vestibulum ut, massa. Fusce ultrices
nulla et nisl.
Etiam ac leo a risus tristique nonummy. Donec
dignissim tincidunt nulla. Vestibulum rhoncus
molestie odio. Sed lobortis, justo et pretium
lobortis, mauris turpis condimentum augue,
nec ultricies nibh arcu pretium enim. Nunc
purus neque, placerat id, imperdiet sed, pellen-
tesque nec, nisl. Vestibulum imperdiet neque
non sem accumsan laoreet. In hac habitasse
platea dictumst. Etiam condimentum facili-
sis libero. Suspendisse in elit quis nisl aliquam
dapibus. Pellentesque auctor sapien. Sed eges-
tas sapien nec lectus. Pellentesque vel dui vel
neque bibendum viverra. Aliquam porttitor
nisl nec pede. Proin mattis libero vel turpis.
Donec rutrum mauris et libero. Proin euismod
porta felis. Nam lobortis, metus quis elemen-
tum commodo, nunc lectus elementum mauris,
eget vulputate ligula tellus eu neque. Vivamus
eu dolor.
Nulla in ipsum. Praesent eros nulla, congue
vitae, euismod ut, commodo a, wisi. Pellen-
tesque habitant morbi tristique senectus et ne-
tus et malesuada fames ac turpis egestas. Ae-
nean nonummy magna non leo. Sed felis erat,
ullamcorper in, dictum non, ultricies ut, lec-
tus. Proin vel arcu a odio lobortis euismod.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Proin
ut est. Aliquam odio. Pellentesque massa
turpis, cursus eu, euismod nec, tempor congue,
nulla. Duis viverra gravida mauris. Cras tin-
cidunt. Curabitur eros ligula, varius ut, pulv-
inar in, cursus faucibus, augue.
Nulla mattis luctus nulla. Duis commodo
velit at leo. Aliquam vulputate magna et leo.
Nam vestibulum ullamcorper leo. Vestibulum
condimentum rutrum mauris. Donec id mau-
ris. Morbi molestie justo et pede. Vivamus
eget turpis sed nisl cursus tempor. Curabitur
mollis sapien condimentum nunc. In wisi nis-
l, malesuada at, dignissim sit amet, lobortis
in, odio. Aenean consequat arcu a ante. Pel-
lentesque porta elit sit amet orci. Etiam at
turpis nec elit ultricies imperdiet. Nulla fa-
cilisi. In hac habitasse platea dictumst. Sus-
pendisse viverra aliquam risus. Nullam pede
justo, molestie nonummy, scelerisque eu, facil-
isis vel, arcu.
Curabitur tellus magna, porttitor a, commo-
do a, commodo in, tortor. Donec interdum.
Praesent scelerisque. Maecenas posuere so-
dales odio. Vivamus metus lacus, varius quis,
imperdiet quis, rhoncus a, turpis. Etiam ligu-
la arcu, elementum a, venenatis quis, sollici-
tudin sed, metus. Donec nunc pede, tincidunt
in, venenatis vitae, faucibus vel, nibh. Pel-
lentesque wisi. Nullam malesuada. Morbi ut
tellus ut pede tincidunt porta. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. E-
tiam congue neque id dolor.
Donec et nisl at wisi luctus bibendum. Nam in-
terdum tellus ac libero. Sed sem justo, laoreet
vitae, fringilla at, adipiscing ut, nibh. Mae-
cenas non sem quis tortor eleifend fermentum.
Etiam id tortor ac mauris porta vulputate. In-
teger porta neque vitae massa. Maecenas tem-
pus libero a libero posuere dictum. Vestibu-
lum ante ipsum primis in faucibus orci luc-
tus et ultrices posuere cubilia Curae; Aenean
quis mauris sed elit commodo placerat. Class
aptent taciti sociosqu ad litora torquent per
conubia nostra, per inceptos hymenaeos. Viva-
mus rhoncus tincidunt libero. Etiam elemen-
tum pretium justo. Vivamus est. Morbi a tel-
lus eget pede tristique commodo. Nulla nisl.
Vestibulum sed nisl eu sapien cursus rutrum.
Nulla non mauris vitae wisi posuere conval-
lis. Sed eu nulla nec eros scelerisque pharetra.
Nullam varius. Etiam dignissim elementum
metus. Vestibulum faucibus, metus sit amet
mattis rhoncus, sapien dui laoreet odio, nec
ultricies nibh augue a enim. Fusce in ligula.
Quisque at magna et nulla commodo conse-
quat. Proin accumsan imperdiet sem. Nunc
porta. Donec feugiat mi at justo. Phasellus
facilisis ipsum quis ante. In ac elit eget ipsum
pharetra faucibus. Maecenas viverra nulla in
massa.
Nulla ac nisl. Nullam urna nulla, ullamcorper
in, interdum sit amet, gravida ut, risus. Ae-
nean ac enim. In luctus. Phasellus eu quam
vitae turpis viverra pellentesque. Duis feugiat
felis ut enim. Phasellus pharetra, sem id port-
titor sodales, magna nunc aliquet nibh, nec b-
landit nisl mauris at pede. Suspendisse risus
risus, lobortis eget, semper at, imperdiet sit
amet, quam. Quisque scelerisque dapibus nib-
h. Nam enim. Lorem ipsum dolor sit amet,
consectetuer adipiscing elit. Nunc ut metus.
Ut metus justo, auctor at, ultrices eu, sagittis
ut, purus. Aliquam aliquam.
Etiam pede massa, dapibus vitae, rhoncus
in, placerat posuere, odio. Vestibulum luc-
tus commodo lacus. Morbi lacus dui, tem-
por sed, euismod eget, condimentum at, tor-
tor. Phasellus aliquet odio ac lacus tempor
faucibus. Praesent sed sem. Praesent iac-
ulis. Cras rhoncus tellus sed justo ullamcor-
per sagittis. Donec quis orci. Sed ut tor-
tor quis tellus euismod tincidunt. Suspendisse
congue nisl eu elit. Aliquam tortor diam, tem-
pus id, tristique eget, sodales vel, nulla. Prae-
sent tellus mi, condimentum sed, viverra at,
consectetuer quis, lectus. In auctor vehicula
orci. Sed pede sapien, euismod in, suscipit in,
pharetra placerat, metus. Vivamus commodo
dui non odio. Donec et felis.
Etiam suscipit aliquam arcu. Aliquam sit amet
est ac purus bibendum congue. Sed in eros.
Morbi non orci. Pellentesque mattis lacini-
a elit. Fusce molestie velit in ligula. Nul-
lam et orci vitae nibh vulputate auctor. Ali-
quam eget purus. Nulla auctor wisi sed ipsum.
Morbi porttitor tellus ac enim. Fusce ornare.
Proin ipsum enim, tincidunt in, ornare vene-
natis, molestie a, augue. Donec vel pede in
lacus sagittis porta. Sed hendrerit ipsum quis
nisl. Suspendisse quis massa ac nibh pretium
cursus. Sed sodales. Nam eu neque quis pede
dignissim ornare. Maecenas eu purus ac urna
tincidunt congue.
Donec et nisl id sapien blandit mattis. Ae-
nean dictum odio sit amet risus. Morbi pu-
rus. Nulla a est sit amet purus venenatis iac-
ulis. Vivamus viverra purus vel magna. Donec
in justo sed odio malesuada dapibus. Nunc
ultrices aliquam nunc. Vivamus facilisis pel-
lentesque velit. Nulla nunc velit, vulputate
dapibus, vulputate id, mattis ac, justo. Nam
mattis elit dapibus purus. Quisque enim risus,
congue non, elementum ut, mattis quis, sem.
Quisque elit.
Maecenas non massa. Vestibulum pharetra
nulla at lorem. Duis quis quam id lacus
dapibus interdum. Nulla lorem. Donec ut
ante quis dolor bibendum condimentum. Eti-
am egestas tortor vitae lacus. Praesent cursus.
Mauris bibendum pede at elit. Morbi et felis a
lectus interdum facilisis. Sed suscipit gravida
turpis. Nulla at lectus. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Praesent nonummy luc-
tus nibh. Proin turpis nunc, congue eu, egestas
ut, fringilla at, tellus. In hac habitasse platea
dictumst.
Vivamus eu tellus sed tellus consequat suscipit.
Nam orci orci, malesuada id, gravida nec, ul-
tricies vitae, erat. Donec risus turpis, luctus sit
amet, interdum quis, porta sed, ipsum. Sus-
pendisse condimentum, tortor at egestas po-
suere, neque metus tempor orci, et tincidunt
urna nunc a purus. Sed facilisis blandit tellus.
Nunc risus sem, suscipit nec, eleifend quis, cur-
sus quis, libero. Curabitur et dolor. Sed vitae
sem. Cum sociis natoque penatibus et mag-
nis dis parturient montes, nascetur ridiculus
mus. Maecenas ante. Duis ullamcorper enim.
Donec tristique enim eu leo. Nullam molestie
elit eu dolor. Nullam bibendum, turpis vitae
tristique gravida, quam sapien tempor lectus,
quis pretium tellus purus ac quam. Nulla fa-
cilisi.
Duis aliquet dui in est. Donec eget est.
Nunc lectus odio, varius at, fermentum in, ac-
cumsan non, enim. Aliquam erat volutpat.
Proin sit amet nulla ut eros consectetuer cur-
sus. Phasellus dapibus aliquam justo. Nunc
laoreet. Donec consequat placerat magna.
Duis pretium tincidunt justo. Sed sollicitudin
vestibulum quam. Nam quis ligula. Vivamus
at metus. Etiam imperdiet imperdiet pede.
Aenean turpis. Fusce augue velit, scelerisque
sollicitudin, dictum vitae, tempor et, pede.
Donec wisi sapien, feugiat in, fermentum ut,
sollicitudin adipiscing, metus.
Donec vel nibh ut felis consectetuer laoreet.
Donec pede. Sed id quam id wisi laoreet sus-
cipit. Nulla lectus dolor, aliquam ac, fringilla
eget, mollis ut, orci. In pellentesque justo in
ligula. Maecenas turpis. Donec eleifend leo
at felis tincidunt consequat. Aenean turpis
metus, malesuada sed, condimentum sit amet,
auctor a, wisi. Pellentesque sapien elit, biben-
dum ac, posuere et, congue eu, felis. Vestibu-
lum mattis libero quis metus scelerisque ultri-
ces. Sed purus.
Donec molestie, magna ut luctus ultrices, tel-
lus arcu nonummy velit, sit amet pulvinar elit
justo et mauris. In pede. Maecenas euis-
mod elit eu erat. Aliquam augue wisi, facil-
isis congue, suscipit in, adipiscing et, ante. In
justo. Cras lobortis neque ac ipsum. Nunc
fermentum massa at ante. Donec orci tortor,
egestas sit amet, ultrices eget, venenatis eget,
mi. Maecenas vehicula leo semper est. Mauris
vel metus. Aliquam erat volutpat. In rhoncus
sapien ac tellus. Pellentesque ligula.
Cras dapibus, augue quis scelerisque ultricies,
felis dolor placerat sem, id porta velit odio eu
elit. Aenean interdum nibh sed wisi. Prae-
sent sollicitudin vulputate dui. Praesent iac-
ulis viverra augue. Quisque in libero. Aenean
gravida lorem vitae sem ullamcorper cursus.
Nunc adipiscing rutrum ante. Nunc ipsum
massa, faucibus sit amet, viverra vel, elemen-
tum semper, orci. Cras eros sem, vulputate et,
tincidunt id, ultrices eget, magna. Nulla varius
ornare odio. Donec accumsan mauris sit amet
augue. Sed ligula lacus, laoreet non, aliquam
sit amet, iaculis tempor, lorem. Suspendisse
eros. Nam porta, leo sed congue tempor, fe-
lis est ultrices eros, id mattis velit felis non
metus. Curabitur vitae elit non mauris var-
ius pretium. Aenean lacus sem, tincidunt ut,
consequat quis, porta vitae, turpis. Nullam
laoreet fermentum urna. Proin iaculis lectus.
Sed mattis, erat sit amet gravida malesuada,
elit augue egestas diam, tempus scelerisque
nunc nisl vitae libero. Sed consequat feugiat
massa. Nunc porta, eros in eleifend varius,
erat leo rutrum dui, non convallis lectus or-
ci ut nibh. Sed lorem massa, nonummy quis,
egestas id, condimentum at, nisl. Maecenas at
nibh. Aliquam et augue at nunc pellentesque
ullamcorper. Duis nisl nibh, laoreet suscipit,
convallis ut, rutrum id, enim. Phasellus odio.
Nulla nulla elit, molestie non, scelerisque at,
vestibulum eu, nulla. Ut odio nisl, facilisis id,
mollis et, scelerisque nec, enim. Aenean sem
leo, pellentesque sit amet, scelerisque sit amet,
vehicula pellentesque, sapien.
Sed consequat tellus et tortor. Ut tempor
laoreet quam. Nullam id wisi a libero tris-
tique semper. Nullam nisl massa, rutrum ut,
egestas semper, mollis id, leo. Nulla ac mas-
sa eu risus blandit mattis. Mauris ut nunc.
In hac habitasse platea dictumst. Aliquam
eget tortor. Quisque dapibus pede in erat.
Nunc enim. In dui nulla, commodo at, con-
sectetuer nec, malesuada nec, elit. Aliquam
ornare tellus eu urna. Sed nec metus. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. Pel-
lentesque habitant morbi tristique senectus et
netus et malesuada fames ac turpis egestas.
Phasellus id magna. Duis malesuada inter-
dum arcu. Integer metus. Morbi pulvinar pel-
lentesque mi. Suspendisse sed est eu magna
molestie egestas. Quisque mi lorem, pulvinar
eget, egestas quis, luctus at, ante. Proin auc-
tor vehicula purus. Fusce ac nisl aliquam ante
hendrerit pellentesque. Class aptent taciti so-
ciosqu ad litora torquent per conubia nostra,
per inceptos hymenaeos. Morbi wisi. Etiam
arcu mauris, facilisis sed, eleifend non, non-
ummy ut, pede. Cras ut lacus tempor metus
mollis placerat. Vivamus eu tortor vel metus
interdum malesuada.
Sed eleifend, eros sit amet faucibus elemen-
tum, urna sapien consectetuer mauris, quis
egestas leo justo non risus. Morbi non felis ac
libero vulputate fringilla. Mauris libero eros,
lacinia non, sodales quis, dapibus porttitor,
pede. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Morbi dapibus mauris condimentum
nulla. Cum sociis natoque penatibus et magnis
dis parturient montes, nascetur ridiculus mus.
Etiam sit amet erat. Nulla varius. Etiam t-
incidunt dui vitae turpis. Donec leo. Morbi
vulputate convallis est. Integer aliquet. Pel-
lentesque aliquet sodales urna.
Nullam eleifend justo in nisl. In hac habitasse
platea dictumst. Morbi nonummy. Aliquam
ut felis. In velit leo, dictum vitae, posuere id,
vulputate nec, ante. Maecenas vitae pede nec
dui dignissim suscipit. Morbi magna. Vestibu-
lum id purus eget velit laoreet laoreet. Prae-
sent sed leo vel nibh convallis blandit. Ut
rutrum. Donec nibh. Donec interdum. Fusce
sed pede sit amet elit rhoncus ultrices. Nullam
at enim vitae pede vehicula iaculis.
Class aptent taciti sociosqu ad litora torquen-
t per conubia nostra, per inceptos hymenaeos.
Aenean nonummy turpis id odio. Integer eu-
ismod imperdiet turpis. Ut nec leo nec di-
am imperdiet lacinia. Etiam eget lacus eget
mi ultricies posuere. In placerat tristique tor-
tor. Sed porta vestibulum metus. Nulla ia-
culis sollicitudin pede. Fusce luctus tellus in
dolor. Curabitur auctor velit a sem. Mor-
bi sapien. Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Donec adipiscing urna vehic-
ula nunc. Sed ornare leo in leo. In rhoncus
leo ut dui. Aenean dolor quam, volutpat nec,
fringilla id, consectetuer vel, pede.
Nulla malesuada risus ut urna. Aenean
pretium velit sit amet metus. Duis iaculis. In
hac habitasse platea dictumst. Nullam mo-
lestie turpis eget nisl. Duis a massa id pede
dapibus ultricies. Sed eu leo. In at mauris sit
amet tortor bibendum varius. Phasellus justo
risus, posuere in, sagittis ac, varius vel, tor-
tor. Quisque id enim. Phasellus consequat,
libero pretium nonummy fringilla, tortor lacus
vestibulum nunc, ut rhoncus ligula neque id
justo. Nullam accumsan euismod nunc. Proin
vitae ipsum ac metus dictum tempus. Nam ut
wisi. Quisque tortor felis, interdum ac, sodales
a, semper a, sem. Curabitur in velit sit amet
dui tristique sodales. Vivamus mauris pede,
lacinia eget, pellentesque quis, scelerisque eu,
est. Aliquam risus. Quisque bibendum pede
eu dolor.
Donec tempus neque vitae est. Aenean egestas
odio sed risus ullamcorper ullamcorper. Sed in
nulla a tortor tincidunt egestas. Nam sapien
tortor, elementum sit amet, aliquam in, port-
titor faucibus, enim. Nullam congue suscipit
nibh. Quisque convallis. Praesent arcu nibh,
vehicula eget, accumsan eu, tincidunt a, nibh.
Suspendisse vulputate, tortor quis adipiscing
viverra, lacus nibh dignissim tellus, eu suscipit
risus ante fringilla diam. Quisque a libero v-
el pede imperdiet aliquet. Pellentesque nunc
nibh, eleifend a, consequat consequat, hen-
drerit nec, diam. Sed urna. Maecenas laoreet
eleifend neque. Vivamus purus odio, eleifend
non, iaculis a, ultrices sit amet, urna. Mau-
ris faucibus odio vitae risus. In nisl. Praesent
purus. Integer iaculis, sem eu egestas lacinia,
lacus pede scelerisque augue, in ullamcorper
dolor eros ac lacus. Nunc in libero.
Fusce suscipit cursus sem. Vivamus risus mi,
egestas ac, imperdiet varius, faucibus quis,
leo. Aenean tincidunt. Donec suscipit. Cras
id justo quis nibh scelerisque dignissim. Ali-
quam sagittis elementum dolor. Aenean con-
sectetuer justo in pede. Curabitur ullamcorper
ligula nec orci. Aliquam purus turpis, aliquam
id, ornare vitae, porttitor non, wisi. Maecenas
luctus porta lorem. Donec vitae ligula eu ante
pretium varius. Proin tortor metus, convallis
et, hendrerit non, scelerisque in, urna. Cras
quis libero eu ligula bibendum tempor. Viva-
mus tellus quam, malesuada eu, tempus sed,
tempor sed, velit. Donec lacinia auctor libero.
Praesent sed neque id pede mollis rutrum.
Vestibulum iaculis risus. Pellentesque lacus.
Ut quis nunc sed odio malesuada egestas. Duis
a magna sit amet ligula tristique pretium. Ut
pharetra. Vestibulum imperdiet magna nec
wisi. Mauris convallis. Sed accumsan sollic-
itudin massa. Sed id enim. Nunc pede enim,
lacinia ut, pulvinar quis, suscipit semper, elit.
Cras accumsan erat vitae enim. Cras sollici-
tudin. Vestibulum rutrum blandit massa.
Sed gravida lectus ut purus. Morbi laoreet
magna. Pellentesque eu wisi. Proin turpis. In-
teger sollicitudin augue nec dui. Fusce lectus.
Vivamus faucibus nulla nec lacus. Integer di-
am. Pellentesque sodales, enim feugiat cursus
volutpat, sem mauris dignissim mauris, quis
consequat sem est fermentum ligula. Nullam
justo lectus, condimentum sit amet, posuere a,
fringilla mollis, felis. Morbi nulla nibh, pellen-
tesque at, nonummy eu, sollicitudin nec, ip-
sum. Cras neque. Nunc augue. Nullam vitae
quam id quam pulvinar blandit. Nunc sit amet
orci. Aliquam erat elit, pharetra nec, aliquet
a, gravida in, mi. Quisque urna enim, viverra
quis, suscipit quis, tincidunt ut, sapien. Cras
placerat consequat sem. Curabitur ac diam.
Curabitur diam tortor, mollis et, viverra ac,
tempus vel, metus.
Curabitur ac lorem. Vivamus non justo in
dui mattis posuere. Etiam accumsan ligula
id pede. Maecenas tincidunt diam nec velit.
Praesent convallis sapien ac est. Aliquam ul-
lamcorper euismod nulla. Integer mollis enim
vel tortor. Nulla sodales placerat nunc. Sed
tempus rutrum wisi. Duis accumsan gravi-
da purus. Nunc nunc. Etiam facilisis dui eu
sem. Vestibulum semper. Praesent eu eros.
Vestibulum tellus nisl, dapibus id, vestibulum
sit amet, placerat ac, mauris. Maecenas et elit
ut erat placerat dictum. Nam feugiat, turpis
et sodales volutpat, wisi quam rhoncus neque,
vitae aliquam ipsum sapien vel enim. Maece-
nas suscipit cursus mi.
Quisque consectetuer. In suscipit mauris a do-
lor pellentesque consectetuer. Mauris convallis
neque non erat. In lacinia. Pellentesque leo
eros, sagittis quis, fermentum quis, tincidun-
t ut, sapien. Maecenas sem. Curabitur eros
odio, interdum eu, feugiat eu, porta ac, nis-
l. Curabitur nunc. Etiam fermentum convallis
velit. Pellentesque laoreet lacus. Quisque sed
elit. Nam quis tellus. Aliquam tellus arcu,
adipiscing non, tincidunt eleifend, adipiscing
quis, augue. Vivamus elementum placerat en-
im. Suspendisse ut tortor. Integer faucibus
adipiscing felis. Aenean consectetuer mattis
lectus. Morbi malesuada faucibus dolor. Nam
lacus. Etiam arcu libero, malesuada vitae, ali-
quam vitae, blandit tristique, nisl.
Maecenas accumsan dapibus sapien. Duis
pretium iaculis arcu. Curabitur ut lacus. Ali-
quam vulputate. Suspendisse ut purus sed sem
