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Abstract 

To constrain the properties of dark matter, we study spiral galaxy rotation 
curves measured by the THINGS collaboration. A model that describes a 
mixture of two self-gravitating non-relativistic ideal gases, “baryons” and 
“dark matter”, reproduces the measured rotation curves within observational 
uncertainties. The model has four parameters that are obtained by minimiz-
ing a 2χ  between the measured and calculated rotation curves. From these 
four parameters, we calculate derived galaxy parameters. We find that dark 
matter satisfies the Boltzmann distribution. The onset of Fermi-Dirac or 
Bose-Einstein degeneracy obtains disagreement with observations and we de-
termine, with 99% confidence, that the mass of dark matter particles is 

16hm >  eV if fermions, or 45hm >  eV if bosons. We measure the 
root-mean-square velocity of dark matter particles in the spiral galaxies. This 
observable is of cosmological origin and allows us to obtain the 
root-mean-square velocity of dark matter particles in the early universe when 
perturbations were still linear. Extrapolating to the past we obtain the expan-
sion parameter at which dark matter particles become non-relativistic: 

( ) ( ) 6
NR 4.17 0.34 stat 2.50 syst 10ha −= ± ± ×   . Knowing critcρΩ  we then ob-

tain the dark matter particle mass ( ) ( )69.0 4.2 stat 31.0 syst eVhm = ± ± , and 

the ratio of dark matter-to-photon temperature ( )0.389 0.008 stathT T = ±

( )0.058 syst±  after e e+ −  annihilation while dark matter remains ul-
tra-relativistic. We repeat these measurements with ten galaxies with masses 
that span three orders of magnitude, and angular momenta that span five or-
ders of magnitude, and obtain fairly consistent results. We conclude that dark 
matter was once in thermal equilibrium with the (pre?) Standard Model par-
ticles (hence the observed Boltzmann distribution) and then decoupled from 
the Standard Model and from self-annihilation at temperatures above mµ . 
These results disfavor models with freeze-out or freeze-in. We also measure 
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the primordial amplitude of vector modes, and constrain the baryon-dark 
matter cross-section: 26 22 10 cmhbσ −× . Finally, we consider sterile Majo-
rana neutrinos as a dark matter candidate. 
 

Keywords 

Dark Matter, Spiral Galaxies, Majorana Neutrinos 

 

1. Introduction 

The dark matter density in the core of spiral galaxies can exceed 107 times the 
mean dark matter density of the Universe. To learn about the properties of dark 
matter, we study the rotation curves of spiral galaxies measured by the THINGS 
collaboration [1]. The galaxies studied are in a stationary state, i.e. they have 
pulled away from the expansion of the Universe. 

We use the standard notation for cosmology as defined in [2], and the values 
of the cosmological parameters presented therein. Sometimes we use units with 

1=  and 1c =  as is customary. 

2. A Model of Spiral Galaxy Rotation Curves 

Figure 1 presents rotation curves of the spiral galaxy NGC 3198 measured by the 
THINGS collaboration [1]. The observed rotation curve ( )obsv r  has contribu-
tions from baryons ( )bv r  (stars in the disk and bulge, and gas), and from the 
halo of dark matter ( )hv r : 

2 2 2 2 2 2 2 2
obs disk bulge gas, .b h bv v v v v v v v≡ = + = + +              (1) 

These rotation velocities correspond, by definition, to test particles in circular 
orbits of radius r in the plane of the galaxy. There is good agreement between the 
THINGS analysis and previous measurements by K. Begeman [3]. The mass dis-
tribution of stars is obtained from measurements of surface brightness in the 
3.6μm band and models of the mass-to-light ratio 3.6

*ϒ . The mass distribution of 
gas is obtained from IH  maps. The uncertainties of ( )v r  are from the 
THINGS observations and analysis [1]. We estimate the uncertainties of ( )bv r  
from the scatter between 4 fits presented by the THINGS collaboration: “ISO, 
free”, “ISO, fixed”, “NFK, free”, and “NFK, fixed” [1]. These fits assume either 
the Navarro, Frenk and White (NFK) halo model [4], or the pseudo-isothermal-gas 
(ISO) model. 

From the measured rotation curves ( )v r  and ( )bv r  we can obtain directly 
2

b bg v r= −  and ( )2 2
h bg v v r= − − . From ( ) 2

h hg M r G r= −  (assuming 
spherical symmetry) we can obtain 

( )2

2

d1 ,
d4π

h
h

rv

rGr
ρ =

                      
(2) 

and similarly for bρ . We use these equations as cross-checks. Note that ( )h rρ   
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Figure 1. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 3198 obtained by the THINGS collaboration [1]. 

The “ISO, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 3198 ob-
tained by numerical integration as explained in the text. 

 
and ( )b rρ  are insensitive to whether or not the dark matter is rotating. 

In the present analysis we would like to go further, i.e. constrain the equation 
of state of dark matter. To this end we compare the measured rotation curves 
with the following simplified model of a mixture of two self-gravitating 
non-relativistic ideal gases: “baryons” and “dark matter”. We assume that the 
interactions between baryons and dark matter can be neglected. 
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Table 1. Fitted parameters with 0bκ = , and 0hκ = . The last column shows the 2χ  of 
the fit and the number of degrees of freedom. The fits are presented in Figures 1-10. 

Galaxy 
1 22

rhv ′  

[km/s] 

1 22
rbv ′  

[km/s] 

( )minh rρ  
2 310 pcM− −⋅  

 

( )minb rρ  
2 310 pcM− −⋅  

 
2 / d.f.χ  

NGC 2403 101 3±  63.4 1.8±  7.5 1.4±  30.4 6.2±  7.2/20 

NGC 2841 220 3±  168 3±  9.3 0.7±  9.7 1.2±  22.1/22 

NGC 2903 142 3±  117 3±  14.6 2.1±  25.2 3.1±  29.0/24 

NGC 2976 129 177±  49 6±  4.0 2.7±  17.0 3.7±  9.8/16 

NGC 3198 104 3±  90 3±  4.5 0.8±  4.9 1.2±  8.3/22 

NGC 3521 153 10±  136 5±  22.9 8.6±  43.4 11.8±  6.8/20 

NGC 3621 126 5±  78.8 1.0±  2.6 0.5±  26.6 1.5±  13.2/22 

DDO 154 36.5 3.7±  22.3 1.7±  1.3 0.3±  1.9 0.8±  7.5/18 

NGC 5055 144 4±  130 3±  28.2 6.8±  41.4 10.1±  19.2/24 

NGC 7793 85.5 5.0±  52.2 1.5±  8.0 1.6±  29.7 4.4±  36.3/16 

 
4π , 4π ,b b h hG Gρ ρ∇ ⋅ = − ∇ ⋅ = −g g                 (3) 

2 2
2 2 2, , , ,b h

b h b h b h
v v

g g v v v
r r

= + ≡ − ≡ − ≡ +g g g
          

(4) 

2 2

ˆ ˆ, ,b b b r h h h r
v vP P
r r

ρ κ ρ κ
   

∇ = + ∇ = +   
   

g e g e
          

(5) 

3 2 3
2 2

3 22 4
,

πand 1 .
2

b rb b h rh h h

rh f b h

P v P v
v N m

ρ ρ ρ
 
 = = ± +  
 





      

(6) 

2
rbv  and 2

rhv  are the mean-square of the velocity components in the radial 
direction r  of baryons and dark matter respectively. Newton’s Equation (3) 
determine the gravitational field ( ) ( ) ( )b hr r r= +g g g  due to the densities 

( )b rρ  of baryons and ( )h rρ  of dark matter. Equations (5) express momen-
tum conservation and are valid even for collisionless gases. The centrifugal acce-
leration terms proportional to bκ  and hκ  are inserted to study the rotation of 
baryons and dark matter. 

We consider dark matter to be a mixture of interacting or non-interacting 
particles of masses him . Let ( ), dhi r rn r v v  be the number density of dark matter 
particles of mass him  with radial component of velocity between rv  and 

dr rv v+ . Then 

( ) 2
0

, d , ,h hi hi r r h rh h
i

m n r v v P vρ ρ
∞

= ≡∑ ∫
              

(7) 

where 

( )
( )

2
2 0

0

, d
,

, d

hi r hi r ri
rh

hi hi r ri

m v n r v v
v

m n r v v

∞

∞

⋅
≡
∑ ∫
∑ ∫                  

(8) 
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and similarly for baryons. The pressure ( )hP r  is the momentum component in 
the radial direction in the galactic plane per unit time traversing unit area at r 
with 0rv > . 

Equations (6) are the equations of state of the gasses. For the dark matter halo 
we have included a term due to the onset of degeneracy of fermions (upper signs) 
or bosons (lower signs). fN  ( bN ) is the number of fermion (boson) degrees of 
freedom. We take 2fN =  for one flavor of spin-up and spin-down sterile Ma-
jorana neutrinos. Results can be amended for other cases. For bosons we take 

1bN = . Fermi-Dirac and Bose-Einstein degeneracy will be considered in Section 
7. For now we set hm  to some large value, e.g. 500hm =  eV, so the last term 
in Equation (6) is negligible. 

We integrate numerically Equations (3) to (6) from minr  to maxr  along a 
radial direction in the galactic plane. Hence ˆ d dh r hP P r∇ = e  and  

( ) ( )2 21 d dh hr r g r∇⋅ =g , and similarly for baryons. 
Variables bκ  and 2

rbv , and also hκ  and 2
rhv , occur in the combinations 

2 2
2 2, ,

1 1
rb rh

rb rh
b h

v v
v v

κ κ
′ ′≡ ≡

− −                   
(9) 

if the last term in (6) is negligible. To lift this degeneracy and obtain these va-
riables separately, we need information in addition to the galaxy rotation curves. 

We fit four parameters to minimize the 2χ  between the measured and calcu-
lated rotation velocities ( )v r  and ( )bv r : the starting densities ( )minh rρ  and 

( )minb rρ , and the “reduced” root-mean-square radial velocities 2
rhv ′ , and 2

rbv ′ . 
These parameters are boundary conditions at 0r →  and r →∞ . Assuming 

2
rhv ′  and 2

rbv ′  are independent of r we obtain fits to the galaxy rotation 
curves that are in agreement with observations, within the experimental uncer-
tainties, as shown in Figures 1-10, and in Table 1. The parameter correlation 
coefficients for galaxy NGC 3198 are shown in Table 2. 

3. Derived Galaxy Parameters 

We define ( )bM r  as the baryon mass contained within r, and similarly for 
( )hM r . Equations (3) to (6) allow the definition of several galaxy parameters: 

the “equal density radius” edr  with ( ) ( )ed edb hr rρ ρ= , the “galaxy proper radius”  
 

Table 2. Correlation coefficients of the four fitted parameters in Table 1 for galaxy NGC 
3198. 

 1 22
rhv ′  

1 22
rbv ′  ( )minh rρ  ( )minb rρ  

1 22
rhv ′  1.000 −0.833 −0.802 0.860 

1 22
rbv ′  −0.833 1.000 0.775 −0.831 

( )minh rρ  −0.802 0.775 1.000 −0.639 

( )minb rρ  0.860 −0.831 −0.639 1.000 
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gr  at which ( ) ( )b g h g b cM r M r = Ω Ω , and the corresponding “primordial 

comoving radius” cr  defined by 3
crit

4 π
3b c bM r ρ≡ Ω . The “baryon mass” bM   

converges, so we define ( )b b gM M r≡ . In the early Universe, when the pertur-
bation that formed the galaxy was still linear, the matter of the galaxy was con-
tained in the expanding sphere of proper radius gr , and comoving radius cr  at  

 

 
Figure 2. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 2403 obtained by the THINGS collaboration [1]. 