tempor rhoncus. Ut quam dui, fringilla at, dic-
tum eget, ultricies quis, quam. Etiam sem est,
pharetra non, vulputate in, pretium at, ipsum.
Nunc semper sagittis orci. Sed scelerisque sus-
cipit diam. Ut volutpat, dolor at ullamcorp-
er tristique, eros purus mollis quam, sit amet
ornare ante nunc et enim.
Phasellus fringilla, metus id feugiat con-
sectetuer, lacus wisi ultrices tellus, quis lobor-
tis nibh lorem quis tortor. Donec egestas
ornare nulla. Mauris mi tellus, porta fau-
cibus, dictum vel, nonummy in, est. Ali-
quam erat volutpat. In tellus magna, port-
titor lacinia, molestie vitae, pellentesque eu,
justo. Class aptent taciti sociosqu ad litora
torquent per conubia nostra, per inceptos hy-
menaeos. Sed orci nibh, scelerisque sit amet,
suscipit sed, placerat vel, diam. Vestibulum
nonummy vulputate orci. Donec et velit ac ar-
cu interdum semper. Morbi pede orci, cursus
ac, elementum non, vehicula ut, lacus. Cras
volutpat. Nam vel wisi quis libero venenatis
placerat. Aenean sed odio. Quisque posuere
purus ac orci. Vivamus odio. Vivamus var-
ius, nulla sit amet semper viverra, odio mau-
ris consequat lacus, at vestibulum neque arcu
eu tortor. Donec iaculis tincidunt tellus. Ali-
quam erat volutpat. Curabitur magna lorem,
dignissim volutpat, viverra et, adipiscing nec,
dolor. Praesent lacus mauris, dapibus vitae,
sollicitudin sit amet, nonummy eget, ligula.
Cras egestas ipsum a nisl. Vivamus varius do-
lor ut dolor. Fusce vel enim. Pellentesque
accumsan ligula et eros. Cras id lacus non
tortor facilisis facilisis. Etiam nisl elit, cur-
sus sed, fringilla in, congue nec, urna. Cum
sociis natoque penatibus et magnis dis par-
turient montes, nascetur ridiculus mus. In-
teger at turpis. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Duis fringilla, ligula sed porta
fringilla, ligula wisi commodo felis, ut adipisc-
ing felis dui in enim. Suspendisse malesuada
ultrices ante. Pellentesque scelerisque augue
sit amet urna. Nulla volutpat aliquet tortor.
Cras aliquam, tellus at aliquet pellentesque,
justo sapien commodo leo, id rhoncus sapien
quam at erat. Nulla commodo, wisi eget sol-
licitudin pretium, orci orci aliquam orci, ut
cursus turpis justo et lacus. Nulla vel tor-
tor. Quisque erat elit, viverra sit amet, sagittis
eget, porta sit amet, lacus.
In hac habitasse platea dictumst. Proin at est.
Curabitur tempus vulputate elit. Pellentesque
sem. Praesent eu sapien. Duis elit magna, ali-
quet at, tempus sed, vehicula non, enim. Mor-
bi viverra arcu nec purus. Vivamus fringilla,
enim et commodo malesuada, tortor metus el-
ementum ligula, nec aliquet est sapien ut lec-
tus. Aliquam mi. Ut nec elit. Fusce euismod
luctus tellus. Curabitur scelerisque. Nullam
purus. Nam ultricies accumsan magna. Morbi
pulvinar lorem sit amet ipsum. Donec ut jus-
to vitae nibh mollis congue. Fusce quis diam.
Praesent tempus eros ut quam.
Donec in nisl. Fusce vitae est. Vivamus ante
ante, mattis laoreet, posuere eget, congue vel,
nunc. Fusce sem. Nam vel orci eu eros viver-
ra luctus. Pellentesque sit amet augue. Nunc
sit amet ipsum et lacus varius nonummy. In-
teger rutrum sem eget wisi. Aenean eu sapien.
Quisque ornare dignissim mi. Duis a urna vel
risus pharetra imperdiet. Suspendisse potenti.
Morbi justo. Aenean nec dolor. In hac
habitasse platea dictumst. Proin nonummy
porttitor velit. Sed sit amet leo nec metus
rhoncus varius. Cras ante. Vestibulum com-
modo sem tincidunt massa. Nam justo. Ae-
nean luctus, felis et condimentum lacinia, lec-
tus enim pulvinar purus, non porta velit nisl
sed eros. Suspendisse consequat. Mauris a dui
et tortor mattis pretium. Sed nulla metus, vo-
lutpat id, aliquam eget, ullamcorper ut, ipsum.
Morbi eu nunc. Praesent pretium. Duis ali-
quam pulvinar ligula. Ut blandit egestas justo.
Quisque posuere metus viverra pede.
Vivamus sodales elementum neque. Viva-
mus dignissim accumsan neque. Sed at enim.
Vestibulum nonummy interdum purus. Mau-
ris ornare velit id nibh pretium ultricies. Fusce
tempor pellentesque odio. Vivamus augue pu-
rus, laoreet in, scelerisque vel, commodo id,
wisi. Duis enim. Nulla interdum, nunc eu sem-
per eleifend, enim dolor pretium elit, ut com-
modo ligula nisl a est. Vivamus ante. Nulla
leo massa, posuere nec, volutpat vitae, rhon-
cus eu, magna.
Quisque facilisis auctor sapien. Pellentesque
gravida hendrerit lectus. Mauris rutrum so-
dales sapien. Fusce hendrerit sem vel lorem.
Integer pellentesque massa vel augue. Integer
elit tortor, feugiat quis, sagittis et, ornare non,
lacus. Vestibulum posuere pellentesque eros.
Quisque venenatis ipsum dictum nulla. Ali-
quam quis quam non metus eleifend interdum.
Nam eget sapien ac mauris malesuada adipisc-
ing. Etiam eleifend neque sed quam. Nulla
facilisi. Proin a ligula. Sed id dui eu nibh
egestas tincidunt. Suspendisse arcu.
Maecenas dui. Aliquam volutpat auctor lorem.
Cras placerat est vitae lectus. Curabitur
massa lectus, rutrum euismod, dignissim ut,
dapibus a, odio. Ut eros erat, vulputate ut, in-
terdum non, porta eu, erat. Cras fermentum,
felis in porta congue, velit leo facilisis odio, vi-
tae consectetuer lorem quam vitae orci. Sed
ultrices, pede eu placerat auctor, ante ligula
rutrum tellus, vel posuere nibh lacus nec nibh.
Maecenas laoreet dolor at enim. Donec mo-
lestie dolor nec metus. Vestibulum libero. Sed
quis erat. Sed tristique. Duis pede leo, fer-
mentum quis, consectetuer eget, vulputate sit
amet, erat.
Donec vitae velit. Suspendisse porta fermen-
tum mauris. Ut vel nunc non mauris phare-
tra varius. Duis consequat libero quis urna.
Maecenas at ante. Vivamus varius, wisi sed
egestas tristique, odio wisi luctus nulla, lobor-
tis dictum dolor ligula in lacus. Vivamus ali-
quam, urna sed interdum porttitor, metus orci
interdum odio, sit amet euismod lectus felis et
leo. Praesent ac wisi. Nam suscipit vestibu-
lum sem. Praesent eu ipsum vitae pede cursus
venenatis. Duis sed odio. Vestibulum eleifend.
Nulla ut massa. Proin rutrum mattis sapien.
Curabitur dictum gravida ante.
Phasellus placerat vulputate quam. Maece-
nas at tellus. Pellentesque neque diam, dig-
nissim ac, venenatis vitae, consequat ut, lacus.
Nam nibh. Vestibulum fringilla arcu mollis ar-
cu. Sed et turpis. Donec sem tellus, volut-
pat et, varius eu, commodo sed, lectus. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque enim arcu, suscipit nec, tempus
at, imperdiet vel, metus. Morbi volutpat pu-
rus at erat. Donec dignissim, sem id semper
tempus, nibh massa eleifend turpis, sed pellen-
tesque wisi purus sed libero. Nullam lobortis
tortor vel risus. Pellentesque consequat nulla
eu tellus. Donec velit. Aliquam fermentum,
wisi ac rhoncus iaculis, tellus nunc malesuada
orci, quis volutpat dui magna id mi. Nunc vel
ante. Duis vitae lacus. Cras nec ipsum.
Morbi nunc. Aliquam consectetuer varius nul-
la. Phasellus eros. Cras dapibus porttitor ris-
us. Maecenas ultrices mi sed diam. Praesent
gravida velit at elit vehicula porttitor. Phasel-
lus nisl mi, sagittis ac, pulvinar id, gravida sit
amet, erat. Vestibulum est. Lorem ipsum do-
lor sit amet, consectetuer adipiscing elit. Cur-
abitur id sem elementum leo rutrum hendrerit.
Ut at mi. Donec tincidunt faucibus massa.
Sed turpis quam, sollicitudin a, hendrerit eget,
pretium ut, nisl. Duis hendrerit ligula. Nunc
pulvinar congue urna.
Nunc velit. Nullam elit sapien, eleifend eu,
commodo nec, semper sit amet, elit. Nulla lec-
tus risus, condimentum ut, laoreet eget, viver-
ra nec, odio. Proin lobortis. Curabitur dictum
arcu vel wisi. Cras id nulla venenatis tortor
congue ultrices. Pellentesque eget pede. Sed
eleifend sagittis elit. Nam sed tellus sit amet
lectus ullamcorper tristique. Mauris enim sem,
tristique eu, accumsan at, scelerisque vulpu-
tate, neque. Quisque lacus. Donec et ipsum sit
amet elit nonummy aliquet. Sed viverra nisl at
sem. Nam diam. Mauris ut dolor. Curabitur
ornare tortor cursus velit.
Morbi tincidunt posuere arcu. Cras venenatis
est vitae dolor. Vivamus scelerisque semper
mi. Donec ipsum arcu, consequat scelerisque,
viverra id, dictum at, metus. Lorem ipsum
dolor sit amet, consectetuer adipiscing elit. Ut
pede sem, tempus ut, porttitor bibendum, mo-
lestie eu, elit. Suspendisse potenti. Sed id lec-
tus sit amet purus faucibus vehicula. Praesen-
t sed sem non dui pharetra interdum. Nam
viverra ultrices magna.
Aenean laoreet aliquam orci. Nunc interdum
elementum urna. Quisque erat. Nullam tem-
por neque. Maecenas velit nibh, scelerisque a,
consequat ut, viverra in, enim. Duis magna.
Donec odio neque, tristique et, tincidunt eu,
rhoncus ac, nunc. Mauris malesuada malesua-
da elit. Etiam lacus mauris, pretium vel, blan-
dit in, ultricies id, libero. Phasellus bibendum
erat ut diam. In congue imperdiet lectus.
Aenean scelerisque. Fusce pretium porttitor
lorem. In hac habitasse platea dictumst. Nulla
sit amet nisl at sapien egestas pretium. Nunc
non tellus. Vivamus aliquet. Nam adipiscing
euismod dolor. Aliquam erat volutpat. Nul-
la ut ipsum. Quisque tincidunt auctor au-
gue. Nunc imperdiet ipsum eget elit. Ali-
quam quam leo, consectetuer non, ornare sit
amet, tristique quis, felis. Vestibulum ante ip-
sum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Pellentesque interdum
quam sit amet mi. Pellentesque mauris dui,
dictum a, adipiscing ac, fermentum sit amet,
lorem.
Ut quis wisi. Praesent quis massa. Vivamus
egestas risus eget lacus. Nunc tincidunt, risus
quis bibendum facilisis, lorem purus rutrum
neque, nec porta tortor urna quis orci. Ae-
nean aliquet, libero semper volutpat luctus,
pede erat lacinia augue, quis rutrum sem ip-
sum sit amet pede. Vestibulum aliquet, nibh
sed iaculis sagittis, odio dolor blandit augue,
eget mollis urna tellus id tellus. Aenean ali-
quet aliquam nunc. Nulla ultricies justo eget
orci. Phasellus tristique fermentum leo. Sed
massa metus, sagittis ut, semper ut, pharetra
vel, erat. Aliquam quam turpis, egestas vel,
elementum in, egestas sit amet, lorem. Duis
convallis, wisi sit amet mollis molestie, libero
mauris porta dui, vitae aliquam arcu turpis ac
sem. Aliquam aliquet dapibus metus.
Vivamus commodo eros eleifend dui. Vestibu-
lum in leo eu erat tristique mattis. Cras at
elit. Cras pellentesque. Nullam id lacus sit
amet libero aliquet hendrerit. Proin placerat,
mi non elementum laoreet, eros elit tincidun-
t magna, a rhoncus sem arcu id odio. Nul-
la eget leo a leo egestas facilisis. Curabitur
quis velit. Phasellus aliquam, tortor nec ornare
rhoncus, purus urna posuere velit, et commo-
do risus tellus quis tellus. Vivamus leo turpis,
tempus sit amet, tristique vitae, laoreet quis,
odio. Proin scelerisque bibendum ipsum. Eti-
am nisl. Praesent vel dolor. Pellentesque vel
magna. Curabitur urna. Vivamus congue ur-
na in velit. Etiam ullamcorper elementum dui.
Praesent non urna. Sed placerat quam non mi.
Pellentesque diam magna, ultricies eget, ultri-
ces placerat, adipiscing rutrum, sem.
Morbi sem. Nulla facilisi. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Nulla facilisi. Mor-
bi sagittis ultrices libero. Praesent eu ligula
sed sapien auctor sagittis. Class aptent taciti
sociosqu ad litora torquent per conubia nos-
tra, per inceptos hymenaeos. Donec vel nunc.
Nunc fermentum, lacus id aliquam porta, dui
tortor euismod eros, vel molestie ipsum purus
eu lacus. Vivamus pede arcu, euismod ac, tem-
pus id, pretium et, lacus. Curabitur sodales
dapibus urna. Nunc eu sapien. Donec eget
nunc a pede dictum pretium. Proin mauris.
Vivamus luctus libero vel nibh.
Fusce tristique risus id wisi. Integer molestie
massa id sem. Vestibulum vel dolor. Pel-
lentesque vel urna vel risus ultricies elemen-
tum. Quisque sapien urna, blandit nec, iaculis
ac, viverra in, odio. In hac habitasse platea
dictumst. Morbi neque lacus, convallis vitae,
commodo ac, fermentum eu, velit. Sed in or-
ci. In fringilla turpis non arcu. Donec in ante.
Phasellus tempor feugiat velit. Aenean var-
ius massa non turpis. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae;
Aliquam tortor. Morbi ipsum massa, imperdi-
et non, consectetuer vel, feugiat vel, lorem.
Quisque eget lorem nec elit malesuada vestibu-
lum. Quisque sollicitudin ipsum vel sem. Nul-
la enim. Proin nonummy felis vitae felis. Nul-
lam pellentesque. Duis rutrum feugiat fe-
lis. Mauris vel pede sed libero tincidunt mol-
lis. Phasellus sed urna rhoncus diam euismod
bibendum. Phasellus sed nisl. Integer condi-
mentum justo id orci iaculis varius. Quisque et
lacus. Phasellus elementum, justo at dignissim
auctor, wisi odio lobortis arcu, sed sollicitudin
felis felis eu neque. Praesent at lacus.
Vivamus sit amet pede. Duis interdum, nunc
eget rutrum dignissim, nisl diam luctus leo,
et tincidunt velit nisl id tellus. In lorem tel-
lus, aliquet vitae, porta in, aliquet sed, lectus.
Phasellus sodales. Ut varius scelerisque erat.
In vel nibh eu eros imperdiet rutrum. Donec
ac odio nec neque vulputate suscipit. Nam nec
magna. Pellentesque habitant morbi tristique
senectus et netus et malesuada fames ac turpis
egestas. Nullam porta, odio et sagittis iaculis,
wisi neque fringilla sapien, vel commodo lorem
lorem id elit. Ut sem lectus, scelerisque eget,
placerat et, tincidunt scelerisque, ligula. Pel-
lentesque non orci.
Etiam vel ipsum. Morbi facilisis vestibulum
nisl. Praesent cursus laoreet felis. Integer
adipiscing pretium orci. Nulla facilisi. Quisque
posuere bibendum purus. Nulla quam mauris,
cursus eget, convallis ac, molestie non, enim.
Aliquam congue. Quisque sagittis nonummy
sapien. Proin molestie sem vitae urna. Mae-
cenas lorem. Vivamus viverra consequat enim.
Nunc sed pede. Praesent vitae lectus. Prae-
sent neque justo, vehicula eget, interdum id,
facilisis et, nibh. Phasellus at purus et libero
lacinia dictum. Fusce aliquet. Nulla eu ante
placerat leo semper dictum. Mauris metus.
Curabitur lobortis. Curabitur sollicitudin hen-
drerit nunc. Donec ultrices lacus id ipsum.
Donec a nibh ut elit vestibulum tristique. In-
teger at pede. Cras volutpat varius magna.
Phasellus eu wisi. Praesent risus justo, lobor-
tis eget, scelerisque ac, aliquet in, dolor. Proin
id leo. Nunc iaculis, mi vitae accumsan com-
modo, neque sem lacinia nulla, quis vestibulum
justo sem in eros. Quisque sed massa. Morbi
lectus ipsum, vulputate a, mollis ut, accumsan
placerat, tellus. Nullam in wisi. Vivamus eu
ligula a nunc accumsan congue. Suspendisse
ac libero. Aliquam erat volutpat. Donec au-
gue. Nunc venenatis fringilla nibh. Fusce ac-
cumsan pulvinar justo. Nullam semper, dui ut
dignissim auctor, orci libero fringilla massa, b-
landit pulvinar pede tortor id magna. Nunc
adipiscing justo sed velit tincidunt fermentum.
Integer placerat. Pellentesque habitant morbi
tristique senectus et netus et malesuada fames
ac turpis egestas. Sed in massa. Class aptent
taciti sociosqu ad litora torquent per conubi-
a nostra, per inceptos hymenaeos. Phasellus
tempus aliquam risus. Aliquam rutrum purus
at metus. Donec posuere odio at erat. Nam
non nibh. Phasellus ligula. Quisque vene-
natis lectus in augue. Sed vestibulum dapibus
neque.
Mauris tempus eros at nulla. Sed quis dui dig-
nissim mauris pretium tincidunt. Mauris ac
purus. Phasellus ac libero. Etiam dapibus ia-
culis nunc. In lectus wisi, elementum eu, sollic-
itudin nec, imperdiet quis, dui. Nulla viverra
neque ac libero. Mauris urna leo, adipiscing
eu, ultrices non, blandit eu, dui. Maecenas
dui neque, suscipit sit amet, rutrum a, laoreet
in, eros. Ut eu nibh. Fusce nec erat tempus
urna fringilla tempus. Curabitur id enim. Sed
ante. Cras sodales enim sit amet wisi. Nunc
fermentum consequat quam.
Ut auctor, augue porta dignissim vestibulum,
arcu diam lobortis velit, vel scelerisque ris-
us augue sagittis risus. Maecenas eu justo.
Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis eges-
tas. Mauris congue ligula eget tortor. Nul-
lam laoreet urna sed enim. Donec eget eros ut
eros volutpat convallis. Praesent turpis. Inte-
ger mauris diam, elementum quis, egestas ac,
rutrum vel, orci. Nulla facilisi. Quisque adip-
iscing, nulla vitae elementum porta, sem urna
volutpat leo, sed porta enim risus sed massa.
Integer ac enim quis diam sodales luctus. Ut
eget eros a ligula commodo ultricies. Donec eu
urna viverra dolor hendrerit feugiat. Aliquam
ac orci vel eros congue pharetra. Quisque
rhoncus, justo eu volutpat faucibus, augue leo
posuere lacus, a rhoncus purus pede vel est.
Proin ultrices enim.
Aenean tincidunt laoreet dui. Vestibulum ante
ipsum primis in faucibus orci luctus et ultri-
ces posuere cubilia Curae; Integer ipsum lec-
tus, fermentum ac, malesuada in, eleifend ut,
lorem. Vivamus ipsum turpis, elementum vel,
hendrerit ut, semper at, metus. Vivamus sapi-
en tortor, eleifend id, dapibus in, egestas et,
pede. Pellentesque faucibus. Praesent lorem
neque, dignissim in, facilisis nec, hendrerit vel,
odio. Nam at diam ac neque aliquet viver-
ra. Morbi dapibus ligula sagittis magna. In
lobortis. Donec aliquet ultricies libero. Nunc
dictum vulputate purus. Morbi varius. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. In tempor. Phasellus commodo porttitor
magna. Curabitur vehicula odio vel dolor.
Praesent facilisis, augue a adipiscing vene-
natis, libero risus molestie odio, pulvinar con-
sectetuer felis erat ac mauris. Nam vestibu-
lum rhoncus quam. Sed velit urna, pharetra
eu, eleifend eu, viverra at, wisi. Maecenas ul-
trices nibh at turpis. Aenean quam. Nulla
ipsum. Aliquam posuere luctus erat. Cur-
abitur magna felis, lacinia et, tristique id, ul-
trices ut, mauris. Suspendisse feugiat. Cras
eleifend wisi vitae tortor. Phasellus leo purus,
mattis sit amet, auctor in, rutrum in, magna.
In hac habitasse platea dictumst. Phasellus
imperdiet metus in sem. Vestibulum ac enim
non sem ultricies sagittis. Sed vel diam.
Integer vel enim sed turpis adipiscing biben-
dum. Vestibulum pede dolor, laoreet nec, po-
suere in, nonummy in, sem. Donec imperdiet
sapien placerat erat. Donec viverra. Aliquam
eros. Nunc consequat massa id leo. Sed ullam-
corper, lorem in sodales dapibus, risus metus
sagittis lorem, non porttitor purus odio nec o-
dio. Sed tincidunt posuere elit. Quisque eu
enim. Donec libero risus, feugiat ac, dapibus
eget, posuere a, felis. Quisque vel lectus ut me-
tus tincidunt eleifend. Duis ut pede. Duis velit
erat, venenatis vitae, vulputate a, pharetra sit
amet, est. Etiam fringilla faucibus augue.
Aenean velit sem, viverra eu, tempus id,
rutrum id, mi. Nullam nec nibh. Proin ullam-
corper, dolor in cursus tristique, eros augue
tempor nibh, at gravida diam wisi at purus.
Donec mattis ullamcorper tellus. Phasellus vel
nulla. Praesent interdum, eros in sodales sol-
licitudin, nunc nulla pulvinar justo, a euismod
eros sem nec nibh. Nullam sagittis dapibus
lectus. Nullam eget ipsum eu tortor lobortis
sodales. Etiam purus leo, pretium nec, feu-
giat non, ullamcorper vel, nibh. Sed vel elit
et quam accumsan facilisis. Nunc leo. Sus-
pendisse faucibus lacus.
Pellentesque interdum sapien sed nulla. Proin
tincidunt. Aliquam volutpat est vel massa.
Sed dolor lacus, imperdiet non, ornare non,
commodo eu, neque. Integer pretium sem-
per justo. Proin risus. Nullam id quam.
Nam neque. Duis vitae wisi ullamcorper di-
am congue ultricies. Quisque ligula. Mauris
vehicula.
Curabitur nunc magna, posuere eget, vene-
natis eu, vehicula ac, velit. Aenean ornare,
massa a accumsan pulvinar, quam lorem
laoreet purus, eu sodales magna risus molestie
lorem. Nunc erat velit, hendrerit quis, male-
suada ut, aliquam vitae, wisi. Sed posuere.
Suspendisse ipsum arcu, scelerisque nec, ali-
quam eu, molestie tincidunt, justo. Phasellus
iaculis. Sed posuere lorem non ipsum. Pel-
lentesque dapibus. Suspendisse quam libero,
laoreet a, tincidunt eget, consequat at, est.
Nullam ut lectus non enim consequat facili-
sis. Mauris leo. Quisque pede ligula, auctor
vel, pellentesque vel, posuere id, turpis. Cras
ipsum sem, cursus et, facilisis ut, tempus eu-
ismod, quam. Suspendisse tristique dolor eu
orci. Mauris mattis. Aenean semper. Viva-
mus tortor magna, facilisis id, varius mattis,
hendrerit in, justo. Integer purus.
Vivamus adipiscing. Curabitur imperdiet tem-
pus turpis. Vivamus sapien dolor, congue ve-
nenatis, euismod eget, porta rhoncus, magna.
Proin condimentum pretium enim. Fusce
fringilla, libero et venenatis facilisis, eros en-
im cursus arcu, vitae facilisis odio augue vitae
orci. Aliquam varius nibh ut odio. Sed condi-
mentum condimentum nunc. Pellentesque
eget massa. Pellentesque quis mauris. Donec
ut ligula ac pede pulvinar lobortis. Pellen-
tesque euismod. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent elit. Ut laoreet
ornare est. Phasellus gravida vulputate nulla.
Donec sit amet arcu ut sem tempor malesua-
da. Praesent hendrerit augue in urna. Proin
enim ante, ornare vel, consequat ut, blandit
in, justo. Donec felis elit, dignissim sed, sagit-
tis ut, ullamcorper a, nulla. Aenean pharetra
vulputate odio.
Quisque enim. Proin velit neque, tristique eu,
eleifend eget, vestibulum nec, lacus. Vivamus
odio. Duis odio urna, vehicula in, elementum
aliquam, aliquet laoreet, tellus. Sed velit. Sed
vel mi ac elit aliquet interdum. Etiam sapi-
en neque, convallis et, aliquet vel, auctor non,
arcu. Aliquam suscipit aliquam lectus. Proin
tincidunt magna sed wisi. Integer blandit la-
cus ut lorem. Sed luctus justo sed enim.
Morbi malesuada hendrerit dui. Nunc mauris
leo, dapibus sit amet, vestibulum et, commodo
id, est. Pellentesque purus. Pellentesque tris-
tique, nunc ac pulvinar adipiscing, justo eros
consequat lectus, sit amet posuere lectus neque
vel augue. Cras consectetuer libero ac eros. Ut
eget massa. Fusce sit amet enim eleifend sem
dictum auctor. In eget risus luctus wisi conva-
llis pulvinar. Vivamus sapien risus, tempor in,
viverra in, aliquet pellentesque, eros. Aliquam
euismod libero a sem.
Nunc velit augue, scelerisque dignissim, lobor-
tis et, aliquam in, risus. In eu eros. Vestibu-
lum ante ipsum primis in faucibus orci luctus
et ultrices posuere cubilia Curae; Curabitur
vulputate elit viverra augue. Mauris fringilla,
tortor sit amet malesuada mollis, sapien mi
dapibus odio, ac imperdiet ligula enim eget
nisl. Quisque vitae pede a pede aliquet sus-
cipit. Phasellus tellus pede, viverra vestibu-
lum, gravida id, laoreet in, justo. Cum soci-
is natoque penatibus et magnis dis parturient
montes, nascetur ridiculus mus. Integer com-
modo luctus lectus. Mauris justo. Duis var-
ius eros. Sed quam. Cras lacus eros, rutrum
eget, varius quis, convallis iaculis, velit. Mau-
ris imperdiet, metus at tristique venenatis, pu-
rus neque pellentesque mauris, a ultrices elit
lacus nec tortor. Class aptent taciti sociosqu
ad litora torquent per conubia nostra, per in-
ceptos hymenaeos. Praesent malesuada. Nam
lacus lectus, auctor sit amet, malesuada vel,
elementum eget, metus. Duis neque pede, fa-
cilisis eget, egestas elementum, nonummy id,
neque.
Proin non sem. Donec nec erat. Proin libero.
Aliquam viverra arcu. Donec vitae purus.
Donec felis mi, semper id, scelerisque porta,
sollicitudin sed, turpis. Nulla in urna. Integer
varius wisi non elit. Etiam nec sem. Mau-
ris consequat, risus nec congue condimentum,
ligula ligula suscipit urna, vitae porta odio er-
at quis sapien. Proin luctus leo id erat. Etiam
massa metus, accumsan pellentesque, sagittis
sit amet, venenatis nec, mauris. Praesent ur-
na eros, ornare nec, vulputate eget, cursus sed,
justo. Phasellus nec lorem. Nullam ligula ligu-
la, mollis sit amet, faucibus vel, eleifend ac,
dui. Aliquam erat volutpat.
Fusce vehicula, tortor et gravida porttitor, me-
tus nibh congue lorem, ut tempus purus mau-
ris a pede. Integer tincidunt orci sit amet
turpis. Aenean a metus. Aliquam vestibulum
lobortis felis. Donec gravida. Sed sed urna.
Mauris et orci. Integer ultrices feugiat ligu-
la. Sed dignissim nibh a massa. Donec orci
dui, tempor sed, tincidunt nonummy, viverra
sit amet, turpis. Quisque lobortis. Proin vene-
natis tortor nec wisi. Vestibulum placerat. In
hac habitasse platea dictumst. Aliquam por-
ta mi quis risus. Donec sagittis luctus diam.
Nam ipsum elit, imperdiet vitae, faucibus nec,
fringilla eget, leo. Etiam quis dolor in sapien
porttitor imperdiet.
Cras pretium. Nulla malesuada ipsum ut
libero. Suspendisse gravida hendrerit tellus.
Maecenas quis lacus. Morbi fringilla. Vestibu-
lum odio turpis, tempor vitae, scelerisque a,
dictum non, massa. Praesent erat felis, por-
ta sit amet, condimentum sit amet, placer-
at et, turpis. Praesent placerat lacus a en-
im. Vestibulum non eros. Ut congue. Donec
tristique varius tortor. Pellentesque habitant
morbi tristique senectus et netus et malesuada
fames ac turpis egestas. Nam dictum dictum
urna.
Phasellus vestibulum orci vel mauris. Fusce
quam leo, adipiscing ac, pulvinar eget, mo-
lestie sit amet, erat. Sed diam. Suspendisse
eros leo, tempus eget, dapibus sit amet, tem-
pus eu, arcu. Vestibulum wisi metus, dapibus
vel, luctus sit amet, condimentum quis, leo.
Suspendisse molestie. Duis in ante. Ut so-
dales sem sit amet mauris. Suspendisse ornare
pretium orci. Fusce tristique enim eget mi.
Vestibulum eros elit, gravida ac, pharetra sed,
lobortis in, massa. Proin at dolor. Duis ac-
cumsan accumsan pede. Nullam blandit elit
in magna lacinia hendrerit. Ut nonummy luc-
tus eros. Fusce eget tortor.
Ut sit amet magna. Cras a ligula eu urna
dignissim viverra. Nullam tempor leo porta
ipsum. Praesent purus. Nullam consequat.
Mauris dictum sagittis dui. Vestibulum sol-
licitudin consectetuer wisi. In sit amet diam.
Nullam malesuada pharetra risus. Proin lacus
arcu, eleifend sed, vehicula at, congue sit amet,
sem. Sed sagittis pede a nisl. Sed tincidunt o-
dio a pede. Sed dui. Nam eu enim. Aliquam
sagittis lacus eget libero. Pellentesque diam
sem, sagittis molestie, tristique et, fermentum
ornare, nibh. Nulla et tellus non felis imperdi-
et mattis. Aliquam erat volutpat.
Vestibulum sodales ipsum id augue. Integer
ipsum pede, convallis sit amet, tristique vi-
tae, tempor ut, nunc. Nam non ligula non
lorem convallis hendrerit. Maecenas hendrerit.
Sed magna odio, aliquam imperdiet, porta ac,
aliquet eget, mi. Cum sociis natoque penati-
bus et magnis dis parturient montes, nascetur
ridiculus mus. Vestibulum nisl sem, dignissim
vel, euismod quis, egestas ut, orci. Nunc vi-
tae risus vel metus euismod laoreet. Cras sit
amet neque a turpis lobortis auctor. Sed ali-
quam sem ac elit. Cras velit lectus, facilisis
id, dictum sed, porta rutrum, nisl. Nam hen-
drerit ipsum sed augue. Nullam scelerisque
hendrerit wisi. Vivamus egestas arcu sed pu-
rus. Ut ornare lectus sed eros. Suspendisse
potenti. Mauris sollicitudin pede vel velit. In
hac habitasse platea dictumst.
Suspendisse erat mauris, nonummy eget,
pretium eget, consequat vel, justo. Pellen-
tesque consectetuer erat sed lacus. Nullam
egestas nulla ac dui. Donec cursus rhoncus
ipsum. Nunc et sem eu magna egestas male-
suada. Vivamus dictum massa at dolor. Mor-
bi est nulla, faucibus ac, posuere in, interdum
ut, sapien. Proin consectetuer pretium urna.
Donec sit amet nibh nec purus dignissim mat-
tis. Phasellus vehicula elit at lacus. Nulla fa-
cilisi. Cras ut arcu. Sed consectetuer. Integer
tristique elit quis felis consectetuer eleifend.
Cras et lectus.
Ut congue malesuada justo. Curabitur congue,
felis at hendrerit faucibus, mauris lacus port-
titor pede, nec aliquam turpis diam feugiat ar-
cu. Nullam rhoncus ipsum at risus. Vestibu-
lum a dolor sed dolor fermentum vulputate.
Sed nec ipsum dapibus urna bibendum lobor-
tis. Vestibulum elit. Nam ligula arcu, volutpat
eget, lacinia eu, lobortis ac, urna. Nam mol-
lis ultrices nulla. Cras vulputate. Suspendisse
at risus at metus pulvinar malesuada. Nullam
lacus. Aliquam tempus magna. Aliquam ut
purus. Proin tellus.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae; Donec
scelerisque metus. Maecenas non mi ut metus
porta hendrerit. Nunc semper. Cras quis wisi
ut lorem posuere tristique. Nunc vestibulum
scelerisque nulla. Suspendisse pharetra sollic-
itudin ante. Praesent at augue sit amet ante
interdum porta. Nunc bibendum augue luctus
diam. Etiam nec sem. Sed eros turpis, facilisis
nec, vehicula vitae, aliquam sed, nulla. Cur-
abitur justo leo, vestibulum eget, tristique ut,
tempus at, nisl.
Nulla venenatis lorem id arcu. Morbi cur-
sus urna a ipsum. Donec porttitor. Integer
eleifend, est non mattis malesuada, mi nulla
convallis mi, et auctor lectus sapien ut pu-
rus. Aliquam nulla augue, pharetra sit amet,
faucibus semper, molestie vel, nibh. Pellen-
tesque vestibulum magna et mi. Sed fringilla
dolor vel tellus. Nunc libero nunc, venenatis
eget, convallis hendrerit, iaculis elementum,
mi. Nullam aliquam, felis et accumsan vehic-
ula, magna justo vehicula diam, eu condimen-
tum nisl felis et nunc. Quisque volutpat mauris
a velit. Pellentesque massa. Integer at lorem.
Nam metus erat, lacinia id, convallis ut, pul-
vinar non, wisi. Cras iaculis mauris ut neque.
Cras sodales, sem vitae imperdiet consequat,
pede purus sollicitudin urna, ac aliquam metus
orci in leo. Ut molestie ultrices mauris. Viva-
mus vitae sem. Aliquam erat volutpat. Prae-
sent commodo, nisl ac dapibus aliquet, tortor
orci sodales lorem, non ornare nulla lorem quis
nisl.
Sed at sem vitae purus ultrices vestibulum.
Vestibulum tincidunt lacus et ligula. Pel-
lentesque vitae elit. Vestibulum ante ipsum
primis in faucibus orci luctus et ultrices po-
suere cubilia Curae; Duis ornare, erat eget
laoreet vulputate, lacus ipsum suscipit turpis,
et bibendum nisl orci non lectus. Vestibu-
lum nec risus nec libero fermentum fringilla.
Morbi non velit in magna gravida hendrerit.
Pellentesque quis lectus. Vestibulum eleifend
lobortis leo. Vestibulum non augue. Vivamus
dictum tempor dui. Maecenas at ligula id fe-
lis congue porttitor. Nulla leo magna, egestas
quis, vulputate sit amet, viverra id, velit.
Ut lectus lectus, ultricies sit amet, semper
eget, laoreet non, ante. Proin at massa quis
nunc rhoncus mattis. Aliquam lorem. Cur-
abitur pharetra dui at neque. Aliquam eu tel-
lus. Aenean tempus, felis vitae vulputate ia-
culis, est dolor faucibus urna, in viverra wisi
neque non risus. Fusce vel dolor nec sapien
pretium nonummy. Integer faucibus massa ac
nulla ornare venenatis. Nulla quis sapien. Sed
tortor. Phasellus eget mi. Cras nunc. Cras a
enim.
Quisque nisl. In dignissim dapibus massa. Ae-
nean sem magna, scelerisque nec, ullamcorper
quis, porttitor ut, lectus. Fusce dignissim fa-
cilisis tortor. Vivamus gravida felis sit amet
nunc. Nam pulvinar odio vel enim. Pellen-
tesque sit amet est. Vivamus pulvinar leo non
sapien. Aliquam erat volutpat. Ut elementum
auctor metus. Mauris vestibulum neque vitae
eros. Pellentesque aliquam quam. Donec ve-
nenatis tristique purus. In nisl. Nulla velit
libero, fermentum at, porta a, feugiat vitae,
urna. Etiam aliquet ornare ipsum. Proin non
dolor. Aenean nunc ligula, venenatis suscipit,
porttitor sit amet, mattis suscipit, magna. Vi-
vamus egestas viverra est. Morbi at risus sed
sapien sodales pretium.
Morbi congue congue metus. Aenean sed pu-
rus. Nam pede magna, tristique nec, porta
id, sollicitudin quis, sapien. Vestibulum blan-
dit. Suspendisse ut augue ac nibh ullamcorper
posuere. Integer euismod, neque at eleifend
fringilla, augue elit ornare dolor, vel tincidunt
purus est id lacus. Vivamus lorem dui, commo-
do quis, scelerisque eu, tincidunt non, magna.
Cras sodales. Quisque vestibulum pulvinar di-
am. Phasellus tincidunt, leo vitae tristique fa-
cilisis, ipsum wisi interdum sem, dapibus sem-
per nulla velit vel lectus. Cras dapibus mauris
et augue. Quisque cursus nulla in libero. Sus-
pendisse et lorem sit amet mauris malesuada
mollis. Nullam id justo. Maecenas venenatis.
Donec lacus arcu, egestas ac, fermentum con-
sectetuer, tempus eu, metus. Proin sodales,
sem in pretium fermentum, arcu sapien com-
modo mauris, venenatis consequat augue ur-
na in wisi. Quisque sapien nunc, varius eget,
condimentum quis, lacinia in, est. Fusce facil-
isis. Praesent nec ipsum.
Suspendisse a dolor. Nam erat eros, congue
eget, sagittis a, lacinia in, pede. Maecenas
in elit. Proin molestie varius nibh. Vivamus
tristique purus sed augue. Proin egestas sem-
per tortor. Vestibulum ante ipsum primis in
faucibus orci luctus et ultrices posuere cubil-
ia Curae; Class aptent taciti sociosqu ad l-
itora torquent per conubia nostra, per incep-
tos hymenaeos. Vestibulum orci enim, sagittis
ornare, eleifend ut, mattis at, ligula. Nulla
molestie convallis arcu. Ut eros tellus, condi-
mentum at, sodales in, ultrices vel, nulla.
Duis magna ante, bibendum eget, eleifend
eget, suscipit sed, neque. Vestibulum in mi
sed massa cursus cursus. Pellentesque pulv-
inar mollis neque. Fusce ut enim vitae mauris
malesuada tincidunt. Vivamus a neque. Mau-
ris pulvinar, sapien id condimentum dictum,
quam arcu rhoncus dui, id tempor lacus justo
et justo. Proin sit amet orci eu diam eleifend
blandit. Nunc erat massa, luctus ac, fermen-
tum lacinia, tincidunt ultrices, sapien. Prae-
sent sed orci vitae dolor sollicitudin adipiscing.
Cras a neque. Ut risus dui, interdum at, plac-
erat id, tristique eu, enim. Vestibulum ante
ipsum primis in faucibus orci luctus et ultrices
posuere cubilia Curae; Etiam adipiscing eros
vestibulum dolor. Pellentesque aliquam, diam
eget eleifend posuere, augue eros porttitor lec-
tus, ac dignissim dui metus nec felis. Quisque
lacinia. Vestibulum tellus. Suspendisse nec
wisi. Aenean ac felis. Aliquam ultrices metus
et nulla.
Praesent sed est non nibh tempus venenatis.
Praesent rhoncus. Curabitur sagittis est sit
amet neque. Sed commodo malesuada lectus.
Phasellus enim tellus, tempor ut, tristique eu,
aliquam eu, quam. Aenean quis quam quis
wisi gravida vehicula. Pellentesque a massa
a leo pretium rhoncus. Suspendisse ultrices.
Donec lacinia malesuada massa. Class apten-
t taciti sociosqu ad litora torquent per conu-
bia nostra, per inceptos hymenaeos. Donec
pretium ornare mauris. Phasellus auctor er-
at eget enim. Integer scelerisque, felis eu con-
sequat fringilla, lorem wisi ultricies velit, id
vehicula purus nulla eget odio. Nullam mat-
tis, diam a rutrum fermentum, odio sapien
tristique quam, id mollis tellus quam in odi-
o. Mauris eu sapien. Donec aliquam lorem sit
amet lorem pharetra lobortis.
Donec ac velit. Sed convallis vestibulum sapi-
en. Vivamus tempor lacus sed lacus. Nunc
ut lorem. Ut et tortor. Nullam varius wisi at
diam. Etiam ultricies, dolor sit amet fermen-
tum vulputate, neque libero vestibulum orci,
vitae fringilla neque arcu aliquet ante. Lorem
ipsum dolor sit amet, consectetuer adipiscing
elit. Quisque venenatis lobortis augue. Sed
tempor, tellus iaculis pellentesque pharetra,
pede dui malesuada mauris, vel ultrices urna
mauris ac nibh. Etiam nibh odio, ultricies ve-
hicula, vestibulum vitae, feugiat eleifend, fe-
lis. Vivamus pulvinar. Aliquam erat volutpat.
Nulla egestas venenatis metus. Nam feugiat
nunc quis elit egestas sagittis. Sed vitae fe-
lis. In libero arcu, rhoncus in, commodo eget,
auctor in, enim. Vivamus suscipit est. Nul-
la dapibus, magna vel aliquet egestas, massa
massa hendrerit lacus, ac rutrum tellus tellus
sit amet felis. Cras viverra.
Suspendisse eu nunc. Aliquam dignissim urna
sit amet mauris. Cras commodo, urna ut port-
titor venenatis, arcu metus sodales risus, vitae
gravida sapien ligula in est. Donec vulputate
sollicitudin wisi. Donec vehicula, est id inter-
dum ornare, nibh tellus consectetuer justo, a
ultrices felis erat at lectus. In est massa, male-
suada non, suscipit at, ullamcorper eu, elit.
Nam nulla lacus, bibendum sit amet, sagit-
tis sed, tempor eget, libero. Praesent ligula.
Suspendisse nulla. Etiam diam. Nulla ante
diam, vestibulum et, aliquet ac, imperdiet vi-
tae, urna. Fusce tincidunt lacus vel elit. Mae-
cenas dictum, tortor non euismod bibendum,
pede nibh pretium tellus, at dignissim leo eros
eget pede. Nulla venenatis eleifend eros. Ae-
nean ut odio dignissim augue rutrum faucibus.
Fusce posuere, tellus eget viverra mattis, er-
at tellus porta mi, at facilisis sem nibh non
urna. Phasellus quis turpis quis mauris sus-
cipit vulputate. Sed interdum lacus non velit.
Vestibulum ante ipsum primis in faucibus orci
luctus et ultrices posuere cubilia Curae;
Vivamus vehicula leo a justo. Quisque nec au-
gue. Morbi mauris wisi, aliquet vitae, dignis-
sim eget, sollicitudin molestie, ligula. In dic-
tum enim sit amet risus. Curabitur vitae velit
eu diam rhoncus hendrerit. Vivamus ut elit.
Praesent mattis ipsum quis turpis. Curabitur
rhoncus neque eu dui. Etiam vitae magna.
Nam ullamcorper. Praesent interdum biben-
dum magna. Quisque auctor aliquam dolor.
Morbi eu lorem et est porttitor fermentum.
Nunc egestas arcu at tortor varius viverra.
Fusce eu nulla ut nulla interdum consectetuer.
Vestibulum gravida. Morbi mattis libero sed
est.