The “NFW, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration for non-degenerate dark matter as explained in the text. The fitted 
parameters are given in Table 1. Bottom figure: Mass densities of baryons and of dark 
matter of galaxy NGC 2403 obtained by numerical integration as explained in the text. 
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Figure 3. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 2841 obtained by the THINGS collaboration [1]. 

The “ISO, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 2841 ob-
tained by numerical integration as explained in the text. 

 
time gt . At time gt  the expansion parameter is g cr r . The results, obtained 
with the four fitted parameters listed in Table 1, are presented in Table 3. The 
angular momenta of baryons bL  inside gr  are given in Table 4. 

4. Estimate of bκ  

As an example, let us consider the spiral galaxy NGC 2403. A distribution of ve-
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locities along a particular line of sight is presented in figure 3 of [1]. The central 
value is ≈186 km/s, and the standard deviation is ≈11 km/s. So we estimate 

1 22 186 11b rbv vκ ≈ . From Table 1, ( )
1 2 1 2 1 22 2 1 63.4 1.8rb rb bv v κ′ ≡ − = ±  

km/s, and from Figure 2, 140v ≈  km/s. From these relations we obtain 
0.98bκ ≈ , so the trajectories of stars and gas are approximately circular. 

5. Estimate of hκ  

Consider an expanding sphere of proper radius gr  and comoving radius cr  at 
time gt  containing the matter that will become spiral galaxy NGC 2403. We 
assume adiabatic primordial perturbations, so the velocity fields of baryons and  

 
Table 3. Galaxy parameters obtained by numerical integration with the fitted parameters 
in Table 1. See Section 3 for definitions. 

Galaxy bM
 

1010 M    edr
 [kpc] gr  [kpc] cr  [Mpc] gt  [Gyr] 

NGC 2403 0.220.9 e±×  0.282.2 e±×  0.2413.6 e±×  0.070.7 e±×  0.250.047 e±×  

NGC 2841 0.1315 e±×  0.124.1 e±×  0.1848.5 e±×  0.041.8 e±×  0.200.077 e±×  

NGC 2903 0.4610 e±×  0.203.5 e±×  0.4774 e±×  0.151.6 e±×  0.480.18 e±×  

NGC 2976 0.580.4 e±×  0.411.8 e±×  0.476.3 e±×  0.190.5 e±×  0.450.022 e±×  

NGC 3198 1.09 e±×  1.01.9 e±×  1.0128 e±×  0.341.5 e±×  1.00.42 e±×  

NGC 3521 1.869 e±×  0.875.0 e±×  2.0403 e±×  0.603.0 e±×  1.50.86 e±×  

NGC 3621 0.183.9 e±×  0.155.8 e±×  0.2038 e±×  0.061.1 e±×  0.220.11 e±×  

DDO 154 0.480.07 e±×  0.651.1 e±×  0.467.0 e±×  0.160.3 e±×  0.460.062 e±×  

NGC 5055 1.362 e±×  0.772.3 e±×  1.5416 e±×  0.422.9 e±×  1.50.95 e±×  

NGC 7793 0.230.5 e±×  0.191.6 e±×  0.2710 e±×  0.080.6 e±×  0.300.04 e±×  

 
Table 4. Baryon angular momentum bL  within radius gr  obtained by numerical inte-

gration (assuming 0.98bκ = ), and limits on hm  at 99% confidence. gr  is defined in 

Section 3. 

Galaxy { }10 km s pclog bL M ⋅  

 Fermion mh> Boson mh> 

NGC 2403 12.63 0.17±  18 eV no limit 

NGC 2841 14.65 0.15±  12 eV 35 eV 

NGC 2903 14.61 0.44±  18 eV 40 eV 

NGC 2976 11.93 0.43±  no limit no limit 

NGC 3198 14.76 0.94±  16 eV 45 eV 

NGC 3521 16.37 1.58±  10 eV no limit 

NGC 3621 13.73 0.15±  no limit no limit 

DDO 154 10.86 0.36±  30 eV no limit 

NGC 5055 16.32 1.07±  no limit no limit 

NGC 7793 12.13 0.19±  25 eV no limit 
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of dark matter are the same. Then the angular momenta of baryons and dark matter 
in the sphere of proper radius gr  are in the ratio ( )b h b h g b hL L M M r= = Ω Ω . 
According to the model of hierarchical formation of galaxies [5] [6], the sphere 
of radius gr  expands, reaches maximum expansion, and then collapses to form 
a galaxy, see figure 5 of Reference [6]. The angular momenta bL  and hL  are 
conserved if we neglect mixing. The density becomes approximately proportional  

 

 

Figure 4. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 2903 obtained by the THINGS collaboration [1]. 

The “ISO, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 2903 ob-
tained by numerical integration as explained in the text. 
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to 21 r . If dark matter rotates with velocity h vκ  the angular momentum of 
dark matter of the galaxy of radius gr  is ( )π 8 hh h gL M vrκ≈ . From the nu-
merical integration for galaxy NGC 2403, 0.15 bb b gL M vrκ=  with 0.98bκ = . 
Solving for hκ  we obtain 0.143hκ ≈ . 

For galaxy NGC 3198 we obtain 0.16 bb b gL M vrκ=  with 0.98bκ = , and 
0.163hκ ≈ . 

 

 

Figure 5. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 2976 obtained by the THINGS collaboration [1]. 

The “ISO, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 2976 ob-
tained by numerical integration as explained in the text. 
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6. The Boltzmann Distribution 

Excellent fits to the rotation curves are obtained from Equations (3) to (6) with 
2
rbv ′  and 2

rhv ′  independent of r, and non-degenerate dark matter. Since for 
the galaxies under consideration 1bκ ≈  and 0hκ ≈ , we will neglect the possi-
ble dependence of bκ  and hκ  on r. From (5) and (6) we obtain 

 

 

Figure 6. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 3521 obtained by the THINGS collaboration [1]. 