Abstract

We analyze the spin coincidence experiment considered by Bell in
the derivation of Bells theorem. We solve the equation of motion for
the spin system with a spin Hamiltonian, Hz, where the magnetic
field is only in the z-direction. For the specific case of the coinci-
dence experiment where the two magnets have the same orientation
the Hamiltonian Hz commutes with the total spin Iz, which thus
emerges as a constant of the motion. Bells argument is then that
an observation of spin up at one magnet A necessarily implies spin
down at the other B. For an isolated spin system A-B with classi-
cal translational degrees of freedom and an initial spin singlet state
there is no force on the spin particles A and B. The spins are fully
entangled but none of the spin particles A or B are deflected by the
Stern-Gerlach magnets. This result is not compatible with Bells
assumption that spin 1/2 particles are deflected in a Stern-Gerlach
device. Assuming a more realistic Hamiltonian Hz + Hx includ-
ing a gradient in x direction the total Iz is not conserved and fully
entanglement is not expected in this case. The conclusion is that
Bells theorem is not applicable to spin coincidence measurement
originally discussed by Bell.

Keywords

Bells Theorem, Disentanglement, Stern-Gerlach Coincident
Measurement, Singlet Spin State

1. Introduction

In 1966, Bell [1] presented an analysis of a thought experiment based
on independent measurements of the spin state of two initially correlat-
ed particles. Using an example advocated by Bohm and Aharonov [2]
he described the experiment as follows:

Consider a pair of spin-one-half particles formed somehow
in the singlet spin state and moving freely in opposite direc-
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tions. Measurements can be made, say by Stern-Gerlach
magnets, on selected components of the spins σA and σB.
If measurement of component σA · ~a where ~a is some u-
nit vector, yield the value +1 then, according to quantum
mechanics, measurements of σB · ~a must yield the value
-1 and vice versa. Now we make the hypothesis, and it
seems one at least worth considering, that if the two mea-
surements are made at places remote from one another the
orientation of the magnet does not influence the result ob-
tained with the other. Since we can predict in advance
the result of measuring any chosen component of σB, by
previously measuring the same component of σA it follows
that the result of any such a measurement must actually
be predetermined [1].

In the present paper, we aim at scrutinizing the arguments used
by Bell using recent advances [3] in the formal description of the
Stern-Gerlach experiment [4]. A crucial question from our perspec-
tive, concerns the anticipated correlation between the observations in
the two magnets. Bell’s analysis is based on the assumption that the
initial spin singlet state is preserved during the passage through the
two Stern-Gerlach devises. We argue below that there is a coupling
between the spin and translational degrees of freedom caused by inho-
mogeneities in the magnet field. This coupling leads to changes in the
spin state and a partial disentanglement of the initial singlet state.

2. The Stern-Gerlach Setup and Its
Application to Coincidence
Measurements

The essential ingredients in a Stern-Gerlach experiment is i) a source of
spin particles, for simplicity we consider I = 1/2 particles. The source
should give particles of as well-defined speed as possible. Through a
slit system particles are selected to propagate in a narrow solid an-
gle, chosen here to be in the y-direction. The particles then enter
the gap of a magnet where the main component, Bz of the field B
is perpendicular to the direction of propagation. The field B is in-
homogeneous with a gradient dBz

dz in the z-direction. It follows from
Maxwells laws that there is also a matching gradient in some other
direction; in the SG case the x-direction. Using such a setup Stern
and Gerlach observed [4] that silver atoms, later realized to have spin
1/2, were deflected an amount ±∆z in the gradient. Only these t-
wo alternatives were observed and the degree of deflection was later
found to be consistent with estimates of the magnetic moment asso-
ciated with the spin of an electron. The, empirical, conclusion was
that the silver atoms passed through the magnet as if they were ei-
ther in the Iz = +1/2 or Iz = −1/2 state, with equal probability. In
the conventional, textbook analysis of the experiment the translation-
al motion is described classically and one leaves the question open of
how a spin of initially unspecified polarization appears as polarized
along the direction of the magnetic field [5]. By analyzing how the
predicted outcome of the experiment depended on the relative orien-
tation of the two magnets Bell found that the expected observation at
one magnet depended on the orientation of the second magnet in spite
of the fact that there was no direct physical interaction between the
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particles once they had left the source. This observation, later coined
Bells theorem, has given rise to a large discussion concerning non-
locality effects in quantum systems. [6] In later years the discussion
of this effect has mainly been concentrated on photon systems. The
present paper is solely concerned with the discussion of the original
coincidence spin measurement argument.

Consider the special case when the two magnets have the same
orientation in the xz-plane chosen to be the z direction. According
to the original SG observation the spin particle reaches the detector
of magnet A at say position +∆z indicating that IzA = +1/2. What
is the expected observation for the other particle of the pair at the
second magnet? Following Bohms reasoning Bell concluded that by
necessity IzB = −1/2 for this particle and it then should be observed
at −∆z in the second magnet. To see the basis for this conclusion
considered first the spin Hamiltionian

Hz ≡ HzA +HzB = [−γ~[Bz +
dBz

dz
z(t)]Iz

+[−γ~[Bz +
dBz

dz
z(t)]Iz. (1)

where γ and ~ have their usual meaning. Equation (1) is typically
used to analyze the SG experiment in elementary texts. It follows
that the total spin in the z-direction Iz = IzA + IzB commutes with
the Hamiltonian and Iz is a constant of the motion. For a singlet
state, |S0〉, it has a value Iz = 0 so IzA = 1/2 implies IzB = −1/2,
or vice versa. By necessity there is, within the magnet, also a field in
the x-direction and thus two terms

Hx ≡ HxA +HxB = [−γ~dBz

dx
x(t)Ix]A

+− γ~dBz

dx
x(t)Ix]B (2)

in the spin Hamiltonian. Bohm argued that the gradient in the x-
direction was of negligible consequence [7,8] so that it is a good approx-
imation to analyze the experiment on the basis of a further simplified
Hamiltonian Hz. Still Iz is strictly not a constant of the motion.

The analysis of the coincidence experiment by Bell is based on two
basic arguments. The first is the empirical finding of the SG experi-
ment that a spin 1/2 particle is deflected an amount ±∆z. The second
is that for parallel orientations of the two magnets the total spin Iz is
conserved which follows theoretically using the Hamiltonian Hz. The
dependence of the outcome on the relative orientation of the two mag-
nets then follows in a straightforward way. We note that the two basic
arguments have different origins; one empirical and one theoretical.

3. Describing the Stern-Gerlach
Experiment through the Hamiltonian Hz

It is implicit in the Hamiltoinan Hz that the translational degrees of
freedom are described classically. We now investigate to which extent
this Hamiltonian describes the dynamics of spin particles in the SG
magnet. In contrast to the original SG experiment the initial spin state
is known and represented by an entangled singlet in the coincidence
setup. The equation of motion for the spin “density operator”, σ(t),
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is

d

dt
σ(t) = − i

~
[Hz, σ(t)] (3)

To illustrate our point it is sufficient to consider the special case
with only one Stern-Gerlach device. Then

Hz = HzA (4)

For two I = 1/2 particles there are 16 spin density operator compo-
nents. For the case with a magnetic field solely along the z-direction
only four components couple; |S0 >< S0|, |S0 >< T0|, |T0 ><
S0|, |T0 >< T0|. Here |S0〉 denotes the singlet state and |T0〉 the
triplet state with Sz = 0. The equation of motion,

d

dt


σAB(t)|S0><S0|
σAB(t)|S0><T0|
σAB(t)|T0><S0|
σAB(t)|T0><T0|

 = (5)

1

2


0 −iωA(z) iωA(z) 0
−iωA(z) 0 0 iωA(z)
iωA(z) 0 0 −iωA(z)
0 iωA(z) −iωA(z) 0



σAB(t)|S0><S0|
σAB(t)|S0><T0|
σAB(t)|T0><S0|
σAB(t)|T0><T0|


where ωA(z) ≡ −γA[BA

z +
dBA

z

dzA
zA]. With the initial condition

ρ(0)|S0><S0| = 1, the solution is (see SI)

σAB(t)|S0><S0| = 1
2 (1 + cos(ωA(z)t)

σAB(t)|S0><T0| = − 1
2 (i ∗ sin(ωA(z)t)

σAB(t)|T0><S0| = 1
2 (i ∗ sin(ωA(z)t)

σAB(t)|T0><T0| = 1
2 (1− cos(ωA(z)t)

The force, FA, on the particle A is

FA =
dBz

dz A
〈Iz,A〉(t) = 0 (7)

since

〈Iz,A〉(t) =
1

2
[trB{σAB(t)|S0><T0|}+ trB{σAB(t)|T0><S0|}] = 0 (8)

It follows that there is no net force on the particles and the Hamilto-
nian HzA(Hz) is thus inadequate for predicting the empirically based
anticipated outcome of the experiment. On the other hand the cal-
culation show that the two separated spins A and B are completely
entangled. This indicates that there is an internal inconsistency in
Bell’s original argument. The Hamiltonian used to motivate that Iz
is a constant of motion is inadequate to explain why one observe a
spin dependent deflection of particles emerging from a non-magnetic
singlet spin state.

4. Implications of Recent Description of
the SG Experiment

There has in recent years appeared several theoretical accounts of the
SG experiment [9]- [14]. Although clearly different in the approaches
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they share the common feature that it is necessary to include a quan-
tum description of the translational motion or other degrees of freedom
to account for the observation of two distinct positions ±4z at the
detector for a spin 1/2 particle. This further corroborates the con-
clusion of the previous section that the Hamiltonian Hz of Equation
(1) is inadequate for describing the SG-experiment. A more adequate
Hamiltoinan [13,14] for describing the experiment can be written

H = ~p/2m+ γ~S · ~B(r̂) (9)

where B(r̂) is the magnetic field and the hat(r̂) is to denote that
the spatial coordinate is an operator in the Hamiltonian. In most
discussions of the SG experiment the focus is on the magnetic field
inside the magnet, neglecting the gradient in the x-direction so that

B = Bz +
dBz

dz
ẑ (10)

Based on this expression for the magnetic field the outcome of the S-
G experiment is adequately predicted. Using a perturbation approach
we [3] could also show that the effect of the gradient in the x-direction
is to reduce the deviation for spin particles with initial positions slight-
ly off center. This calculation corroborates Bohms original assertion
that the x-gradient has only a small influence. However, it is causing
the mouth-like shape found at the detector in the original experiment.
When applied to the coincidence measurement the Hamiltonian (9)
with the expression for the magnetic field (10), for the respective par-
ticles, gives a system where the total spin Iz is conserved. However,
there is an important factor missing in the expression for the mag-
netic field in Equation (10), which refers to the conditions inside the
magnet. There is necessarily a zone close to the entrance of the gap
of width D in the magnet where the z-component of the field grows
from zero to Bz. From Maxwells equations it follows that there are
also a gradient of corresponding magnitude in the y-direction, as well
as a small contribution from the asymmetry in the x-direction. In [3]
we have presented an approximate analytical expression for the field
outside the magnet, y ≤ 0 .

Bz(y, z) ≈ B0

π
{arctan(

z +D

y
)− arctan(

z −D
y

),

By(y, z) ≈ − B0

2π
ln{y

2 + (z +D)2

y2 + (z −D)2
, }

Bx ≈ 0.

(11)

Using the expression (11) for the field in the Hamiltonian (9) it
follows that the commutator becomes

[H, Iz] = γ(IxAByA(ŷ, ẑ) + IxBByB(ŷ, ẑ)). (12)

This shows that Iz is not a constant of the motion since the commu-
tator of Equation (12) is not zero. To further emphasize the existence
of a coupling between spin and translation we note that there is an
effect on the momentum in the y-direction in the entrance zone. This
is evident from the nonzero value of the commutator [H, py], caused
by the y-dependence of both Bz and By in Equation (11). In the en-
trance phase there is thus, in general, an energy transfer between spin
and translation degrees of freedom.
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It is a considerable challenge to solve the equation of motion for
the combined spin-translation degrees of freedom. Lacking such a so-
lution we consider possible implications of the coupling between spin
and translation by analyzing how the spin energy levels vary as the
initially strongly coupled spins separate and move towards their re-
spective magnets. For the sake of illustration let the two magnets
be positioned as symmetrically as possible. As the two spin particles
move apart they still interact through a dipolar coupling, while the
stronger J-coupling is vary local. The dipolar coupling results in two
non-degenerate states, |S0〉 and |T0〉, both with Iz=0, but with dif-
ferent permutation symmetry. In addition there is a degenerate level
with states |T1〉 and |T−1〉. As the particles separate the dipolar cou-
pling becomes negligible while there is a growing Zeeman term from
the magnetic field. In this limit, and assuming the z-component of
the field to be the largest one, the |T1〉 and |T−1〉 levels are separated
by a frequency 2ω(y), while the |S0〉 and |T0〉 states are degenerate
with an energy half way between the other levels (See Figure 1). With
a perfect symmetry between the two magnets an initial singlet state
will remain in that state throughout the passage. However, it is not
feasible to have microscopically identical fields in the two magnets. A
difference in the z-components of the magnetic fields will result in a
mixing of the |S0〉 and |T0〉 states, while the Iz component is conserved
at a value zero. A difference in the Bx or By components result in a
breaking of the symmetry with respect to both parity and Iz. In Fig-
ure 1 it is seen that the energy level for the singlet state by necessity
crosses either the level for the |T−1〉 state, as in the figure, or for the
|T1〉 state, for a different choice of the sign of the gyromagnetic ratio.

One approach to handle the problem of treating the quantum effects
of the translational degree of freedom is to use adiabatic approxima-
tion. In the specific example of Figure 1 the adiabatic reasoning would
predict that the initial |S0〉 state will experience an avoided crossing
in the presence of a coupling term and continue in the |T1〉 state as
the particles enter the magnet. As expected neither the parity nor the
Iz value is conserved during the crossover. This argument shows, by
example, a realistic mechanism for how the Iz value of the initial sin-
glet state can change during the entrance of the magnet, by referring
to the common phenomenon of avoided level crossing .

5. Conclusion

We have analyzed the arguments leading to the formulation of Bells
theorem for spin coincidence measurements. The proof of the theo-
rem has two central ingredients. The rule, based on the original Stern-
Gerlach observation, that on exit from the SG-setup a spin 1/2 particle
is either in the Iz = +1/2 orIz = −1/2 state. The second essential
feature is that the total spin in the z-direction Iz is conserved. This
conservation rule follows from the Hamiltonian Equation (1) usually
used in simplified discussions of the SG experiment. However, using
the Hamiltonian of Equation (1) and the known initial spin state the
equation of motion for the spin can be solved and we find that there
is no net force acting on the particle passing through the magnet, as
expected for a non-magnetic state. This indicates that there is an
internal inconsistency of the original proof of Bells theorem. Recent
work [3], [10]- [12] has shown that it is necessary to include a quantum
description of the translational motion or other degrees of freedom in
order to account for the observed SG effect. The empirical rule used
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Figure 1. The energy level at zero magnetic field with the eigenstates
|S0

0〉 , |T 1
0 〉, |T 1

1 〉 and |T 1
−1〉 with the dipole-dipole energy ωdd. Increasing

Zeeman energy ωZ to the right, indicating how the energy leves change for
the states when ωZ � ωdd.

by Bell can thus be theoretically derived, but using a different Hamil-
tonian than Bell used to conclude that Iz of the combined system is
conserved. The coupling between spin and translation emerges from
the spatial dependence of the magnetic field, which has components
in more than one direction. It follows that the Iz of the combined
system is not a constant of the motion. We further argue that the
most significant deviation of the field from the main z-direction oc-
curs on entering the magnet. The proof of Bells theorem thus rests
on an approximation of unknown validity. We have given one illus-
tration of the situation where using conventional argument, where the
approximation is specifically giving a misleading result.
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Abstract 
The goal is to define Quantum Gravity Value by combination between our 
new concept about physics energy behaviour [1] and Einstein relativity’s 
Theory [2]. Our theory is based on the existence of a relationship between 
energy and vacuum! So it can be considered that the energy is a function of 
the vacuum ratio (v). Therefore, we can say that vacuum ratio constitutes a 
part of space-time. With simple mathematical formula, we can easily obtain 
the equation of the Energy Vacuum. This gives us the distribution of the en-
ergy Vacuum (E) into two parts are inversely proportional from our vacuum 
energy diagram, the effective energy that the sole responsible for Curvature of 
space-time fabric, and the lost energy that the responsible of the Gravitational 
waves [3]. From these equations, we can find that the relationship with En-
ergy and Vacuum ratio is linear which are compatible with Quantum Me-
chanics laws and Maintains the energy conservation principle. It is also ob-
served that the equations obtained through our theory are Combining rela-
tivity and Quantum Mechanics into one continuum. If we take the equa-
tions of our theory, we can easily obtain from Curvature of Space-Time 
Fabric, the Gravity value equation which equals to the square root of energy 
multiply times the square of the vacuum ratio. On other hand, a curvature 
matrix and a Time Dilation’s Circle are proposed, which gives us a new 
method to facilitate the calculations of the parameters involved in the Space- 
Time Curvature.  
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1. Introduction 

Energy (E) is one of the obsessions of humanity concerns since antiquity. The 
feasibility of formulating the Singularity of Nature was enunciated by Einstein’s 
mathematical formula, demonstrating the equivalency of energy and mass  
( 2E m c= ∗ ) [4]-[9]. Despite that statement of principle, it has proven difficult to 
achieve this goal scientifically by directly merging Relativity and Quantum Me-
chanics into one continuum [10] [11]. It has been realized that there are four 
forces in the universe: gravity, electromagnetism, weak and powerful nuclear 
forces. The universe according to Stephen Hawking is Energy, space and time 
[12] [13]. Perhaps there is a fifth force in the universe; the force of the Vacuum 
represented with the vacuum ratio (v)?! “Gravity is one of the mysteries to be 
solved in order to get a complete understanding of how the Universe works. So, 
what is gravity and where does it come from? To be honest, we’re not entirely 
sure” [14]. In general relativity, the universe has three dimensions of space and 
one of time and putting them together we get four-dimensional space-time, 
which gravity as an emergent effect from the space-time curvature associated 
with distributions of energy. “Matter tells space how to bend; space tells matter 
how to move” [15]. Despite intense efforts over the last years, it is far from clear 
at this time what a consistent theory of quantum gravity will look like and what 
its main features will be [16]. Although many books and articles on quantum 
gravity and graviton have been published, but no explanation has yet been pro-
vided. In fact, old definition of gravity [17] is not able to solve quantum gravity 
problem. It means we need a new definition of gravity that should be based on 
developing old theories and experimental evidences and resolve the renor-
malization problem [18]. This research is concerned with the unification of 
general relativity and quantum mechanics into a theory of quantum gravity 
value. 

2. New Concept 

The relation of the Space-Time Fabric to a Cosmic Energy impact during their 
interaction is very complex (Figure 1(a)). This may be the reason for the slow 
progress in the development of a rational method for Curvature of Space-Time 
Fabric analysis. Very few theoretical models are available. From US; another 
theory [1] (Figure 1(b)) of the interaction between Space-Time Fabric and 
Cosmic Energy has been proposed to facilitate analysis of Gravitational Waves 
results, (Figure 1(c)). Our theory is based on the existence of a reflection of a 
part of the energy received by the matrix of the Space-Time Fabric to be inter-
acted with Cosmic Energy (Figure 1(b)), which implies a distribution of energy 
in two parts Equation (1), the effective energy (E'), which is solely responsible 
for Space-Time Curvature, and the lost energy (EL) responsible for resultant 
Gravitational Waves:  

LE E E′= +                             (1) 
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(a) 

 
(b) 

 
(c) 

Figure 1. (a) Curvature of space-time fabric after, einstein [19]; (b) New concept of 
energy behaviour interacted to space-time fabric after, H. Khelalfa [1]; (c) Gravitational 
waves [19].  

2.1. Space-Time and Energy Interaction Mechanism 

Our theory is based to consider the space-time fabric as element volume of a 
fluid [11] [20] or Continuous media which give us possibility to applied Con-
tinuous mechanical environments laws (Figure 2) characterized by a vacuum 
ratio (v). So; The physical Curvature (∆V) of the Space-Time Fabric caused by 
Energy pulses (E) will reduce the vacuum ratio (v) by filling the vacuum with 
energy. Therefore, it can be considered that the energy is a function of the va-
cuum ratio (e) Equation (2): 

( ) E f v=                           (2) 
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Figure 2. Definition and components of stress of space-time fabric’s element volume ac-
cording to our theory. 
 

When Space-Time Fabric extend in the unknown matter (or dark matter), a 
high proportion of the Energy impulse is transferred to the porous unknown 
matter. In this case we will consider that the energy is a function of degree of 
saturation of unknown matter (S) instead of the vacuum ratio Equation (3). 

( )E f S=                              (3) 

2.2. Case of Space-Time Fabric without Unknown Matter 

Without unknown matter, the physical displacement of the Space-Time skeleton 
(pothole) is the main mechanism of Curvature. During the displacement 
process (Figure 3), high energy waves propagate through the Space-Time Fab-
ric, Thereby, each Space-Time Fabric element experiences strong impulsion en-
ergy for a period of time, resulting from the filling of constituent vacuum ratio 
in the volume in which they are reduced. Given the Equation (2), we deduce the 
Equation (4): 

E E v′ = ⋅                             (4) 

On the other hand, it is also known that damping (amortization) occurs at in-
filling of vacuum by energy, which manifests itself as a decrease in the vacuum 
ratio as a function of time. When the damping (attenuation) in the system ex-
ceeds a critical value (v = 0%), there is a starting in the Gravitational waves as a 
function of time. Given the Equation (2), we deduce the Equation (5): 

( )1pE E v= ⋅ −                           (5) 
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Figure 3. Overall mechanism of space-time fabric and energy interaction in case without 
unknown matter [1]. 