The “NFW, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 3521 ob-
tained by numerical integration as explained in the text. 
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( ) ( ) ( )2

2 2

2
exp , , exp ,r

h hi r

rh rh

r v r
n r v

v v

φ φ
ρ

   
− − −   ∝ ∝   ′ ′               

(10) 

where ( ) ( )dr g r rφ ≡ −∫  is the gravitational potential. Note that ( )2 2rv rφ+  is 
conserved. So, within the observational uncertainties of the galaxy rotation 
curves, dark matter satisfies the Boltzmann distribution (10). This is a non-trivial  

 

 

Figure 7. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 3621 obtained by the THINGS collaboration [1]. 

The “ISO, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 
Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 3621 ob-
tained by numerical integration as explained in the text. 
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result. The derivation of the Boltzmann distribution in statistical mechanics as-
sumes that the “system” under study is in “thermal equilibrium” with a “reservoir”,  

and implies the equipartition theorem, e.g. 2 21 1
2 2i i j jm v m v= , which does not  

hold between dark matter and baryons. There is no obvious “reservoir” inte-
racting with the dark matter, so the well known derivation of the Boltzmann  

 

 

Figure 8. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy DDO 154 obtained by the THINGS collaboration [1]. 

The “NFW, free” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration for non-degenerate dark matter as explained in the text. The fitted 
parameters are given in Table 1. Bottom figure: Matter densities of baryons and of dark 
matter of galaxy DDO 154 obtained by numerical integration as explained in the text. 
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distribution may not apply to dark matter, unless dark matter was once in ther-
mal equilibrium with “something”. Does the observed Boltzmann distribution 
suggest that dark matter was once in statistical equilibrium with the primordial 
(pre?) Standard Model cosmological soup? 

7. Lower Bounds on mh for Fermions and Bosons 

So far we have not considered the last term in Equation (6), i.e. we have set hm   
 

 
Figure 9. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 5055 obtained by the THINGS collaboration [1]. 

The “ISO, fixed” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained by 

numerical integration as explained in the text. The fitted parameters are given in Table 1. 

Bottom figure: Mass densities of baryons and of dark matter of galaxy NGC 5055 ob-

tained by numerical integration as explained in the text. 
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to some high value. Note that we obtain excellent fits to the galaxy rotation 
curves assuming ( ) ( )2

h rh hP r v rρ=  with 2
rhv  independent of r. By lower-

ing the value of hm  in the fits we can probe non-linearities between ( )hP r  
and ( )h rρ . In particular, we study the onset of Fermi-Dirac or Bose-Einstein 
degeneracy of dark matter composed of particles of mass hm . The dark matter 
density and pressure are [7] 

( )

4 2 3 43 2 ,2
3 2 3 2 3 2 3 2 3 23

,
1 2 3 42π

f b h
h rh

N m e e e ev
µ µ µ µ

ρ
′ ′ ′ ′ 

= + + 
 

  

         
(11) 

 

 

Figure 10. Top figure: Observed rotation curve ( )obsv r  (dots) and the baryon contribu-

tion ( )bv r  (triangles) of galaxy NGC 7793 obtained by the THINGS collaboration [1]. 

The “NFW, fixed” fit obtains ( )hv r  (dash-dotted line) [1]. The solid lines are obtained 

by numerical integration for non-degenerate dark matter as explained in the text. The fit-
ted parameters are given in Table 1. Bottom figure: Mass densities of baryons and of dark 
matter of galaxy NGC 7793 obtained by numerical integration as explained in the text. 
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( )

4 2 3 45 2 ,2
3 2 5 2 5 2 5 2 5 23

,
1 2 3 42π

f b h
h rh

N m e e e eP v
µ µ µ µ′ ′ ′ ′ 

= + + 
 

  

         
(12) 

where ( )hkTµ µ′ ≡ , and upper signs are for fermions, and lower signs are for 
bosons. µ  is the chemical potential. In the course of integrating Equations (3) 
to (6) numerically we need to obtain ( )h rρ  given ( )hP r  and 2

rhv . We do 
this by solving (12) for eµ′  and substituting the result in (11). We consider up 
to third order terms in the series of (11) and (12) until the onset of full degene-
racy for fermions: 

2 3 4 3 2
5 3

2 3 8 3

6 π ,
5h h

f h

P
N m

ρ=


                     
(13) 

or the onset of Einstein condensation for bosons: 
2 0.5136,h rh hP v ρ= ⋅

                     
(14) 

where the numerical factor is the ratio of the two series with 0µ = . 
For bosons 0 1eµ′< < . Einstein condensation sets in when eµ′  reaches 1. 

As hm  is lowered we find that eµ′  at minr  may exceed 1 indicating the onset 
of Einstein condensation. However the 2χ  of the fit to the galaxy rotation 
curves already exclude this value of hm  even when we increase the starting 
value of ( ) 2

min ming r v r= −  within experimental bounds. In conclusion, the ga-
laxy rotation curves exclude Einstein condensation in the studied galaxies. 

Suppose a galaxy (not in Table 1) has a core with Einstein condensation. Let 
bosons in excited states fall to the ground state. The pressure will drop and 
hence more bosons will fall to smaller r and condense, and the process is 
runaway. But this condensation and collapse does not occur in the galaxies stu-
died in this article. Einstein condensation would show up as a divergence of hρ  
as 0r →  in Figure 1. 

Fits to rotation curves of galaxy NGC 3198 for several values of hm  are 
summarized in Table 5. From this Table we conclude, with 99% confidence, that  

 
Table 5. Fits to the rotation curves of galaxy NGC 3198 for several values of hm  to study 

the onset of fermion or boson degeneracy. The four fitted parameters are 2
rhv ′  and 

2
rbv ′  defined in Equation (9), and ( )minh rρ  and ( )minb rρ . The number of degrees of 

freedom is 22. From this table we conclude, with 99% confidence, that 16hm >  eV for 

fermions, and 45hm >  eV for bosons. This limit for bosons sets in before Einstein con-

densation at 35hm =  eV. 0.98bκ = , 0.15hκ = . 