2.3. Case of Space-Time Fabric with Unknown (Or Dark) Matter 

Space-Time Fabric interaction to Cosmic Energy in saturated Space-Time Fabric 
with unknown (or dark) matter is different and of course more complex (Figure 
4). Its applicability in saturated vacuum is generally considered less effective due 
to the fact that some of the applied energy is absorbed by interstitial matter (va-
cuum matter). Considering the Equation (3), we deduce the Equation (6): 

E E S′ = ⋅                             (6) 

Moderate levels of energy impulse could cause the displacement of previously 
vacuum areas in the Space-Time Fabric without unknown matter, Saturation 
means that these cavities are filled with vacuum matter and that the displace-
ment would be inhibited by unknown matter (vacuum matter) resistance to 
curvature. However, the really saturated Space-Time Fabric may have few per-
cent of the total vacuum non-occupied by unknown matter. In this condition, 
the intensity of the Gravitational Waves would be greatly increased due to the 
low bulk of vacuum matter, but the impact energy still ensure the curvature of 
the Space-Time Fabric due to the reduction of the rest vacuum volume. Given 
the Equation (3) we deduce the Equation (7): 

( )1pE E S= ⋅ −                           (7) 

As mentioned above, the curvature of the rest vacuum volume has a signifi-
cant effect on the behaviour of saturated Space-Time Fabric with unknown mat-
ter under energy impact. It is accepted that unknown matter contains tiny va-
cuum pockets enclosed in vacuum volume. An accurate assessment of the vol-
ume of vacuum pockets trapped in unknown matter is difficult affect the curva-
ture (displacement) of vacuum-matter mixtures and thus significantly alter the 
process of generating vacuum matter energy. It is therefore essential to take into 
account the curvature of the vacuum -matter mixture, instead of the curvature of 
pure matter. Similarly, based on the Equation (3), determining the energy of the 
vacuum -matter mixture is as follows Equation (8): 

( )1am m aE E S E S= ⋅ + ⋅ −                     (8) 

where; Eam is the energy of the vacuum-matter mixture, Ea is the energy of the 
vacuum, therefore the lost energy is the energy of the vacuum Equation (9): 

( )1L aE E E S= = ⋅ −                      (9) 
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Figure 4. Overall mechanism of Space-Time Fabric and Energy interaction in Case with 
unknown matter [1]. 

2.4. Energy Vacuum Diagram 

If we take all the equations from 1 to 9 above we can easily obtain the Energy 
Vacuum Diagram (Figure 5); which is clearly illustrated; that the effective en-
ergy is proportional to the degree of saturation and the vacuum ratio as opposed 
to the lost energy. It can be concluded that the Space-Time Fabric response to 
the cosmic Energy Interaction depends on the vacuum ratio and degree of satu-
ration. Thus, the level of curvature efficiency depends on the effective energy, 
too, the lost energy is minimal in saturated Space-Time Fabric with unknown 
matter (or dark/ others matter). 

2.5. Gravitational Waves Intensity 

In Space-Time Fabric without unknown matter, the graph of the Gravitational 
Waves Intensity is divided into four parts (Very Strong, Strong, Low & Limited 
and Low Gravitational Waves Intensity) as shown in Figure 6(a) to give us an 
approach to estimate the process of Interaction between cosmic Energy and 
Space-Time Fabric and its effect (Gravitational Waves). In saturated Space-Time 
Fabric with unknown (or dark) matter; Assuming the amount of vacuum varies 
at most between 15% to 25%; which implies a degree of saturation between 75 
and at least 85% Figure 6(b), which limits the applicable interaction field of 
cosmic Energy in saturated Space-Time Fabric, and we can consider the rest as a 
field not practically interacted. Consequently; The most important remark is that 
the lost energy in the applicable field is very big. 

2.6. Gravity Value from Space-Time Curvature 

We proposed a relationship to predict the Space-Time Fabric Curvature is as 
follows [1]:  

 D v E=                             (10) 

where; D is the Interacted depth of curvature of Space-Time Fabric (Z = ∞), 
E(%) is the cosmic Energy to be interacted, and v (from 0% to 100%/ or 0 to 1) is 
vacuum ratio that is fundamentally characterised the Space-Time Fabric volume.  

If we apply our theory in Space-Time Fabric without unknown matter, given 
Equation (10), we get Equation (11) [1]:  
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(a) 

 
(b) 

Figure 5. Energy vacuum diagram of interaction of cosmic energy and space-time fabric 
(a) without unknown matter; (b) with unknown matter [1]. 
 

( ),D f E v=                           (11) 

If we apply our theory in saturated Space-Time Fabric with unknown matter, 
given Equation (10), we get Equation (12) [1]: 

( ),D f E S=                           (12) 
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(a) 

 
(b) 

Figure 6. Graph of gravitational waves intensity of interaction of cosmic energy and 
space-time fabric (a) without unknown matter, (b) with unknown matter [1]. 
 

Similarly, for the previous equation, we propose the following equality [1]:  

v S=                               (13) 

When finishes Interaction between a Space-Time Fabric’s element volume and 
Energy, finding a crater which represent Space-Time Curvature (or Gravity from 
Einstein Relativity) (Figure 7) whose volume (∆V) can be defined by Equation 
(14) [1]:  

0
d

D
V e V D∆ = ⋅ ⋅∫                         (14) 

where, V is the total volume of the Space-Time Fabric’s element, A is the sur-
face/or area of the Interacted Energy, ∆H is the height of the crater (Space-Time 
Curvature), e is the vacuum ratio (v) and D is the Interacted depth of curvature 
of Space-Time Fabric mentioned in Equation (10) above. 
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Figure 7. Space-Time Fabric’s element volume according to our theory after Energy In-
teraction [1]. 
 

After development of Equation (14) and introducing Equation (11) we deduce 
Equation (15) [1]:  

Hv
E

∆
=                            (15) 

after development of Equation (14) and introducing Equation (11) we deduce 
Equation (15) [1]: 

Which implies the Equation (16): 
2Quantum Gravity H E v= ∆ = ⋅                 (16) 

We found an empirical relationship between the height of the crater (Space- 
Time Curvature) and interacted depth determined by Equation (17), where we 
introduce the proposed coefficient K (Table 1) [1]:  

1,D K H K x v−= ⋅∆ = ⋅                      (17) 

6.67x v= ⋅                           (18) 

3. Space-Time Curvature MATRIX 

As illustrated in Figure 8 according to our study; the Space-Time Fabric curva-
ture phenomenon has been summarized in a curvature cycle which consists of 
three basic components, Energy (E), times (T) and Curvature (C), that they are 
related to each other by three main index properties, over curvature ratio 
(OCR), Curvature index (Cc) and anti-gravity index (Cg).  

If we take all assuming that indexes and components are linearly dependent 
we can easily obtain a curvature matrix, which clearly illustrates that three basic 
components are the diagonal and the other three main index properties compose 
the rest of the matrix:  

     
 

XX XY XZ T Cc OCR
YX YY YZ Cc C Cg
ZX ZY ZZ OCR Cg E

   
   =   
   
   

 Curvature Matrix 
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Figure 8. The space-time fabric curvature cycle and its representation on the cartesian 
coordinate system according to our theory. 
 
Table 1. The values of the coefficient x according to the vacuum ratio. 

v v < 0.3 0.3 < v < 0.5 0.5 < v < 0.8 v > 0.8 

x 2 3 5 7 

 
Nature of Space-Time Fabric typically display complex concept as a result of 

missing theory about its interaction with cosmic Energy. A key aspect for the se-
lection of representative Space-Time Fabric parameters is to consider Knowl-
edge of its properties. This nature is based on our theory to determine this char-
acteristics (curvature index Cc, Anti-gravity index Cg, Vacuum ratio v, Over 
curvature ratio OCR) of the Space-Time Fabric; by using these curvature pa-
rameters, it is possible to determine the Curvature (gravity), Times dilation, and 
amount of interacted Energy etc. While the rigorous selection of Space-Time 
Fabric parameters requires a deep understanding and proper knowledge of its 
behaviour. Parameters such as OCR, Cc and Cg play a key role on Curvature and 
Interacted Energy predictions.  

Curvature index (Cc) and Anti-gravity index (Cg) obtained from our theory 
are necessary in calculation for Space-Time Fabric curvature. In our hypothesis, 
we have been looking for a possible relationship between Cc and Cg indices and 
general characteristics of Space-Time Fabric. One of these parameters is over 
curvature ratio (OCR). In this study, the effect of OCR and vacuum ratio (v) on 
Cc and Cg indices, was proposed (Figures 9-13). Thus, The hypothesis indicate 
that Cc and Cg indices were influenced by OCR and v, and, a linear relationship 
between them should be observed. Increasing values of (v) will decrease Cc and 
Cg values. On the contrary, when OCR increases, Cc and Cg values would also 
increase. It is possible to say that the Cc and Cg values are influenced by the 
same parameters. Therefore it can be concluded that the amount of Curvature 
depends on the Anti-gravity index, and that the amount of Curvature (C) is 
proportional to the Anti-gravity index (Cg) (Figure 14, Table 2). When we 
compare the time dilation required to stabilize the Curvature, we can talking 
about OCR and Cc. Therefore it can be concluded that the time dilation depends 
on the Curvature index (Cc) and over consolidation ratio (OCR) (Figure 15, 
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Table 2), and that the times of Curvature (T) is proportional to the Curvature 
index (Cc) and over consolidation ratio (OCR), and at the same time that the 
two latter are proportional. 
 

 
Figure 9. Correlation should be: between Cc and v according to our hypothesis. 

 

 
Figure 10. Correlation should be: between Cg and v according to our hypothesis. 

 

 
Figure 11. Correlation should be: between Cg and Cc according to our hypothesis. 
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Figure 12. Correlation should be: between Cc and OCR according to our hypothesis. 

 

 
Figure 13. Correlation should be: between Cg and OCR according to our hypothesis. 

 

 
Figure 14. Correlation should be; between Amount of curvature (C) Vs Anti-Gravity in-
dex (Cg) according to our hypothesis. 
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Figure 15. Correlation should be: between Required Time Dilation to Stabilize Space- 
Time Fabric Curvature Vs. OCR Vs. Cc according to our hypothesis. 
 
Table 2. Correlation parameters of space-time fabric curvature according to our hypo-
thesis.  

Parameter Curvature 
Vacuum 

ratio, 
v (%) 

Energy, 
E (%) 

Curvature 
Index, Cc 

Anti-gravity 
Index, Cg 

Over 
curvature 

ratio, OCR 

Equation 
0 - ∞ 

(infinity is 
a black hole) 

0 - 100 =E' + EL =0.510(v − 0.33) =0.15(v + 0.007) =E'/EL 

4. Main Parameters Responsible for Space-Time Fabric  
Behavior and Time Dilation (Td) 

Our theory introduced the following factors as the main causes of Time Dilation 
(Td) according to Space-Time Fabric Curvature (Figure 16), Equation (19), 
Equation (20): over curvature ration (OCR), Curvature (C), and phase (Phi) (or 
time evolution) which depends the Curvature index (Cc) as a function of (t) and 
Anti-gravity index (Cg) as a function of (X). It means that that the change in the 
value C involves changing the value of Td. 

( ) e ei Cc t Cg XiC OCR ϕ ⋅ + ⋅= ⋅ =                  (19) 

( ) [ ], 0 ~ , . 2X t H Max Hϕ = ∆ ∆ = π              (20) 

In order to carry more than one value and indices to represent the Time Dila-
tion Circle, We used the complex number to explain the curvature characteris-
tics of Space-Time Fabric. We can simply conclude that the final state equals the 
initial state multiply by the time dilation (Td) Equation (21). 

( ) ( )1 1 0 0, ,X t X t Tdϕ ϕ= ⋅                    (21) 

The most determining factor for the credibility Time Dilation’s Circle is its 
ability to Contain all the characteristics and indices contributing to this phe-
nomenon as illustrates Figure 16, Equation (19). 
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Figure 16. Time dilation’s (Td) Circle according to our theory. 

5. Conclusions 

Is not there yet a complete theory linking Einstein’s relativity to quantum me-
chanics?! Our theory is based on the existence of a relationship between energy 
and vacuum! So, it can be considered that the energy is a function of the vacuum 
ratio ( )E f v= . With simple mathematical formula we can easily obtain the 
equation of the Energy Vacuum ( )1E E v E v= ∗ + ∗ − . This gives us the distri-
bution of the energy Vacuum (E) into two parts are inversely proportional from 
our vacuum energy diagram, the effective energy ( E E v′ = ∗ ) that the sole re-
sponsible for Curvature of space-time fabric, and the lost energy  
( ( )1LE E v= ∗ − ) that the responsible of the Gravitational waves. Therefore, we 
can say that vacuum ratio which has value from 0% to 100% (or from 0 to 1) is 
constitutes a part of space-time. From these equations, we can find that the rela-
tionship with Energy and Vacuum ratio is linear which are compatible with 
Quantum Mechanics laws and Maintains the energy conservation principle. It is 
also observed that the equations obtained through our theory are combining 
relativity and Quantum Mechanics into one continuum. If we take the equations 
of our theory, we can easily obtain from Curvature of Space-Time Fabric the 
Quantum Gravity value equation which equal to the square root of energy mul-
tiply times the square of the vacuum ratio (Quantum Gravity = 2E v∗ ). From 
the consequences, we have found after our theory that gravity is energy?! On 
other hand, our theory consists in considering Space-Time as element volume of 
a fluid or Continuous media, which gives us possibility for using finite element 
method (FEM) to resolve and simulate Space-Time Fabric Curvature according 
to Navier-Stokes equations. Energy Vacuum Diagram as theory can be given 
new and good explanations in physics about cosmic, quantum and relativity 
phenomenon, if will make laboratory experiments or cosmic monitoring. 

The Interacted Energy consists of displacing Space-Time Fabric and increas-
ing the time dilation. The effectiveness of this hypothesis was demonstrated by 
the results of the available propositions which verified by curvature matrix. In 
addition, this matrix gives us a new method to facilitate the calculations of the 
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parameters involved in the Space-Time Curvature, which gives a great credibility 
to our hypothesis. Maybe our hypothesis about relationship between Indices in-
volved in curvature cycle based on theoretical results caused by lack of equip-
ments, but can be proved in future by experimental tests in order to compare 
them by our theory. Indeed, Time Dilation’s Circle is considering a good new 
tool to calculate, interpret and explain this phenomenon; moreover, maybe it 
can clarify us more other cosmological phenomenon in the future. 
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Abstract 
The interacting comma 3-vertex for the bosonic open string in the full string 
basis is derived using the half string overlap relations directly. Thus avoiding 
the coherent states technique employed in earlier derivations. The resulting 
form of the interacting 3-vertex turns out to be precisely the desired expres-
sion obtained in terms of the full string oscillator modes. This derivation es-
tablishes that the comma 3-vertex and Witten’s 3-vertex are identical and 
therefore are interchangeable. 
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1. Introduction 

Here we are going to give a brief derivation of the transformation matrices 
between the half string coordinates and the full string coordinates needed for the 
construction of the half string interacting vertex in terms of the oscillator 
representation of the full string. For this we shall follow closely the discussion of 
reference [1] [2] [3] [4] [5]. To make this more concrete, we recall the standard 
mode expansion for the open bosonic string coordinate 

( ) ( ) [ ]0
1

2 cos , 0,n
n

x x x nµ µ µσ σ σ
∞

=

= + ∈ π∑                (1) 

where 1, 2, , 27µ = �  and ( )27x σ  correspond to the ghost part ( )φ σ . The 
half string coordinates ( ),Lx µ σ  and ( ),Rx µ σ  for the left and right halves of 
the string are defined in the usual way 

( ) ( )

( ) ( )

,

,

, 0,
2 2

, 0,
2 2

L

R

x x x

x x x

µ µ µ

µ µ µ

σ σ σ

σ σ σ

π π   = − ∈      
π π   = π − − ∈      

               (2) 
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where both ( ),Lx µ σ  and ( ),Rx µ σ  satisfy the usual Neumann boundary con- 
ditions at 0σ =  and a Dirichlet boundary conditions 2σ = π . Thus they 
have expansions of the form 

( ) ( )

( ) ( )

,

1

,

1

2 cos ,

2 cos

L L
n

n

R R
n

n

x x n

x x n

µ µ

µ µ

σ σ

σ σ

∞

=

∞

=

=

=

∑

∑
                     (3) 

Comparing Equation (1) and Equation (3) we obtain an expression for the 
half string modes in terms of the full string modes 

, 1 2
2 1 2

1

, 1 2
2 1 2

1

2 ,
2 1

2
2 1

L
n n mn mn m

m

R
n n mn mn m

m

mx x M M x
n

mx x M M x
n

µ µ µ

µ µ µ

∞

−
=

∞

−
=

 = + + −

 = − + + −

∑

∑
             (4) 

where the change of representation matrices are given by 

( )
( )

1 12 2 , , 1, 2,3,
2 1 2 2 1

m n

mn
mM m n

n m n

+−
= =
π − − −

�            (5) 

( )
( )

2 12 2 , , 1, 2,3,
2 1 2 2 1

m n

mn
mM m n

n m n

+−
= =
π − + −

�            (6) 

Since the transformation in (4) is non singular, one may invert the relation in 
(4). Inverting (4) we find 

( )

( )

, ,
2 1

1 2 , ,
2

1

1 ,
2

1 2 1
2 2

L R
n n n

L R
n mn mn m m

m

x x x

mx M M x x
n

µ µ µ

µ µ µ

−

∞

=

= −

−  = − + ∑
           (7) 

where 1,2,3,n = � . 
In the decomposition of the string into right and left pieces in (2), we singled 

out the midpoint coordinate. Consequently the relationship between nxµ  and 

( ), ,,L R
n nx xµ µ  does not involve the zero mode 0xµ  of ( )xµ σ . At 2σ = π , we 

have 

0 2
1

2
2M n

n
x x x xµ µ µ µ

∞

=

π ≡ = + 
 

∑                  (8) 

and so the center of mass 0xµ  may be related to the half string coordinates and 
the midpoint coordinate 

( ) ( ), ,
0

1

12
2 1

n
L R

M n n
n

x x x x
n

µ µ µ µ
∞

=

−
= − +

π −∑               (9) 

Equations (8) and (9) with Equations (4) and (7) complete the equivalence 
between nxµ , 0,1,2,n = � , and ( ), ,, ,L R

n n Mx x xµ µ µ , 1,2,3,n = � . 
For later use we also need the relationships between{ }, ,

1
, ,L R

n n M n
p p pµ µ µ ∞

=
, the 

half string conjugate momenta and { }
0n n

pµ ∞

=
, the full string conjugate momenta. 

Using Dirac quantization procedure 
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, ,r s rs
n m nmx p iδ δ  =                         (10) 

we find (thereafter; the space-time index µ  is suppressed), 

( )1 2
2 1 2 0

1

11 2 1 2 ,
2 2 2 1

n
L
n n mn mn m

m

np p M M p p
m n
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−
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−−  = + − −  π −∑        (11) 
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−−  = − + − −  π −∑        (12) 

and 

0Mp p=                            (13) 

To obtain the full string conjugate momenta in terms of the half string 
conjugate momenta, we need to invert the above relations; skipping the technical 
details we find 

( ) ( )

2 1

1 2
2

1
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2 2 1
2 1

L R
n n n

nL R
n nm nm m m M
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p p p

np M M p p p
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        (14) 

We notice that the existence of the one-to-one correspondence between the 
half string and the full string degrees of freedom guarantees the existence of the 
identification 

M L RH H H H= ⊗ ⊗                      (15) 

where H  stands for the completion of the full string Hilbert space and LH , 

RH , MH  in the tensor product stand for the two half-string Hilbert spaces and 
the Hilbert space of functions of the mid-point, respectively. 