Fermions 

mh [eV]: 500 100 30 20 17 16 15 14 13 

χ2: 8.2 8.1 10.1 9.9 12.2 19.3 30.5 44.9 61.4 

Bosons 

mh [eV]: 500 100 60 50 45 40 37 35 33 

χ2: 8.2 8.3 10.0 13.6 17.7 24.9 31.4 36.3 41.2 
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16hm >  eV for fermions, and 45hm >  eV for bosons, if they dominate the 
dark matter density. Einstein condensation sets in at 35hm =  eV. 

As another example let us consider galaxy NGC 2403. For fermions, degene-
racy sets in at 40hm ≈  eV, full degeneracy begins at 30hm ≈  eV, and the 
limit we can set based on the increase of the 2χ  of the fit by 9 units is 18hm =  
eV. For bosons, degeneracy sets in at 50hm ≈  eV, Einstein condensation begins 
at 47hm =  eV, and for NGC 2403 no limit on hm  can be set based on the in-
crease of 2χ . Additional examples are presented in Table 4. 

In conclusion, the observed spiral galaxy rotation curves disfavor dark matter 
dominated by axion-like bosons with mass less than 45 eV. 

8. Measurement of the Dark Matter Particle Mass mh 

To be specific let us consider galaxy NGC 2403. The observed rotation curves of this 
galaxy, presented in Figure 2, are obtained with the 4 fitted parameters listed in Ta-
ble 1. In particular 2 101 3rhv ′ = ±  km/s, and ( ) 3

min 0.075 0.014 pch r Mρ = ±


. 
Derived parameters are presented in Table 3. The mean dark matter density in 
the sphere of proper radius gr  is ( )3 34π 3 0.00455 pch b h b gM r Mρ = Ω Ω ≈



. 
We wish to relate these parameters to the primordial root-mean-square velocity 
of dark matter particles when perturbations were linear. We assume that dark 
matter particles have decoupled while still ultrarelativistic, i.e. have negligible 
interactions besides gravity. We take 0.15hκ ≈ . 

A model of the hierarchical formation of galaxies is described in References [5] 
and [6]. Consider the expanding sphere of proper radius gr  and comoving ra-
dius cr  at time gt  containing the matter that will form galaxy NGC 2403. This 
sphere expands, reaches maximum expansion, and then collapses to form galaxy 
NGC 2403, see figure 5 of Reference [6]. We estimate the root-mean-square ve-
locity of dark matter at time gt , when perturbations are still linear, to be 

( )

1 3
1 22

rms
min

3 63 km s.h
h rh

h

v v
r
ρ

ρ
 

≈ ≈  
               

(15) 

The absolute velocity rmshv  has contributions from three spatial components, 
hence the factor 3 . The last factor is a correction corresponding to adiabatic 
compression. According to the model of the hierarchical formation of galaxies, 
Equation (15) should be valid even with merging of galaxies. A correction due to 
mixing, expected to be of order O(1), may be needed. Extrapolating to the past, 
we find that the expansion parameter at which dark matter particles become 
non-relativistic is 

6rms
NR 4.1 10 ,g h

h
c

r v
a

r c
−≈ ≈ ×

                   
(16) 

and the corresponding photon temperature is 0 NR 57hT a ≈  eV. Note that 

rms 1hv a∝  for non-relativistic particles, and the expansion parameter at time 

gt  is g ca r r= . Equation (16) assumes that dark matter particles decoupled 
while still ultra-relativistic. To be specific, we assume that particles of mass hm  
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dominate dark matter, and that these particles have 0bN =  boson degrees of 
freedom, and 2fN =  fermion degrees of freedom. The number density of dark 
matter particles at expansion parameter NRha  can be calculated in two ways: 

3
crit NR

NR 3 2
NR

1.20205 3 ,
4π

c h
h b f

h h

kT
n N N

cm a
ρΩ    = = +                

(17) 

where the ultra-relativistic expression to the right assumes zero chemical poten-
tial. Substituting 2

NR3.15h hm c kT≈ , we obtain 70hm ≈  eV. The ratio of the 
temperatures of dark matter and photons is ( )3.15 57 eV 0.39h hT T m≈ × ≈  
after e e+ −  annihilation while dark matter remains ultra-relativistic. Repeating 
these calculations for other galaxies, and including statistical uncertainties de-
rived from the uncertainties of the measured galaxy rotation curves, we obtain 
Table 6. 

Note that bM  and gr  drop out of the expression for NRha : 

( )

1 2 1 32
crit

NR
min

3
,rh c

h
h

v
a

c r
ρ

ρ
 Ω

=  
                    

(18) 

with min 0r → . This equation can be understood directly: it expresses 1 22 1rhv a∝ , 
were the last factor in (18) is the “expansion parameter” in the core of the galaxy.  

 
Table 6. Measurements of the expansion parameter NRha  at which dark matter becomes 
non-relativistic (calculated with Equation (18), and the fits in Table 1). All uncertainties 

are statistical, 1σ. The parameter correlation coefficient −0.802 between 
1 22

rhv ′  and 

( )minh rρ  is taken into account. Also shown are two parameters derived from NRha : the 

dark matter particle mass hm , and the ratio of temperatures hT T  of dark matter and 
photons after e e+ −  annihilation and before dark matter becomes non-relativistic. * Ga-
laxy NGC 2841 was excluded from the average because the measurement of ( )minhρ  

does not reach the core, see Figure 3. The uncertainty of the average is multiplied by 

( ) 1 22 9 1 2.17χ − =   (as recommended in [2]). 