2. The Half-String Overlaps 

The half string three interaction vertex of the open bosonic string ( HS
xV ) have 

been constructed in the half-string oscillator representation [2] [3]. Here we are 
interested in constructing the comma three interaction vertex in terms of the 
oscillator representation of the full string. Here we shall only consider the 
coordinate piece of the comma three interaction vertex. The ghost part of the 
vertex ( HSVφ ) in the bosonic representation is identical to the coordinate piece 
apart from the ghost mid-point insertions ( )3 2 2iφ π  required for ghost 
number conservation at the mid-point. To simplify the calculation we introduce 
a new set of coordinates and momenta based on a 3Z  Fourier transform1 

( )
( )
( )

( )
( )
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2,

3, 3,

1
1 1
3 1 1 1

r r

r r

r r

Q e e
Q e e
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σ χ σ
σ χ σ
σ χ σ

    
    =    

        

              (16) 

where ( )exp 2 3e i= π  and r refers to the left (L) and right (R) parts of the 
string. The superscripts 1, 2 and 3 refers to string 1, string 2 and string 3, 
respectively. Similarly one obtains a new set for the conjugate momenta ( )r σ℘ , 

 

 

1This technique was first used by D. Gross and A. Jevicki in 1986. 
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( )r σ℘  and ( )3,r σ℘  as well as a new set for the creation-annihilation operators 

( )†,r r
j jB B . In the 3Z  Fourier space the degrees of freedom in the δ  function 

overlaps equations decouple which result in a considerable reduction of the 
amount of algebra involved in such calculations as we shall see shortly. Notice 
that in the 3Z  Fourier space the commutation relations are  

( ) ( ) ( ),r s rsQ iσ σ δ δ σ σ ′ ′℘ = −                 (17) 

( ) ( ) ( ),r s rsQ iσ σ δ δ σ σ ′ ′℘ = −                 (18) 

( ) ( ) ( )3, 3,,r s rsQ iσ σ δ δ σ σ ′ ′℘ = −                (19) 

Since ( ) ( ) ( ),r s rsQ iσ σ δ δ σ σ ′ ′℘ ≠ −  , then ( )rQ σ  and ( )r σ℘  are no 
longer canonical variables. The canonical variables in this case are ( )rQ σ  and 

( )r σ℘ . Thus the 3Z  Fourier transform does not conserve the original com- 
mutation relations. The variables ( )3,rQ σ  and ( )3,s σ℘  are still canonical 
however. This is a small price to pay for decoupling string three in the 3Z  
Fourier space from the other two strings as we shall see in the construction of 
the comma three interaction vertex. Recall that the overlap equations for the 
comma three interacting vertex are given by 

( ) ( ), 1, 1 , 0 2j r j rχ σ χ σ σ− −= ≤ ≤ π              (20) 

1 2 3
M M Mx x x= =                        (21) 

for the coordinates (where the mid-point coordinate ( )2Mx x≡ π  and the 
identifications 1 0 3j − = ≡  and 1 0r R− = ≡  are understood). The comma co- 
ordinates are defined in the usual way [1] 

( ) ( ), , 0 2
2

j L x xχ σ σ σπ = − ≤ ≤ π 
 

            (22) 

( ) ( ), , 0 2
2

j R x xχ σ σ σπ = π − − ≤ ≤ π 
 

           (23) 

The overlaps for the canonical momenta are given by 

( ) ( ), 1, 1 , 0 2j r j rσ σ σ− −℘ = −℘ ≤ ≤ π              (24) 

1 2 3 0M M M℘ +℘ +℘ =                      (25) 

where the mid-point momentum is defined in the usual way  

0 0M Mi x i x p℘ ≡ − ∂ ∂ = − ∂ ∂ = . The comma coordinates and their canonical mo- 
menta obey the usual commutation relations 

( ) ( ) ( ), ,, , , ,j r j s rsi r s L Rχ σ σ δ δ σ σ ′ ′℘ = − =           (26) 

In 3Z  Fourier space of the comma, the overlap equations for the half string 
coordinates read  

( ) ( ) , 0 2L RQ eQσ σ σ= ≤ ≤ π                (27) 

( ) ( ) , 0 2L RQ eQσ σ σ= ≤ ≤ π                (28) 

0M MQ Q= =                        (29) 
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( ) ( )3, 3, , 0 2L RQ Qσ σ σ= ≤ ≤ π                (30) 

3 3
M MQ Q=                          (31) 

where Equation (29) is to be understood as an overlap Equation (i.e., its action 
on the three vertex is zero). Similarly the canonical momenta of the half string in 
the 3Z  Fourier space of the comma translate into 

( ) ( ) , 0 2L Reσ σ σ℘ = − ℘ ≤ ≤ π                (32) 

( ) ( ) , 0 2L Reσ σ σ℘ = − ℘ ≤ ≤ π                (33) 

( ) ( )3, 3, , 0 2L Rσ σ σ℘ = −℘ ≤ ≤ π               (34) 

3 0MP =                          (35) 

The overlap conditions on ( )rQ σ  and ( )r σ℘  determine the form of the 
comma three interaction vertex. Thus in the 3Z  Fourier space of the comma 
the overlap equations separate into two sets. The half string three vertex 

( )1, 2, 3,, ,HS r r r
xV b b b† † †  

therefore separates into a product of two pieces one depending on 3,rB †  

( )3, 1, 2, 3,1 , ,
3

r r r rB b b b r L R= + + =               (36) 

and the other one depending on ( ),r rB B† †   

( )1, 2, 3,1 , ,
3

r r r rB eb eb b r L R= + + =               (37) 

( )1, 2, 3,1 , ,
3

r r r rB eb eb b r L R= + + =               (38) 

Notice that in this notation we have †r r
n nB B−=  and †r r

n nB B−=  (where the 
usual convention †

n nb b− =  applies). Observe that the first of these equations is 
identical to the overlap equation for the identity vertex. Hence, the comma 
3-Vertex takes the form 

( ) ( )
( ) ( )

3 3

3 3

3

1
3,2

,

d d d e

e 0 0 0

M MiP QHS
Q M M M M M

B C B B H B rr r

r L R

V Q Q Q Q Qδ δ

− −

=

=

×

∫

∏
† † † †           (39) 

where C and H are infinite dimensional matrices computed in [6] and the 
integration over 3

MQ  gives ( )3
MPδ . However 3 3

0MP P=  and so ( )3
MPδ  is the 

statements of conservation of momentum at the center of mass of the three 
strings. Notice that the comma three interaction vertex separates into a product 
of two pieces as anticipated. The vacuum of the three strings, i.e., , ,3

1 0 0j L j R
j=∏ , 

is however invariant under the 3Z -Fourier transformation. Thus we have 
3, , ,2 3

1 10 0 0 0 0
rr r j L j R

r j= =
=∏ ∏ . If we choose to substitute the explicit 

values of the matrices, the above expression reduces to the simple form  

( )
, 1,3

1 1
3 3

1
123 123

11
d e 0 0

j L j R
n nj n b b L RHS i i i j

x M M M M
ji

V x x x pδ δ
−∞

= =−−

==

∑ ∑ 
= − × 

 
∑∏∫

† †

   (40) 
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where ,

1230 L R  denotes the vacuum in the left (right) product of the Hilbert space 
of the three strings. Here ( ),j L R

nb  denotes oscillators in the ( )L R  jth string 
Hilbert space. For simplicity the Lorentz index ( 0,1, , 25µ = � ) and the Min- 
kowski metric µνη  used to contract the Lorentz indices, have been suppressed in 
Equation (40). We shall follow this convention throughout this paper. 

Though the form of the comma 3-Vertex given in Equation (40) is quite 
elegant, it is very cumbersome to relate it directly to the SCSV 3-Vertex due to 
the fact that connection between the vacuum in the comma theory and the 
vacuum in the SCSV is quite involved. One also needs to use the change of 
representation formulas [1] to recast the quadratic form in the half string 
creation operators in terms of the full string creation-annihilation operators 
which adds more complications to an already difficult problem. On the other 
hand the task could be greatly simplified if we express the comma vertex in the 
full string basis. This may be achieved simply by re expressing the comma 
overlaps in terms of overlaps in the full string basis. Moreover, the proof of the 
Ward-like identities will also simplify a great deal if the comma 3-Vertex is 
expressed in the full string basis. Before we express the half-string 3-Vertex is 
expressed in the full string basis, we need first to solve the comma overlap 
equations in (27), (30) and (32), (34) for the Fourier modes of the comma 
coordinates and momenta, respectively. The modes in the 3Z  Fourier space are 
given by  

( ) ( )2 1
1 cos 2 1 d ,

2
r r
nQ Q nσ σ σ

π

− −π
= −
π ∫               (41) 

( ) ( )2 1
1 cos 2 1 d ,

2
r r
nQ Q nσ σ σ

π

− −π
= −
π ∫               (42) 

( ) ( )3, 3,
2 1

1 cos 2 1 d
2

r r
nQ Q nσ σ σ

π

− −π
= −
π ∫               (43) 

where 1,2,3,n = � , and a similar set for the conjugate momenta. The overlap 
equations for the coordinates in (27) and (28) and the properties imposed in the 
Fourier expansion of the comma coordinates 

( ) ( ) ( ) ( )and ,r r r rQ Q Q Qσ σ σ σ= − = − π−            (44) 

( ) ( ) ( ) ( )and ,r r r rQ Q Q Qσ σ σ σ= − = − π−            (45) 

( ) ( ) ( ) ( )3, 3, 3, 3,andr r r rQ Q Q Qσ σ σ σ= − = − π−           (46) 

where 0 σ≤ ≤ π , imply that their 3Z  Fourier modes in the comma basis 
satisfy 

2 1 2 1,L R
n nQ eQ− −=                        (47) 

2 1 2 1
L R
n nQ eQ− −=                        (48) 

From the overlap in (30) we obtain  
3, 3,
2 1 2 1

L R
n nQ Q− −=                         (49) 

For the Fourier modes of the conjugate momenta one obtains 
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2 1 2 1,L R
n ne− −℘ = − ℘                         (50) 

2 1 2 1
L R
n ne− −℘ = − ℘                         (51) 

and 
3, 3,
2 1 2 1,L R

n n− −℘ = −℘                         (52) 

where 1,2,3,n = � . We see that the comma overlaps in the full string basis 
separates into a product of two pieces depending on 

( )3 1 2 31
3n n n nA a a a= + +† † † †                    (53) 

and on 

( )† 1 1 2 31 ,
3n n n n nA A ea ea a≡ = + +† † † †                (54) 

( )2 1 2 31 ,
3n n n n nA A ea ea a≡ = + +† † † † †                (55) 

respectively, where the creation and annihilation operators †
nA  and nA  in the 

3Z -Fourier space are defined in the usual way 

( )†2 , 1, 2,3,
2n n n
iQ A A n

n
= − = �               (56) 

( )†
0 0 02

iQ A A= −                       (57) 

( )† , 1, 2,3,
2n n n

n

nP i A A n
Q
∂

= − = + =
∂

�            (58) 

( )†
0 0 0

0

P i A A
Q
∂

= − = +
∂

                   (59) 

and similarly for †
nA , nA  and 3

nA † , 3
nA . Notice that in the 3Z -Fourier space, 

†
n nA A−= , †

n nA A−= . For the matter sector, the comma 3-Vertex would be 
represented as exponential of quadratic form in the creation operators 3

nA † , nA†  
and mA† . Thus the comma 3-Vertex in the full string 3Z -Fourier space takes the 
form  

( ) ( ) ( ) )3
123

d d , , 0HS HS
Q M M M M n n nV Q Q Q Q V A A Aδ δ= ∫ † † †       (60) 

where )
123

0  denotes the matter part of the vacuum in the Hilbert space of the 
three strings and  

( )
3 3

, 0
1

3 2, , e
mn nm m n nmn m A C A A F A

HS
n n nV A A A

∞
=
 − − 
 

∑
=

†† † †
† † †            (61) 

The ghost piece of the 3-Vertex in the bosonized form has the same structure 
as the coordinate piece apart from the mid point insertions. In the 3Z -Fourier 
space 0M MQ Qφ φ= =  and only 3 0MQφ ≠ . Thus the mid-point insertion is given 
by 33 2MiQφ . The effect of the insertion is to inject the ghost number into the 
vertex at its mid-point to conserve the ghost number at the string mid-point, 
where the conservation of ghost number is violated due to the concentration of 
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the curvature at the mid-point. Thus the ghost part of the 3-Vertex takes the 
form 

( ) )
,33 2 ,3

123
e , , 0MiQHS HS

n n nQ
V V A A A

φ

φ

φφ φ φ
φ= † † †              (62) 

where 1230 φ  denotes the ghost part of the vacuum in the Hilbert space of the 
three strings and ( ),3 , ,HS

n n nV A A Aφ φ φ
φ

† † †  has the exact structure as the coordinate 
piece ( )3 , ,HS

Q n n nV A A A† † † . The mid-point insertion ,33 2MiQφ  in (62) may be 
written in terms of the creation annihilation operators 

( ) ( )
2

,3 ,3 3 3
0

2

1 n

M n n
n even

Q Q i A A
n

φ φ
∞

= =

−
= + −∑ †               (63) 

If we now commute the annihilation operators in the mid-point insertion 
through the exponential of the quadratic form in the creation operators in the 
three-string ghost vertex ( HS

Q
V φ ), the three-string ghost vertex in (62) takes the 

form 

( )

( )
2

3
,3 2

0

1
33 2 ,3

123e e , , 0

n

nn even AiQHS HSn
n n nQ

V V A A A
φ

φ
φφ φ φ

φ

∞
= =

−
∑

=
†

† † †       (64) 

We note that commuting the annihilation operators in the mid-point 
insertion ,33 2MiQφ  through ( ),3 , ,HS

n n nV A A Aφ φ φ
φ

† † †  results in the doubling of 
the creation operator in the mid-point insertion. 

3. The Half-String 3-Vertex in the Full String Basis 

We now proceed to express the half-string overlaps in the Hilbert space of the 
full string theory. The change of representation between the half-string modes 
and the full string modes derived in [1] is given by 

( )

( ) ( )

1 1 2
2 1 2

1
1

1 2
2 1 2 0

1

21
2 1

1 11 2 1 2
2 2 2 2 1

rr
n n mn mn m

m
r n

r
n n mn mn m

m

mQ Q M M Q
n

nP M M P P
m n

∞
+

−
=

+ ∞

−
=

 = − + + −

− −−  ℘ = + − −  π −

∑

∑
   (65) 

where 1,2 ,r L R= ≡ ; 1,2,3,n = � ; and the matrices 1M  and 2M  are given 
by 

( )
( )

1 12 2 , , 1, 2,3,
2 1 2 2 1

m n

mn
mM m n

n m n

+−
= =
π − − −

�            (66) 

and 

( )
( )

2 12 2 , , 1, 2,3,
2 1 2 2 1

m n

mn
mM m n

n m n

+−
= =
π − + −

�             (67) 

Now the overlap equations in (47), (50) and (29) become 

( ) ( ) 1 2
2 1 2

1

21 1
2 1n mn mn m

m

me Q e M M Q
n

∞

−
=

 + = − − + −∑           (68) 
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( ) ( ) ( ) ( )1 2
2 1 2 0

1

11 1 2 1 21 1 1
2 2 2 2 1

n

n mn mn m
m

ne P e M M P e P
m n

∞

−
=

−−  − = − + − + +  π −∑  (69) 

( )0 2
1

2 1 0n
M n

n
Q Q Q

∞

=

= + − =∑                    (70) 

respectively. The overlaps for the complex conjugate of the first two equations 
could be obtained simply by taking the complex conjugation. Similarly from the 
overlaps in (49), (52) and (35) we obtain 

3
2 1 0nQ − =                             (71) 

( )1 2 3 3
2 0

1

12 1 2 2 0
2 2 1

n

mn mn m
m

n M M P P
m n

∞

=

−−  − − =  π −∑             (72) 

3 0M℘ =                              (73) 

We have seen in reference [1] the 3 3
0M P℘ =  and so the overlap conditions in 

(72) and (73) reduce to 

1 2 3
2

1

2 1 0
2 mn mn m

m

n M M P
m

∞

=

−  − = ∑                   (74) 

3
0 0P =                              (75) 

It is important to keep in mind that the equality sign appearing in Equations 
(68) through (75) is an equality between action of the operators when acting on 
the comma vertex except for Equation (75) which is the conservation of the 
momentum carried by the third string in the 3Z  Fourier space. 

The comma vertex ( )3 , ,HS
n n nV A A A† † †  in the full string basis now satisfies 

the comma overlaps in (68), (69), (70), (71), (74) and (74). First let us consider 
the overlaps in (68), (69) and (70), i.e., 

( ) ( ) ( )1 2
2 1 2

1

21 1
2 1n mn mn m

m

me Q e M M Q
n

∞

−
=

 
+ + − + 

− 
∑  

( )3 , , 0,HS
n n nV A A A =† † †                     (76) 

( ) ( ) ( )

( ) ( ) ( )

1 2
2 1 2

1

3
0

1 1 2 11 1
2 2 2

121 , , 0,
2 1

n mn mn m
m

n
HS

n n n

ne P e M M P
m

e P V A A A
n

∞

−
=

 −
− + + −


−

− + =
π − 

∑

† † †

        (77) 

( ) ( )3
0 2

1
2 1 , , 0k HS

k n n n
k

Q Q V A A A
∞

=

 + − =  
∑ † † †              (78) 

(as well as their complex conjugates), where 1,2,3,n = � . For the remaining 
overlaps, i.e., equations in (71) and (74), we have 

( )3 3
2 1 , , 0,HS

n n n nQ V A A A− =† † †                    (79) 

( ) ( )1 2 3 3
2

1

2 1 , , 0,
2

HS
mn mn m n n n

m

n M M P V A A A
m

∞

=

−
− =∑ † † †          (80) 
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( )3 3
0 , , 0HS

n n nP V A A A =† † †                      (81) 

where 1,2,3,n = � . We notice that these overlaps are identical to the overlap 
equations for the identity vertex [4] [5] [7] [8]. Thus 

( )1 , , 0,1, 2,n
nm nmC n mδ= − = �                  (82) 

The explicit form of the matrix F, may be obtained from the overlap equations 
given by (76), (77) and (78) as well as their complex conjugates. It will turn out 
that the matrix F has the following properties 

† 2, , 1F F F CFC F= = =                    (83) 

which are consistent with the properties of the coupling matrices in Witten’s 
theory of open bosonic strings [7] [8]. This indeed is a nontrivial check on the 
validity of the comma approach to the theory of open bosonic strings. 

Now substituting (61) into (76) and writing nQ  in terms of †
nA  and nA , we 

obtain the first equation for the matrix F  

( )( )1 2
2 1 2 1 2 2

1
3 0n k n k mn mn m k m k

m
F i M M Fδ δ

∞

− −
=

+ − + + =∑          (84) 

where 0,1,2, ; 1, 2,3,k n= =� � . Next from the overlap equation in (77) we 
obtain a second condition on the F matrix 

( ) ( )( )
( )

( )
( )

1 2
2 1 2 1 2 2

1

0 03 2

10
3

14
3 2 1

n k n k mn mn m k m k
m

n

k k

F i M M F

i F
n

δ δ

δ

∞

− −
=

= − + − −

−
− −
π −

∑
       (85) 

where 0,1,2, ; 1, 2,3,k n= =� � . The overlaps for the mid-point in (78) give 

( ) ( ) ( )0 0 2 2
1

22 1 0, 0,1,2,
2

k
m m k m k m

k
F F m

k
δ δ

∞

=

 
+ + − + = = 

 
∑ �     (86) 

Solving Equations (84) and (85), we have 

( ) ( )
( )

1

2 0 00 1 2 3 2
1

11 11
2 2 1

m
T T

n
m nm

F F M M
m

−∞

=

  − = − +  π   −  
∑          (87) 

( )
( )

1

2 2 0 2 1 2 3 2
1

1

1 2 1 2
1

1 1
2 2 1

1 1
2 2

m
T T

n k k
m nm

T T T T

m mknm

F F M M
m

M M M M

−∞

=

−∞

=

  − = +  π   −  

    − + +         

∑

∑
          (88) 

( )
( )

1

2 2 1 1 2

1

0 2 1 1 2 3 2
1

3 1
2 2

1 1
2 2 1

T T
n k

nk
m

T T
k

m nm

iF M M

F M M
m

−

−

−∞

−
=

  = − +  
   

  − + +  π   −  
∑

        (89) 

( )
( )2 1 2 1 1 2 2 2 1 0 2 13 2

1

2 1 2
23 3 2 1

n
T T

n k m k k
m nm

i iF M M F F
n

∞

− − − −
=

− = + +  π  −
∑      (90) 
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( )
( )

2 1 2 1 2 2 2 1 2
1

0 23 2

2 1 2 1
2 23 3

12
3 2 1

T T T T
n k m k

m nm nk
n

k

i iF M M F M M

i F
n

∞

−
=

   = + + +      

−
+
π −

∑
        (91) 

( )
( )

( )2 1 0 1 2 2 0 003 2
1

2 1 2 1
23 3 2 1

n
T T

n m
m nm

i iF M M F F
n

∞

−
=

− = + + × −  π  −
∑       (92) 

where all , 1, 2,3,n k = � . Finally Equation (86) leads to 

( ) ( ) 1

00 2 0
1

1
1 2 ,

2

n

n
n

F F
n

+∞

=

−
+ = ∑                    (93) 

( ) ( )1 1

0 2 2 2
1

1 1
2 2 ,

2 2

m k

m k m
k

F F
m k

+ +∞

=

− −
= + ∑                (94) 

( ) 1

0 2 1 2 2 1
1

1
2

2

k

m k m
k

F F
k

+∞

− −
=

−
= ∑                    (95) 

where 1, 2,3,m = � . 
Now the explicit form of the F matrix is completely given by the set of 

Equations (87), (88), (89), (90), (91), (92), (93), (94) and (95) provided that the  

inverse of the 1 2
1
2

T TM M + 
 

 exist. Now we proceed to compute the required 

inverse. 