Galaxy 6
NR10 ha×  mh [eV] hT T  

NGC 2403 4.09 0.38±  70.0 4.9±  0.387 0.009±  

NGC 2841* 8.29 0.33±  41.2 1.3±  0.462 0.006±  

NGC 2903 4.60 0.32±  64.1 3.4±  0.399 0.008±  

NGC 2976 6.44 2.33±  49.8 13.5±  0.433 0.039±  

NGC 3198 4.99 0.44±  60.3 4.0±  0.407 0.010±  

NGC 3521 4.27 0.82±  67.8 9.7±  0.391 0.019±  

NGC 3621 7.26 0.76±  45.5 3.6±  0.447 0.012±  

DDO 154 2.65 0.47±  96.9 13.0±  0.347 0.016±  

NGC 5055 3.75 0.41±  74.7 6.1±  0.379 0.011±  

NGC 7793 3.39 0.43±  80.6 7.6±  0.369 0.012±  

Average 4.17 0.34±  69.0 4.2±  0.389 0.008±  
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Alternatively, (18) expresses adiabatic expansion of a non-relativistic ideal 
“noble” gas: 1

hT V γ −  = constant with 5 3γ = . By “noble” we mean that colli-
sions (if any) between dark matter particles do not excite internal degrees of 
freedom (if any) of these particles. 

The independent measurements of hm  presented in Table 6 are fairly con-
sistent, considering that the masses bM  of the galaxies span three orders of 
magnitude, and the angular momenta bL  span five orders of magnitude. The 
average over nine independent measurements presented in Table 6 is 

( ) ( )6
NR 4.17 0.34 stat 10 , 69.0 4.2 stat eV,h ha m−= ± × = ±        

(19) 

and the average hT T , after e e+ −  annihilation while dark matter is still ul-
tra-relativistic, is 

( )0.389 0.008 stat ,hT T = ±                   (20) 

where T is the photon temperature. Note that 3 4
NRh hm a−∝  and 1 4

NRh hT T a∝ , so 
the correlated uncertainties of hm  and hT T  can be derived directly from the 
uncertainty of NRha . 

The near coincidence of the two temperatures hT  and T is evidence that dark 
matter was once in thermal equilibrium with the (pre?) Standard Model particles, 
which explains the observed Boltzmann distribution. From the preceding analy-
sis we also conclude that dark matter decoupled while still ultra-relativistic, so 
scenarios with freeze-out, or freeze-in are disfavored. 

Let us summarize. We assume that ultra-relativistic dark matter has zero 
chemical potential, and obtain, from the spiral galaxy rotation curves, a value of 

hT T  that is consistent with thermal equilibrium of dark matter with the Stan-
dard Model sector at some time in the early Universe. This is a highly significant 
result since T depends on 0T  while hT  does not. If we would have obtained a 
different value of the “adiabatic invariant” ( )

1 2 1 32
minrh hv rρ − , we would have 

concluded that the chemical potential of dark matter is different from zero, 
and/or dark matter was never in thermal equilibrium with the Standard Model 
sector. So the observed adiabatic invariant is strong evidence that dark matter 
has zero chemical potential and was once in thermal equilibrium with the Stan-
dard Model particles. 

9. Estimate of Systematic Uncertainties 

The statistical uncertainties (at 68% confidence) presented so far are derived 
from the observational uncertainties of the galaxy rotation curves, and contribu-
tions from h and cΩ . 

The main systematic uncertainty comes from Equation (15). This Equation is 
justified by the model of the hierarchical formation of galaxies [5] [6], and 
should be valid even for merging galaxies. Never-the-less Equation (15) may re-
quire a correction due to mixing. Consider galaxy NGC 3198. The time for a 
particle of dark matter to traverse the radius gr  is 1.3 Gyr, so mixing due to 
particles entering and leaving the sphere occupied by the galaxy may be impor-
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tant. At time gt  mixing can be neglected because the Universe is nearly homo-
geneous. Mixing during expansion and contraction can also be neglected. Most 
mixing occurs after the galaxy has formed. Even then, particles leaving and en-
tering the sphere of proper radius gr  are expected to have approximately the 
same 2

rhv , exept for a correction due to the expansion of the Universe. So we 
expect the correction due to mixing to be O(1) for galaxies in a stationary state, 
as confirmed by the fair consistency of measurements with galaxies with masses 
that span three orders of magnitude, and angular momenta that span five orders 
of magnitude. Further study of this issue is needed. 

Another correction of O(1) is due to the non-spherical symmetry of the ga-
laxies. Yet another correction of O(1) may come from the details of the transi-
tion from ultra-relativistic to non-relativistic dark matter. 

Pending detailed studies, our preliminary estimates of systematic uncertainties 
are: 

( ) ( ) 6
NR 4.17 0.34 stat 2.50 syst 10 ,ha −= ± ± ×              

(21) 

( ) ( )69.0 4.2 stat 31.0 syst eV,hm = ± ±                (22) 

( ) ( )0.389 0.008 stat 0.058 syst .hT T = ± ±              (23) 

Note that (22) and (23) follow directly from (21): their uncertainties are cor-
related. In comparison, the current uncertainty of hm  spans 70 orders of mag-
nitude for fermions, and 90 orders of magnitude for bosons [8]. 

10. Thermalized Dark Matter That Decouples  
While Ultra-Relativistic 

We consider dark matter that at some time in the history of the Universe was in 
thermal equilibrium with the (pre?) Standard Model particles, and decoupled 
from these particles and from self-annihilation while still ultra-relativistic. To be 
specific, we consider dark matter to be dominated by a single family of sterile 
Majorana neutrinos, i.e. 0bN =  boson degrees of freedom, and 2fN =  fer-
mion degrees of freedom (for spin-up and spin-down). We also assume three 
families of active Majorana neutrinos with 2fN =  each. 

As the universe expands and cools, Standard Model particles and antiparticles 
that become non-relativistic annihilate heating the Standard Model sector con-
serving entropy, without heating sterile and active neutrinos if they have already 
decoupled. Table 7 presents the ratio hT T  of dark matter-to-photon temper-
atures after e e+ −  annihilation while dark matter is still ultra-relativistic. Also 
presented is the value of hm  needed to obtain the measured cΩ . We note that 
the measured hT T  (23) and measured hm  (22) are consistent with decoupl-
ing at temperatures higher than approximately mµ . 