4. Finding the Inverse 

In the half string formulation the combination 
1

1 2
1
2

T TM M
−

 + 
 

 is a special case 

of the more general expression, ( )1 2cosT TM k N M+ π , where 1,2,3, , 2k N= �   

and N is the number of strings2. For the case of interest, N corresponds to 3 and 
1k = . It is however more constructive to consider the generic combination 

1 2
T TM Mβ α+ . Again for the case of interest one has 1β =  and  

( )cos 1 2k Nα = π = . For the inverse of 1 2
T TM Mβ α+ , we propose the Ansatz 

( )

( ) ( ) ( )

1

1 2

1 1 1 1 1 1 1 1 1 1 1 1
2 2 1 2 2 1 2 2 1 2 2 11 2 2 1

2 2 1 2 2 1

T T

nm

p p p p p p p p
n m n m n m n m n m

M M

u u u u u u u u
n m

n m n m

β α

α β

−

− − − −
+ − − − −

 +  

 + −′ ′= − + − 
− − + −  

 (96) 

The coefficients 1 p
ku  and 1 1 p

ku −  are the modes appearing in the Taylor 

expansion of the functions 
11

1

px
x

+ 
 − 

 and 
1 11

1

px
x

−+ 
 − 

 respectively. For the  

three interaction vertex 3p =  and the Taylor modes 1 p
ku  and 1 1 p

ku −  reduce 
to 1 3

k ku a=  and 2 3
k ku b=  found in references [7] [8]. These coefficients are 

 

 

2The reason we are considering this more general expression is that this combination appears in 
computing the N-interaction vertex which will probe useful in future work and it does not add to the 
level of difficulty in finding the inverse. 
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treated in details in appendix A. The free parameters α′ , β ′  and p are to be 
determined by demanding that (96) satisfies the identities 

( ) ( )1

1 2 1 2
T T T TM M M M Iβ α β α

−
+ + =               (97) 

which implies that ( ) 1

1 2
T TM Mβ α

−
+  is left inverse and the identity 

( )( ) 1

1 2 1 2
T T T TM M M M Iβ α β α

−
+ + =               (98) 

which implies that ( ) 1

1 2
T TM Mβ α

−
+  is right inverse. Here I is the identity 

matrix in the space of N strings. 
Before we proceed to fix the constants α′ , β ′  and p, there are two special 

cases where the inverse could be obtained with ease with the help of the 
commutation relations of the half string creation annihilation operators  

( ) ( )( )†,r r
n nb b . They are given by 2k N=  and k N= . 
For 2k N= , the combination ( )1 2cosT TM k N M+ π  reduces to 1 2

T TM M+  
and the inverse ( ) 1

1 2 1 2
T TM M M M

−
+ = − . To see this we only need to verify that 

( )( ) ( )( )1 2 1 2 1 2 1 2
T T T TM M M M M M M M I+ − = − + = . We first consider 

( )( ) ( ) ( )1 2 1 2 1 1 2 2 1 2 2 1
T T T T T TM M M M M M M M M M M M+ − = − − −     (99) 

Using the commutation relations 
( ) ( )

 0,r s rs
n m n mb b δ δ− +

  =                     (100) 

(where ( ) ( )†s s
m mb b− ≡ ) for the half string creation annihilation modes  

( ) ( )( )†,r r
n nb b , one can show that the the combination inside the first bracket is the 

identity matrix I and the combination inside the second bracket is identically 
zero. To see this recall that the change of representation between the full string 
creation annihilation modes ( )†,n na a  and the half string creation annihilation 
modes is given by  

( ) ( ) ( )1 2
2 1 2 2

1

11 , 1, 2,3,
2

rr
n n mn m mn m

m
b a M a M a n

∞

− −
=

= − + − =∑ �      (101) 

and ( ) ( )†r r
n nb b− ≡  is given by the same expression with k ka a− . Substituting 

(101) into (100) one obtains  

( ) ( ) ( ) ( ) ( ) ( )1 2 2 1
1

1 2 2 1

10 ,
2

1
2

r s rs T T
n q kq kqnk nkk

rs T T
nq

b b M M M M

M M M M

δ

δ

∞

=

  = = − −   

 = − − 

∑
    (102) 

for 0n >  and 0m q= − < . Since 0rsδ =  for r s≠ , then the above equation 
does not yield any information about the combination 1 2 2 1

T TM M M M−  for  
r s≠ . However, for r s= , Equation (102) yields 

1 2 2 1 0T TM M M M− =                      (103) 

Similarly one has 
( ) ( )

( ) ( ) ( ) ( ) ( )

( )

1 1 2 2
1

1 1 2 2

,

1 11
2 2
1 11
2 2

r srs
nm n m

r s T T
nm km kmnk nkm

r s T T
nm nm

b b

M M M M

I M M M M

δ δ

δ

−

∞
+

=

+

 =  

 = − + − 

 = − + − 

∑   (104) 
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for , 0n m > . In this case, the above expression gives the following identity 

1 1 2 2
T TM M M M I− =                     (105) 

for all possible values of r and s. Substituting Equations (103) and (105) into 
Equation (99) we arrive at 

( )( )1 2 1 2
T TM M M M I+ − =                  (106) 

Thus ( )1 2M M−  is the right inverse of ( )1 2
T TM M+ . To complete the proof 

one must show that ( )1 2M M−  is also a left inverse; that is we need to establish 
the following identity 

( )( )1 2 1 2
T TM M M M I− + =                  (107) 

The proof of the above identity follows at once from the change of repre- 
sentation between the half string creation annihilation modes ( ) ( )( )†,r r

n nb b  and 
the full string creation annihilation modes ( )†,n na a  given by 

( ) ( ) ( )( )1 2
2 2

1

1
, 1, 2,3,

2

n

n nm m nm m
m

a P M b M b n
n

∞
+ +

−
=

−
= + − =∑ �       (108) 

(where ( ) ( ) ( )( )1 21
2n n nb b b+ = + ) and the commutation relations 

[ ]  0, .n m n ma a δ− +=                     (109) 

Using Equations (108) and (109) and skipping the algebraic details, one 
obtains the following identities 

1 2 2 1 0T TM M M M− =                    (110) 

1 1 2 2
T TM M M M I− =                    (111) 

needed to prove that the combination ( )1 2M M−  is also a left inverse. This 
completes the proof. 

For k N= , the combination ( )1 2cosT TM k N M+ π  reduces to 1 2
T TM M−  

and the inverse ( ) 1

1 2 1 2
T TM M M M

−
− = + . The proof that 1 2M M+  is the right 

inverse follows at once simply by taking the transpose of the already established 
identity in (106). To show that the combination 1 2M M+  is also the left inverse 
of the combination 1 2

T TM M−  one only needs to take the transpose of (107); 
thus leading to the desired result. 

Now we proceed to fix the constants in (96) for , 2k N N≠ . From Equations 
(66) and (67), we have  

( )
( )

1 12 2
2 1 2 2 1

n m

nm
nM

m n m

+−
=
π − − −

               (112) 

and 

( )
( )

2 12 2
2 1 2 2 1

n m

nm
nM

m n m

+−
=
π − + −

               (113) 

respectively. First we proceed with the identity in (97). If we could solve for the 
free parameters α′ , β ′ , and p in terms of the known parameters α  and β  
then the Ansatz in (96) is the left inverse of the matrix 1 2

T TM Mβ α+ . For the off 
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diagonal elements; that is q n≠ , the identity in (97), yields, after much use of 
the identities in [9],  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

2 2

2 2

u p u p u p p u p pp p p p
n n n q n n n q

u p u p u p p u p pp p p p
n n n q n n n q

u p u p u p pp p p p
n n n q n n n q

u O u O u O u O
n q

u O u O u O u O
n q

u O u O u O u O

α β

α α

β β

− −− −
− − − −

− −− −
− −

−− −
− −

− + −
′

−

− + −
′−

+

− − +
′+

( )

( ) ( ) ( ) ( )

1,

1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

2 2

0
2 2

u p p

u p u p u p p u p pp p p p
n n n q n n n q

n q

u O u O u O u O
n q

β α

−

− −− −

+

− − +
′− =

−

 

where the quantities 

( ),
2

2 1 1
, 0

q p
u q p m
n k

m l

u
O n

n m

∞

± =
= + =

≡ ≥
± +∑                 (114) 

have been considered in [9]. The quantities ( ),u q p
nO−  are related to ( ),u q p

nO  
through the identity ( ) ( ) ( ), ,cosu q p u q p

n nO q p O− = − π  [9]. The quantity ( ),u q p
nO  

has the value ( ) 22sin q p
nq p uπ π    [9]. In order for the right hand side of the 

above expression to vanish, the coefficients of 1 1 1
2 2

p p
n nu u− , 1 1 1

2 2
p p

n qu u−  and  
1 1 1
2 2

p p
n qu u −  must vanish separately. The vanishing of the coefficient of the  

1 1 1
2 2

p p
n nu u−  can be established explicitly by substituting the explicit values for 
( ),u q p

nO . The vanishing of the coefficient of 1 1 1
2 2

p p
n qu u−  term leads to the following 

conditions on the free parameters 

1cos 0
p

β α α β
 ′ ′+ π = 
 

                   (115) 

1cos 0
p

α α β β
 ′ ′+ π = 
 

                   (116) 

The vanishing of the coefficient of 1 1 1
2 2

p p
n qu u −  does not lead to new conditions 

on the free parameters but it provides a consistency condition. The equivalence 
between the half-string field theory and Witten’s theory of open bosonic strings 
will guarantee that this consistency condition will be met. In fact we have 
verified this requirement explicitly. 

For the diagonal elements ( q n= ), the identity in (97), after much use of the 
various identities in [9], yields 

( ) ( ) ( ) ( ) ( ){
( ) ( ) ( ) ( )

( )
( ) ( ) ( ) ( )

( )

1 2 1 2 1, 1,1 1 1
2 2 2 2

1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

2

2 1
1 2 2

2 2

2 2

n n
u p u p pp p

n n n n

u p u p u p p u p pp p p p
n n n n n n n n

u p u p u p p u p pp p p p
n n n n n n n n

n

n n u O u O

u O u O u O u O
n

u O u O u O u O
n

u

α β

α α

β β

β α

+
−−

− −

− −− −
− −

− −− −
− −

−  ′= + π
− + −′−

− − +′+

′+

� �

( ) ( ) }1, 1,1 1 1
2 2 2
u p u p pp p
n n nO u O −− − 
� �

   (117) 
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where 

( )

( )
,
2 2

2 1 1

q p
u q p m
n k

m l

u
O

n m

∞

± =
= + =

=
± +

∑�                   (118) 

has been considered in [9]. Using the explicit values of ( ),u q p
nO , ( ),u q p

nO− , ( ),u q p
nO�  

and ( ),u q p
nO−
�  which are given in [9] and imposing the conditions obtained in 

(116), the above expression reduces, after a lengthy exercise, otherwise a straight 
forward algebra, to 

( ) ( ) ( )1, 1,1 1 1
2 2 2 2

21 2 p p pp p
n n n nn u S u Sβ α −− ′= − π
� �             (119) 

where the quantities ( ),q p
nS±
�  were introduced in [9]. The above expression may 

be reduced further by expressing ( ),q p
nS−
�  in terms of ( ),q p

nS�  through the relations  

( ) ( ) ( ) ( )1, 1, 1, 1,
2 2 0 2cos 1 cosp p p p

n n nS S S S
p p−

  π π
= + +  

  
� �            (120) 

( ) ( ) ( ) ( ) ( ) ( )1, 1, 1, 1,
2 2 0 2

1 1
cos 1 cosp p p p p p p p

n n n

p p
S S S S

p p
− − − −

−

 − π − π 
= + +  

   
� �   (121) 

which have been established in [9]. Hence  

( ) ( ) ( )

( ) ( )

1, 1,1 1
2 0 2

1, 1,1
2 0 2

21 2 1 cos

1 cos

p pp
n n

p p p pp
n n

n u S S
p

u S S
p

α β −

− −

   π′= +   π    
  π + −   

    

           (122) 

In arriving at the above expression we used the fact that 

( )1 1cos cos 0
p

p p
α β β α α β β α

−   ′ ′ ′ ′π − = π + =   
  

        (123) 

Further simplification of (122) may be achieved by substituting the explicit 
values of ( )1,

0
pS  and ( )1,

0
p pS −  found in [9]. Thus Equation (122) reduces to 

( )

( ) ( )

( ) ( ) ( )

1,1 1
2 2

1, 1,
2 2

1, 1, 1,1 1/
2 2 2 2

11 2 1 cos tan
2

11 cos cot
2

2 sin

pp
n n

p p p
n n

p p p pp
n n n n

n u S
p p

S S
p p

n u S S S
p

α β

α β

−

−

−−

     π π′= +     
     

    π π + −     
      

 π  ′= +    

          (124) 

To compute the right-hand side of the above expression we need to evaluate 
the expression inside the square bracket. We will show that this expression has 
the explicit value 2/2n. Consider the matrix element defined by 

1 1 1 1 1 1p p p p
m n m n

mn
u u u u

W
m n

− −+
=

+
                  (125) 

The matrix element mnW  satisfies the following recursion relationship, which 
may be verified by direct substitution 
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( ) ( ) ( ) ( )1 1 1 10 1 1 1 1n m n m n m n mn W n W m W m W+ − + −= + − − + + − −     (126) 

for m n odd+ =  integer. Letting 2 1 1n n→ − ≥ , 2 2m m→ ≥  in (126), we 
obtain 

( ) ( ) ( )2 2 2 2 2 2 1 2 1 2 1 2 10 2 2 2 2 1 2 1n m n m n m n mnW n W m W m W− − + − −= − − + + − −  (127) 

Summing both sides of (127) over m, we have 

( ) ( )2 2 2 2 2 2 0 2 2 0 2 11
0 0

2 2 2 2 2 2n m n m n n n
m m

n W n W nW n W W
∞ ∞

− − −
= =

− − = − − +∑ ∑   (128) 

Substituting the explicit values for 2 02 nnW , 2 2 0nW −  and 2 11nW −  into (128) 
we obtain 

( )2 2 2 2 2
0 0

1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 1 2 1 2 1

2 2 2

2 1 2 1 2
2 2 2

n m n m
m m

p p p p p p p
n n n n n n n

n W n W

u u u u u u u
n n p n p

∞ ∞

−
= =

− − −
− − − − −

− −

= + − − + − +

∑ ∑
    (129) 

Recalling the recursion relations for the Taylor modes established in [9] 

( )1 1 1
1 1

1 2 1
1

p p p
k k ku u k u

k p+ −

 
= + − +  

                (130) 

( ) ( )1 1 1 1 1 1
1 1

1 2 1 1
1

p p p
k k ku p u k u

k p
− − −
+ −

 
= − + − +  

         (131) 

If we now set 2 1k n= −  in the recursion relations in (130) and (131) and 
then rearrange terms, we have 

( )1 1 1
2 1 2 2 2

1 2 1 2 2 ,
2 2

p p p
n n nu u n u

n p n− −= − −             (132) 

1 1 1 1 1 1 1 1
2 1 2 2 1 2 2

1 2 2 2 2
2 2 2

p p p p
n n n n

nu u u u
n p n n

− − − −
− − −

−
= − + +          (133) 

Substituting (132) and (133) in the above equations into (129), we find 

( )2 2 2 2 2
0 0

2 2 2n m n m
m m

n W n W
∞ ∞

−
= =

= −∑ ∑               (134) 

Repeated application of the above identity implies that 

2 2 2 2
0 0

2 2n m m
m m

n W W
∞ ∞

= =

=∑ ∑                   (135) 

Substituting the explicit form of nmW  into the above identity we have 

( ) ( ) ( ) ( )1, 1, 1, 1,1 1 1 1 1 1
2 2 2 2 2 2 2 2

2
2

p p p p p pp p p p
n n n nu S u S u S u S

n
− −− −   + = +          (136) 

where 

( )
1

1,

, 0
,

p
p m

n
n m even m

u
S

n m

∞

+ = =

≡
+∑                    (137) 

( )
1 1

1,

, 0

p
p p m

n
n m even m

u
S

n m

−∞
−

+ = =

≡
+∑                    (138) 

To complete the proof, it remains to show that the expression inside the 
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square bracket on the right hand side of Equation (136) is equal to unity. This 
we do by explicit computation. Consider 

( ) ( )1, 1,1 1 1
2 2 2 2

p p pp pu S u S− −+                    (139) 

Using the summation formulas for ( )1, p
nS  and ( )1,p p

nS − , which are given in [9], 
the above expression reduces to  

( ) ( )1, 1,1 1 1
2 2 2 2 1p p pp pu S u S− −+ =                  (140) 

and so Equation (136) yields 

( ) ( )1, 1,1 1 1
2 2 2 2

2
2

p p pp p
n n n nu S u S

n
− − + =                 (141) 

Substituting this result for the expression in the square bracket in (124) leads 
to one more condition on the parameters α′  and p 

1
12sin
p

α
β

′ =
 

π 
 

                    (142) 

Collecting all the conditions on the free parameters, and then solving for the 
parameters α′  and β ′ , and p in terms of the known parameters α  and β , 
we find 

2
2

2

1cos
1 1, ,cos

1 12sin 2sin

p
p

p p

α α β
β

β α

 
π    ′ ′= π = = −       π π   

   

       (143) 

The desired expression for the inverse of 1 2
T TM Mβ α+ , is therefore given by 

substituting the values of α′  and β ′  given by the above expressions into the 
Ansatz for ( ) 1

1 2
T TM Mβ α

−
+  in Equation (96). Hence,  

( )

( ) ( )

( )

1

1 2

1 1 1 1 1 1
2 2 1 2 2 1

1 1 1 1 1 1
2 2 1 2 2 1

2 2 1 11
2 2 112sin

1cos

2 2 1

T T

nm

p p p p
n m n m n m

p p p p
n m n m

M M

u u u un m
n m

p

p u u u u
n m

β α

β

α

−

− −
+ − −

− −
− −

 +  




+− = −  − −  π 
  

 
π   −  −

+ −



        (144) 

This shows that the above expression is the left inverse. To complete the proof 
we need to check that the identity in (98) is also satisfied and leads to the same 
conditions as in Equations (143). This in fact we did verify. The special cases of 
k N=  and 2k N=  have been treated earlier. This completes the construction 
of the inverse for the general case of the ( )1 2

T TM Mβ α+  matrix. 

In the particular case of 
1

1 2cosT TkM M
N

−π + 
 

, the parameters  
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( )cos k Nα = π  and 1β =  respectively, and the above relations in (143) be- 
come  

22 2

cos
1, ,cos cos

2sin 2sin cos

k p
kp N

p p N

α α β

π
 π π  ′ ′= = = = −    π π π  

   (145) 

For the particular case of ( )cos k Nα = π  and 1β = , the relations in (145) 
yield 

1
12sin
p

α β′ ′= − =
 

π 
 

                   (146) 

( )
, 1 1

1
2 , 1 2 1

k N k N
p

N k N N k N
≤ ≤ −=  − + ≤ ≤ −

             (147) 

If we choose 1 1k N≤ ≤ − , then we have  

( ) ( ) ( )

1

1 2

1 1 1 1 1 1 1 1 1 1 1 1
2 2 1 2 2 1 2 2 1 2 2 1

cos

2 2 11
2 2 1 2 2 112sin

T T

nm

p p p p p p p p
n m n m n m n m n m

kM M
N

u u u u u u u un m
n m n m

p

−

− − − −
+ − − − −

  π  +   
    

 + −−
= − − 

− − + −    π 
 

 (148) 

For the case of interest, that is, the three interaction vertex 3N =  and 1k =  
so that 3p = . This implies that the Taylor modes 1 p

nu  and 1 1 p
nu −  in the 

expansion of 
11

1

px
x

+ 
 − 

 and 
1 11

1

px
x

−+ 
 − 

 are na  and nb  in the expansion of  

1 31
1

x
x

+ 
 − 

 and 
2 31

1
x
x

+ 
 − 

 encountered in reference [7] [8]. Thus the inverse of  

1 2
1
2

T TM M + 
 

 now reads 

( ) ( ) ( )

1

1 2

2 2 1 2 2 1 2 2 1 2 2 1

1
2

1 1 2 2 1
2 2 1 2 2 13

T T

nm

n m n m n m n m n m

M M

a b b a a b b a
n m

n m n m

−

+ − − − −

  +  
   

 + −
= − − + 

− − + −  

  (149) 

This is the required inverse needed to finish the construction of the half-string 
three interaction vertex in terms of the full-string basis. The expression in (149) 
is indeed the right and left inverse of 1 2

1
2

T TM M+  as can be checked explicitly. 
See ref. [9]. 

5. Computing the Explicit Values of the Matrix Elements of  
the F Matrix 

To complete the construction of the comma 3-Vertex 

( ) ( ) ( )3 3
03 3d d d e , , 0,0,0MiP QHS HS

M M M M M n n nV Q Q Q Q Q V A A Aδ δ= ∫ † † †   (150) 

https://doi.org/10.4236/jmp.2019.1010085


A. Abdurrahman, M. Gassem 
 

 

DOI: 10.4236/jmp.2019.1010085 1289 Journal of Modern Physics 
 

in the 3Z -Fourier space of the full string, we need the explicit form of the F 
matrix. Here we shall give the steps involved in the computation of the matrix 
elements of F and relegate many of the technical details to appendix A. For the 
purpose of illustration consider 2 0nF . Substituting the explicit value of  

1

1 2
1
2

T TM M
−

 + 
 

 obtained in (149) into Equation (87) gives 

( ) ( ) ( )
( )

( ) ( )

2 0 00 3/2
1

2 2 1 2 2 1 2 2 1 2 2 1

11 11 1 2 2 1
3 2 1

2 2 1 2 2 1

m
n m

n
m

n m n m n m n m

F F n m
m

a b b a a b b a
n m n m

∞
+

=

− − − −

−
= − − − ⋅
π −

 + −
× + 

− − + −  

∑
      (151) 

where 1,2,3,n = � . Using partial fractions, the above expression becomes 

( ) ( ) ( )2 0 00 2 0 2 2

2 2 2 2 2 2

1 1 21 1 2
23

n b b
n n n n

a b a
n n n n n n

nF F a O a O
n

b O a O b O

−

−

= − − −π

− − + 

        (152) 

where the quantities appearing in the above expression are defined have been 
evaluated in [9]. Thus substituting the explicit values of these quantities into 
(152) and combining terms we find 

( ) ( ) 2
2 0 00

1
1

2

n
n

n

a
F F

n
−

= −                    (153) 

The explicit value of the 00F  may be computed by substituting (153) into 
(93). Doing that and rearranging terms we get  

( ) ( ) 2
00 00

1
1 2 1

2
n

n

a
F F

n

∞

=

+ = − − ∑                   (154) 

The sum appearing on the right-hand side has the value ( )3 2 ln 3 2ln 2− , so 
we obtain  

3
00

4
00

1 3ln
1 2

F
F

+
=

−
                       (155) 

which gives the explicit value of 00F  at once. This result is consistent with that 
given in [7] [8]. To obtain the explicit value of 0 2mF , we first need to evaluate 
the sum over k in Equation (94), i.e., 

( ) 1

2 2
1

1
2

k

k m
k

F
k

+∞

=

−
∑  

where the explicit expression for 2 2k mF  in terms of the change of repre- 
sentation matrices is given by Equation (88). Thus substituting (88) into the 
above expression we have 

( ) ( ) ( )
( )

( )

1 1 1

2 2 0 2 1 23 2
1 1 1

1 1

1 2 1 2
1 1

1 1 11 1
22 2 2 1

1 1 1
2 22

k k l
T T

k m m
k k l kl

k
T T T T

k l lmkl

F F M M
k k l

M M M M
k

+ + −∞ ∞ ∞

= = =

+ −∞ ∞

= =

 − − −  = +  π  −   

 −    − + +         

∑ ∑ ∑

∑ ∑
  (156) 
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If we commute3 the sums over k and l, we get  

( ) ( )
( )

( ) ( )
1

2 2 0 2 1 23 2
1 1 1 1 1

1 11 1
22 2 1

k l
T T

k m m
k l k l k lm

F F M M
k l

+∞ ∞ ∞ ∞ ∞

= = = = =

− −  = ⋅⋅ ⋅ − + ⋅⋅ ⋅ π  −
∑ ∑∑ ∑∑  (157) 

where 

( ) ( ) 1 1

1 2

1 1
22

k
T T

kl

M M
k

+ − −  ⋅⋅ ⋅ ≡ +  
   

                 (158) 

Substituting Equation (149) for the inverse of the combination ( )1 21 2T TM M+  
into the above expression and summing over k from 1 to ∞ , we obtain 

( ) ( )
( )

1 1
2 1

1 2 1 2
1

1 11 2
22 3 2 1

k l
lT T

k kl

a
M M

k l

+ −∞
−

=

 − − + = −  
  −  

∑           (159) 

In arriving at the above result we made use of the identities 

( ) ( )
2 2

2 1
0 0

1 1 1
2 2 1 2 2 2 1 2 3

k k
l

k k

a a
a

k l k l

∞ ∞

−
= =

= − = − π
− − + −∑ ∑          (160) 

which were derived in [9]. Similar expressions hold for the sums over 2kb ; see 
ref. [9]. Now substituting Equation (159) into (157) gives  

( ) ( )1 3
2 1

2 2 0 2 1 24
1 1

1 1 21 3 1ln
2 222 3 2 1

k l
T Tl

k m m
k l lm

a
F F M M

k l

+∞ ∞
−

= =

− −  = − + × + −  
∑ ∑   (161) 

Using the explicit value of 1M  and 2M  and rewriting ( )3 4ln 3 2  in terms 
of 00F , the above expression becomes 

( ) ( ) ( )
( )

1
200

2 2 0 2 1 2
1 00

1 11 11
2 12 2

mk
m

k m m
k

aF
F F

Fk m

+∞

=

− −−  +
= − + − 

∑        (162) 

Substituting this result into (94), we find 

( ) ( )
( )

2
0 2 00 1 2

1
1

2

m
m

m

a
F F

m

−
= −                    (163) 

which has the same form as 2 0mF  given in (153). Thus in this case we see that 
the property ( )†

0 0even even
F F=  holds. 