For example, assume the decoupling temperature is in the range bm  to Wm . 
Then hT T  is calculated as follows: 

1 34 43 0.357.
11 345

hT
T

× = = ×                     
(24) 
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Table 7. We consider dark matter that was once in thermal equilibrium with the (pre?) 
Standard Model particles and then decoupled from these particles in the indicated tem-
perature range. We assume no self-annihilation. hT T  is the ratio of dark matter tem-
perature to photon temperature after e e+ −  annihilation while dark matter remains ul-
tra-relativistic. hm  is the mass of particles of dark matter needed to obtain the observed 

cΩ . Case 0bN = , 2fN = . 

Decoupling temperature range hT T  in range hm  to em  hm  

Hm  to tm  0.344 99.9 3.1±  eV 

Wm  to Hm  0.345 98.9 3.1±  eV 

bm  to Wm  0.357 89.5 2.8±  eV 

mτ  to bm  0.372 78.6 2.5±  eV 

cm  to mτ  0.378 75.0 2.4±  eV 

sm  to cm  0.399 64.1 2.0±  eV 

em  to mµ  0.714 11.2 0.4±  eV 

 
These numbers can be found in the Table in Section 21.3.2 of [2]. At the time 

of Big Bang Nucleosynthesis (BBN), i.e. 1T ≈  MeV, neutrinos with, for exam-
ple, 89.5 2.8hm = ±  eV are still ultra-relativistic. The density of radiation at the 
time of BBN increases by a factor 

4 3 4 3

4 3

7 4 7 4 432 6 2
3.3918 11 8 11 345 1.0084,
3.3637 42 6

8 11

×   + +   ×    = =
 +  
           

(25) 

due to one family of sterile Majorana neutrinos. Equivalently, the effective 
number of light neutrinos increases from 3Nν =  to 3.062, well within BBN 
experimental bounds, i.e. 4Nν   [2]. 

An example of a sterile neutrino dark matter candidate is presented in Figure 
11. The figure was obtained by integrating the corresponding Boltzmann equa-
tion for the generation of sterile Majorana neutrinos since Electroweak Symme-
try Breaking (when active Majorana neutrinos acquire a Dirac mass and there-
fore sterile Majorana neutrinos couple to the Standard Model). Figure 11 also 
shows a brief history of the Universe. 

11. Dark Matter-Baryon Cross-Section 

Consider a hydrogen atom, or a proton, of mass pm , in a circular orbit of veloc-
ity bV  within the core of a galaxy. The velocity bV  will decay with a relative 
rate ( )1 d db b b h hb b pV V t V mτ ρ σ− ≡ ⋅ ≈  due to collisions with dark matter par-
ticles with cross-section hbσ . Taking bτ  equal to the age of the universe, 

150bV ≈  km/s, and 30.2 pch Mρ ≈


 (see Table 1), we obtain 
26 22 10 cm ,hbσ −×                      (26) 
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Figure 11. Plotted are the number density n of photons, electrons, and dark matter par-
ticles, divided by T 3, as a function of 1/T, where T is the photon temperature. In this ex-
ample, the dark matter is dominated by one Majorana sterile neutrino type (two degrees 
of freedom: spin up, and spin down) with 89.5sm =  eV, produced since Electroweak 
Symmetry Breaking (EWSB) at 159 1T = ±  GeV. The corresponding active neutrino 
flavor in this example has 91 10am −= ×  eV, but this value is not critical. The sterile neu-
trino in this example enters thermal equilibrium at 53T ≈  GeV, and leaves thermal 
contact at 6T ≈  GeV. The mass 89.5sm =  eV is chosen to obtain the observed cΩ . 
This solution is consistent with Big Bang Nucleosynthesis. The lifetime of this sterile neu-
trino is 277 10×  years. 

 
independently of hm . 

The mean time between collisions of a dark matter particle with baryons is 

( )1 223h p b hb rhm vτ ρ σ≈ . Dark matter is not in thermal equilibrium with ba-
ryons so hτ  is larger than the age of the universe. With data of galaxy NGC 
2841 we obtain 

26 22 10 cm .hbσ −×                       (27) 

These limits are useful for dark matter masses hm  below the reach of direct 
or indirect searches, e.g. 50hm <  keV. Planed direct low mass WIMP searches 
with the NEWS-SNO project will reach dark matter masses ≈ 0.1 GeV [2]. No 
searches in the 100hm =  eV range are mentioned in the Dark Matter review of 
Reference [2], but ideas to reach the MeV to meV mass scales are mentioned. 

12. The Core 

The mean baryon density of the universe is 9 36.2 10 pcM−×


, while the baryon 
density in the core of galaxy NGC 2403 is 30.3 pcM



, so matter has collapsed 
by a factor 75 10×  in this case. What prevented ( )h rρ  or ( )b rρ  from col-
lapsing all the way to ∞  as 0r → ? In Figures 1-10 we see no increase of 

( )h rρ  or ( )b rρ  as 0r →  down to the first measured point at minr . Why a 
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core instead of a cusp? The four parameters ( )minh rρ , ( )minb rρ , 2
rhv ′ , and 

2
rbv ′  can fit any core radius. So, what determines these four boundary condi-

tions? 
Possibilities to consider are Bose-Einstein of Fermi-Dirac degeneracy? (the 

observed galaxy rotation curves obtain hm  at the edge of degeneracy as shown 
in Section 7), dark matter or baryon crossing time?, non-spherical initial density 
perturbations?, angular momentum of the primordial rotation field?, dominance 
of baryons in the core?, ongoing collapse of the core? (however baryons are al-
ready supported by the centrifugal force as shown in Section 4), etc. 