Next we consider the evaluation of 2 1 0nF − . If we replace 1 2,M M  and 2 0mF  
in (92) by their explicit values, given respectively by Equation (66), (67) and 
(153), we have  

( ) ( )
( )

( )
( )

( )
( )

2
2 1 0 00

1

2
003 2

1

12 2 11
2 2 2 13 2 1

12 1
2 2 1 3 2 1

n
m

n
m

n
m

m

aiF F
m nn

a i F
m n n

∞

−
=

∞

=

−
= − 

π − −− 

 −
+ + −

+ − π −

∑

∑
        (164) 

 

 

3Since both the sums over l and k are uniformly convergent, one may perform the sums in any order. 
We have carried the sums in the two different orders and found that the result is the same. However, 
it is much easier to perform the sum over k first followed by the sum over l rather than the reverse. 
Here we shall follow the former. 
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In order to benefit from the results obtained in [9] to help carry out the sums 
we first need to extend the range of the sums to include 0m = . Hence adding 
zero in the form ( ) ( )0 02 1 2 1a n a n− − + − , the above expression becomes 

( ) ( )
( ) ( )

( ) ( )
( ) ( )

( )

0 2
2 1 0 00

0

000 2
3 2

0

12 2 1 11
2 2 1 2 2 2 13 2 1

2 1 1
2 1 2 2 1 3 2 1

n
m

n
m

n
m

m

a aiF F
n m nn

i Fa a
n m n n

∞

−
=

∞

=

−
= − +

π − − −− 
− −
− + +

− + − π − 

∑

∑
    (165) 

The sums in the square brackets have been evaluated in [9]. Thus one finds 

( ) ( ) 2 1
2 1 0 00

1
1 ,

2 1

n
n

n

a
F i F

n
−

−

−
= −

−
                 (166) 

where 1,2,3,n = � . To check if the property †F F=  continue to hold, we 
need to compute explicitly the value of 0 2 1nF − . It is important to verify that the 
matrix F is self adjoint for the consistency of our formulation. The matrix 
element 0 2 1nF −  involves the matrix element 2 2 1n kF −  which in turn is expressed  

in terms of the combination 
1

1 2
1
2

T TM M
−

 + 
 

 and the matrix element 0 2 1nF −   

itself. To carry out the calculation, unfortunately we first need to compute the 
explicit value of 2 2 1n kF − . The matrix element 2 2 1n kF −  is given by (89) 

( )
( )

1

2 2 1 1 2

1

02 1 1 2 3 2
1

3 1
2 2

11 1
2 2 1

T T
n k

nk
m

T T
k

m nm

iF M M

F M M
m

−

−

−∞

−
=

  = − +  
   

  − + +  π   −  
∑

         (167) 

Substituting the explicit value of 
1

1 2
1
2

T TM M
−

 + 
 

 into the above equation 
and summing over m, we find 

( )
( )

( )
( )

2 2 1 2 2 1
2 2 1

22 2 1 2 2 1
0 2 1

1 2 2 1
2 2 2 1

1
2 2 1 2

n k
n k n k

n k

n
nn k n k

k

n k a b b a
F

i n k

aa b b a
F

n k n

+
− −

−

− −
−

− − +
= 

− −

 −−
+ +

+ − 

           (168) 

where 1,2,3,n = � . Combining Equation (168) with Equation (95), leads to 

( ) ( )

( )

2 2 1 2 2 1
0 2 1

1

2 2 1 2 2 1 00
0 2 1

00

1 2 1
2 2 1

112
2 2 1 2 1

m k m k m
m

k

k m k m
m

a b b a
F i m

k m

a b b a F
F

k m F

∞
− −

−
=

− −
−

 +
= − − 

− −
  − +

+ −  + − −  

∑
          (169) 

To evaluate the sums appearing in (169) we first need to extend their range to 
include 0k = . Doing so and making use of the result of already established 
identities in appendix A, Equation (169) reduces to 

( ) 2 1 00
0 2 1 0 2 1

00

1
2 1

12 1
m m

m m
a F

F i F
Fm

−
− −

 +
= − −  −−  

              (170) 
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Solving the above equation for 0 2 1mF − , we obtain 

( )( ) 2 1
0 2 1 00 1 1

2 1
m m

m
a

F i F
m

−
− = − − −

−
                (171) 

which is precisely the adjoint of 2 1 0mF − ; see Equation (166). Thus we have  

( )†
0 0odd odd

F F=                        (172) 

as expected. 
The result obtained in (171) may be now used to find the explicit value of 

2 2 1n mF − . Thus substituting Equation (171) back into Equation (168), we find 

( )
( )

( ) ( ) ( )

2 2 1 2 2 1
2 2 1

2 2 12 2 1 2 2 1
00

1 2 2 1
2 2 2 1

1
1

2 2 1 2 2 1

n m
n m n m

n m

n m
n mn m n m

n m a b b a
F

i n m

a aa b b a
i F

n m n m

+
− −

−

+
−− −

− − +
= 

− −

 −−
+ − −

+ − −

      (173) 

where , 1, 2,3,n m = � . 
The computation of the matrix element 2 1 2n mF −  is indeed quite cumbersome. The 

difficulty arises from the fact that the defining equation of 2 1 2n mF − , which is given 
by (91), involves this summing over the matrix 2 2m kF  which is potentially diver- 
gent when the summing index m takes the k value. The limiting procedures involved 
in smoothing out the divergence are quite delicate and require careful consideration. 
Thus here we shall only give the final result; the details may be found in [9], 

( )
( )

( ) ( ) ( )

2 2 1 2 2 1
2 1 2

2 2 12 2 1 2 2 1
00

1 2 2 1
2 2 2 1

1
1

2 2 1 2 2 1

n m
m n m n

n m

n m
m nm n m n

m n a b b a
F

i m n

a aa b b a
i F

m n m n

+
− −

−

+
−− −

− − +
= − 

− −

 −−
+ + −

+ − −

      (174) 

Comparing Equations (173) and (174), we see that 

( )†
even odd even odd

F F=                      (175) 

as expected. 
To complete fixing the comma interaction vertex in the full-string basis we 

still need to compute the remaining elements, namely 2 2n mF  and 2 1 2 1n mF − − . 
The computation of the matrices 2 2n mF  and 2 1 2 1n mF − −  involve two distinct 
cases. The off diagonal case is given by n m≠  and the diagonal case is given by 
n m= . Though the off diagonal elements are not difficult to compute, the 
diagonal elements are indeed quite involved and they can be evaluated by setting 
n m=  in the defining equations for 2 2n mF  and 2 1 2 1n mF − −  and then explicitly 
performing the sums with the help of the various identities we have established 
in [9]. An alternative way of computing the diagonal elements is to take the limit 
of n m→  in the explicit expressions for the off diagonal elements. We have 
computed the diagonal elements both ways and obtained the same result which 
is a non trivial consistency check on our formalism. For illustration, here we 
shall compute the diagonal elements by the limiting process we spoke of as we 

https://doi.org/10.4236/jmp.2019.1010085


A. Abdurrahman, M. Gassem 
 

 

DOI: 10.4236/jmp.2019.1010085 1293 Journal of Modern Physics 
 

shall see shortly. But first let us compute the off diagonal elements. We first 
consider 2 2n mF . From Equation (88), we have 

( )
( )

1

2 2 0 2 1 2 3 2
1

1

1 2 1 2
1

11 1
2 2 1

1 1
2 2

m
T T

n k k
m nm

T T T T

m mknm

F F M M
m

M M M M

−∞

=

−∞

=

  − = +  π   −  

    − + +         

∑

∑
         (176) 

Substituting the explicit value of 
1

1 2
1
2

T TM M
−

 + 
 

 and 1 2
1
2

T TM M+  into the 
above equation, we have 

( )
( )

( ) ( ) ( )

( )
( ) ( )

( ) ( )

1 2 1 2
2 2 2 2 2

2 2 0 2 1/2

2 2 1 2 2 1

1

2 2 1 2 2 1

1

1 1 2 2
2 2 22

12 12 2
2 2 2 1 2 2 13

2 2 1 2 2 1

n n k
n n k n k

n k k

n k
n m n m

m

n m n m

m

a k n a b b a
F F

n kn

a b b a
k n

n m k m

a b b a
n m k m

+

+ ∞
− −

=

∞
− −

=

− − +
= −

+

− +− 
π − − − −       

− + 
+ − + −        

∑

∑

  (177) 

The difficulty in evaluating the sums arises from the fact in performing these 
sums one usually make use of partial fraction to reduce them to the standard 
sums treated in [9]; however partial fraction in this case fails due to a diver- 
gence arising from the particular case when n m= . Thus to carry our program 
through, we first consider the case for which n k≠ . For n k≠ , partial fraction 
can be used to reduce the sums in the above expression to the standard results 
obtained in [9]. Skipping some rather straight forward algebra, we find 

( ) ( )02 2 2 2 2 2 2 2 2 2
2 2

1 1 2 2
2 2 2 2 22

n n k
k n n k n k n k n k

n k

F a k n a b b a a b b a
F

n k n kn

+− − + − = − + + − 
 

(178) 

where , 1, 2,3,n k = � , and n k≠ . Substituting the value of 0 2kF , which is 
given by Equation (163), we have 

( ) ( )
( ) ( )

( ) ( ) ( )1 2 1 2
2 2

2 2 00 1 2 1 2

2 2 2 2 2 2 2 2

1 1 2 2
1

22 2

2 2 2 2

n k n k
n k

n k

n k n k n k n k

a a k n
F F

n k

a b b a a b b a
n k n k

+ +− −
= − −

+ − × + + − 

      (179) 

which is the desired result valid for , 1, 2,3,n k = � ,and subject to the condition 
n k≠ . Note that in this case we have 

( )†
even even even even

F F=                     (180) 

as expected. As we pointed earlier the diagonal element 2 2n kF  may be obtained 
by taking the limit of k n→  in Equation (177). Hence 

( )
( )

2 2 2 2 2
2 2 02 1 2

2 2 2 2 2 2 2 2

1
42

2 2 1 1
2 23

n
n n n n n

n n n

b a b a
n n n n n n n n

a a b b a
F F

n

n a S b S a S b S− −

− +
= −

 − + + − π  
� � � �

      (181) 
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This result may be simplified further with the help of the following identities 
derived in [9] 

2 2 2
1 1 3 , 0
2 4

a a a
n n nS S S n− = + π >� �                 (182) 

and 

2 2 2
1 1 3 , 0
2 4

b b b
n n nS S S n− = − + π >� �                (183) 

Hence 

( )
( )

( ) ( )

2 2 2 2 2
2 2 0 2 1 2

2 2 2 2 2 2 2 2

1
42

2 1 3
2 2

n
n n n n n

n n n

b a b a
n n n n n n n n

a a b b a
F F

n

n a S b S a S b S

− +
= −

π − + + − π  
� �

    (184) 

The generalization of the plus combination in the square bracket has been 
considered before; its value is given explicitly by setting 1 3p =  in Equation 
(141) 

2 2 2 2
2

2
a b

n n n nb S a S
n

+ =                     (185) 

Using this identity, we obtain 

( ) ( )2
2 2 0 2 2 2 2 2 2 2

1 1 1 2 3
2 2 22

n
n b a

n n n n n n n n n

a nF F b a a S b S
n

−
= − − − −

π
� �    (186) 

Using Equation (163) to eliminate 0 2nF , the above expression becomes  

( ) ( )2 2
2 2 00 2 2 2 2 2 2

1 1 2 31
2 2 2 2

b an n
n n n n n n n n

a a nF F b a a S b S
n

= − − − − −
π

� �    (187) 

which satisfies the property 

( )†
even even even even

F F=                    (188) 

as expected. 
Finally we consider the matrix elements odd oddF . From Equation (90), we 

have  

( )
( )2 1 2 1 1 2 2 2 1 0 2 13 2

1

2 1 2
23 3 2 1

n
T T

n k m k k
m nm

i iF M M F F
n

∞

− − − −
=

− = + +  π  −
∑   (189) 

The values of 2 2 1m kF −  and 0 2 1kF −  are given by Equations (173) and (171) 
respectively. Hence, substituting the explicit value of 1

TM  and 2
TM  in (189) 

and skipping some rather straightforward algebra, we find  

( ) ( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

( ) ( )

00 2 1 2 1
2 1 2 1 1 2 1 2

2 1 2 1 2 1 2 1

2 2 1 2 2 1

0

2 2 1 2 2 1

1 1
3 2 1 2 1

1 2 1 2 1
2 2 1 2 1

2 1 2 1 2 1 1
2 2 2 1 2 2 13

2 2 1 2 2 1

n k
k n

n k

k n
n k n k

k n
m k m k

m

m k m k

F a a
F

n k
n k a b b a

n k

a b b ak n
m n m k

a b b a
m n m k

+

− −
− −

+
− − − −

+ ∞
− −

=

− −

− −
=

− −

− − − +
+

− + −
− +− −

+ 
π − − − −       

−
− 

+ − + −        

∑
(190) 
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Now there are two cases to consider k n≠  and k n= . For k n≠ , Equation 
(190) becomes  

( ) ( ) ( )

( ) ( ) ( ) ( )

00 2 1 2 1
2 1 2 1

2 1 2 1 2 1 2 1 2 1 2 1 2 1 2 1

1 1 1 2 1 2 1
3 22 1 2 1

2 1 2 1 2 1 2 1

n k k n
k n

n k

n k n k n k n k

F n ka a
F

n k
a b b a a b b a

n k n k

+ +
− −

− −

− − − − − − − −

− − − − −
= +

− −
 + −

× + 
− + − − − −  

  (191) 

where , 1, 2,3n k =  and we have made use of the results in [9] to evaluate the 
various sums. Thus for n k≠ , we see that  

( )† , forodd odd odd odd
F F n k= ≠                 (192) 

For k n= , Equation (190) becomes  

( )

( ) ( ) ( )

( ) ( )

2 1 2 1
2 1 2 1 00 2 1 2 1

2 1 2 12 1 2 1

2 1 2 12 1 2 1

1 11
3 2 1 2

2 12
23

n n
n n n n

a b
n nn n

a b
n nn n

a a
F F a b

n
b E a En

b E a E

− −
− − − −

− −− − − −

− −− −

= − +
−

 +− + 
π 

 − −  

� �

� �

       (193) 

where we have made use of the results in [9] to evaluate the various sums 
appearing in the steps leading to the above result. Using the identities  

( ) 2 1 2 12 1
1 1 3
2 4

a a a
n nnE E S− −− − = + π� �                (194) 

( ) 2 1 2 12 1
1 1 3
2 4

b b b
n nnE E S− −− − = − + π� �               (195) 

derived in [9], the above expression becomes 

( )

( ) ( ) ( )( )

2 1 2 1
2 1 2 1 00 2 1 2 1

2 1 2 12 1 2 1

1 1 11
3 2 1 2 2

3 2 1
2

n n
n n n n

b a
n nn n

a a
F F a b

n

n a E b E

− −
− − − −

− −− −

= − + +
−

+ − −
π

� �
       (196) 

which is clearly self adjoint. Thus from Equations (191) and (196) it follows that 

( )†
odd odd odd odd

F F=                     (197) 

as expected. With this result we, establish that †F F=  as anticipated. 
In the original variables, the comma three-string in (60) can be written in the 

form 

( )
3

1 2 3
0 123

1
, , 0HS r HS

x
r

V p Vδ α α α
=

 =  
 
∑ † † †            (198) 

where 

( )
3

, 1 , 0
1

1 2 3 2, , e
r rs s

n nm mr s n m a aHSV α α α
∞

− −= =− ∑ ∑
=

† † †             (199) 

The matrix elements ij
nm  may be obtained by comparing (199) to (60). For 
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example consider the terms involving 1a  and 2a  in (60) 

( ) ( )

( ) ( )

1 2 2 1 2 1 2 2 2 1

1 2

2 1

1 1 1 1 1
2 3 3 3 3

1 1 1 1 3
2 3 6 6
1 1 1 1 3
2 3 6 6

n nm m n nm m n nm m n nm m

T T
n m

nm

T T
n m

nm

a C a a C a e a F a e a F a

a C F F i F F a

a C F F i F F a

− − − − − − − −

− −

− −

   − + − +   
   

 = − − + + −  

 − − + − −  

  (200) 

Comparing this result with the terms 1 12 21
2 n nm ma a− −−   and 2 21 11

2 n nm ma a− −−  , we 
obtain 

( ) ( )12 1 2 3
6

C F F i F F = − − + −                (201) 

( ) ( )21 1 2 3
6

C F F i F F = − − − −                (202) 

where we have used the fact that TF F= . Likewise one expresses the remaining 
matrix element rs

nm  in terms of the matrix elements nmC  and nmF  and their 
complex conjugates. All in all we have 

( )

( )

1 0 0 0 1 1
1 0 1 0 1 0 1
3 2

0 0 1 1 1 0

0 1 1
3 1 0 1

2
1 1 0

F FC F F C

i F F

    
 +    = + + + −             

−  
 + − −  

 − 



      (203) 

which is the same result obtained in ref. [7]. Equation (203) gives completely the 
comma interaction three vertex in the full string basis in the representation with 
oscillator zero modes. 

Sometimes it is useful to express the comma vertex in the momentum 
representation. For a single oscillator with momentum p and creation operator 

†α , the change of basis is accomplished by 

) )0 0 0 0 0 0
1exp 0
2

p p p p pα α α α = − + + − 
 

† † † †           (204) 

with 0  being the oscillator ground state. Thus using the above identity and 
Equation (61) one finds the following representation for the Vertex in the 
momentum space 

3 3
0 0 0 0 0 00 0

, 0 , 1 0 0

1 1exp
2 2n nm m n nm m n n m m

n m n m n n
A C A A F A A F P P F A P F P

∞ ∞ ∞ ∞

= = = =

 ′ ′ ′ ′− − − − + 
∑ ∑ ∑ ∑† † † † † † (205) 

where the prime matrices nmF ′  are related to the unprimed matrices nmF  by 
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F
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F
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                         (206) 
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The property 2 1F =  in Equation (83) implies that in the momentum 
representation, the F ′  matrix satisfies 

1
, , 1, 2,3,nk km nm

k
F F n mδ

∞

=

′ ′ = =∑ �                (209) 

For 0n ≠ , we have r r
n na nα− −≡ , and so Equation (205) may be written as  

)
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00 0 123
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1 0,
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=


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∑
     (210) 

where the matrix G is defined through the relation 

0 0

1 1rs rs
nm nm

n m

G
n mδ δ

′= −
+ +

               (211) 

The ghost part of the comma vertex in the full string basis has the same 
structure as the coordinate one apart from the mid-point insertions  

( )
( )

3

=1

1 2
2 ,1 ,2 ,3

123
3e , , 0, >
2

r

r
i

HS HS
ghostV V N

φ
φ φ φ φ

φ φ α α α
π∑

= =† † †      (212) 

where the α′ s are the bosonic oscillators defined by the expansion of the 
bosonized ghost ( ) ( )( ), pφφ σ σ  fields and ( ),1 ,2 ,3, ,HSV φ φ φ

φ α α α† † †  is the 
exponential of the quadratic form in the ghost creation operators with the same 
structure as the coordinate piece of the vertex. 

6. Conclusion 

We have successfully constructed the comma three interaction vertex of the 
open bosonic string in terms of the oscillator representation of the full open 
bosonic string. The form of the vertex we have obtained for both the matter and 
ghost sectors are those obtained in ref. [7] [8] [10]. This establishes the equi- 
valence between Witten’s 3-interaction vertex of open bosonic strings and the 
half string 3-vertex directly without the need for the coherent state methods 
employed in ref. [1]. 
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