In Figures 1-10 we observe that the baryon core radius, the radius edr  of 
equal densities, and the dark matter core radius are similar, and increase in this 
order. We also observe that the baryon density dominates at small radii. These 
observations suggest that baryons radiate energy conserving angular momentum, 
fall to the galactic plane, acquire increasingly circular orbits, until baryons are 
supported by the centrifugal force with 1bκ → . Thereafter baryons can fall no 
further. For example, a proton or hydrogen atom falling into the galaxy collides 
with other baryons, falls to the disk and acquires circular velocity b vκ . Once 
the central gravitational potential is determined mostly by baryons, dark matter 
rests in this given potential. 

Note that as r →∞ , ( )2 24πh v Grρ →  with 2 22 rhv v ′= . Note that (18) 
obtains ( )0hρ  given 2

rhv  and NRha , and therefore constrains the dark mat-
ter core radius. 

13. Angular Momentum 

The suggestion is that the primordial angular momentum in the sphere of prop-
er radius gr  and comoving radius cr  during the expansion phase at time gt  
is the same as the angular momentum ( )b c b bL L= Ω +Ω Ω  of the galaxy with 

bL  listed in Table 4, i.e. the angular momentum of the galaxy is conserved and 
may be of cosmological origin. 

Perturbations of density, gravitational potential, and velocity in the non-relativistic 
universe dominated by dark matter have four independent modes [9]: a scalar 
growing mode, a scalar decaying mode, and two vector modes with transverse 
velocity ( 0δ⋅ =qq v  in Fourier space) that conserve angular momentum, i.e. 

1 aδ ∝qv . The velocity field of these vector modes is measured by the galaxy 
angular momenta listed in Table 4 if they are of cosmological origin. 

14. Structure Formation 

Most dark matter should have been non-relativistic at the time when there was a 
galactic mass inside the horizon [2]. From this criterion we have estimated 

1.3hm   keV for unsuppressed formation of galaxies with total (baryonic plus 
dark) mass as low as 810 M



 [10]. On the other hand, simulations of the Cold 
Dark Matter scenario produce many more dwarf galaxies than observed [11]. 

At an expansion parameter 6
NR 4.2 10ha −≈ × , when dark matter with mass 
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69hm ≈  eV becomes non-relativistic, the universe is still dominated by radia-
tion, see Figure 11. The age of the universe is ( )2

NR 02h rt a H= Ω , the distance 
to the horizon is 2l ct= , and the mass of baryons inside the horizon is 

1020 10bM M≈ ×


, comparable to large galaxies in Table 3. Smaller size pertur-
bations are suppressed, so we may have a problem understanding the formation 
of galaxies with 1020 10bM M< ×



. 
Note that protons are non-relativistic when the smallest observed galaxies and 

globular clusters enter the horizon. Compared to the cold dark matter scenario 
with 5hm   keV, for 69hm =  eV the power spectrum of density fluctuations 
on scales smaller than 1020 10bM M= ×



 becomes suppressed. If the dark mat-
ter inside the horizon becomes nearly homogeneous while ultra-relativistic (as 
expected), then the suppression factor is ( ) 0.16b b cΩ Ω +Ω ≈  assuming adia-
batic initial conditions. 

The hierarchical formation of galaxies is shown in figure 6 of Reference [6]. 
Suppose that only the small scale perturbations are suppressed by a factor 0.16. 
Since some galaxies with 1020 10bM M≈ ×



 have formed, other perturbations 
on this scale are on the verge of formation, and hence even low amplitude small 
scale perturbations can collapse and form a small galaxy or globular cluster. This 
observation may address the “missing satellite problem” [11]. A dedicated study 
of this issue is needed. 

Dark matter with mass ≈ 69 eV also has tension with studies of the power 
spectra of density perturbations on scales less than 10 h−1 Mpc with the “Ly-
man-alpha forest” [12]. These studies set lower bounds on dark matter mass of ≈ 
4 keV for early decoupled thermal relics. So we have tension between these two 
measurements which needs further study. Note however that 69 eV is near the 
limit of the reach of the Lyman-alpha forest study [12]. 

15. Conclusions 

We conclude that the rotation curves of regular spiral galaxies are described, 
within observational uncertainties, by Equations (3) to (6). These equations de-
scribe the stationary state of two self-gravitating non-relativistic ideal gases, 
“baryons” and “dark matter”, that do not interact significantly with each other 
except for gravity. These equations can be integrated numerically given four pa-
rameters (that are boundary conditions). These four parameters are obtained by 
minimizing a 2χ  between the measured and calculated spiral galaxy rotation 
curves. 

From these studies, we obtain a wide range of quantitative results on the 
physics of galaxies, dark matter, and cosmology. In particular, we have presented 
precision measurements of the dark matter mass hm  and temperature ( )hT a . 

The most significant result is the ratio of the temperatures of dark matter and 
photons after e e+ −  annihilation while dark matter is still ultra-relativistic: 

( ) ( )0.389 0.008 stat 0.058 syst .hT T = ± ±              (28) 

The plausibility that this result is correct lies in the consistency of nine com-
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plete and independent measurements of the mass hm  of particles of dark mat-
ter with spiral galaxies that span three orders of magnitude in mass, and five or-
ders of magnitude in angular momentum. The ratio (28) could have been orders 
of magnitude larger than, or smaller than, unity, because T depends on 0T , 
while hT  is independent of 0T . The ratio hT T  depends on the measured 
adiabatic invariant ( )

1 2 1 32
minrh hv rρ − , so this analysis provides evidence that 

dark matter was once in thermal equilibrium with the (pre?) Standard Model 
particles. It is therefore likely that dark matter particles will have one of the pre-
cise masses listed in Table 7 (or in its extensions for other bN  or fN ). The 
decoupling of dark matter from the Standard Model sector at temperatures 
higher than mµ  allows us to follow the Boltzmann distribution of these par-
ticles all the way from primordial times into the cores of spiral galaxies. An 
integration of the Boltzmann equation for the production of sterile Majorana 
neutrinos after Electroweak Symmetry Breaking shows consistency with these 
results, see Figure 11. Such sterile Majorana neutrinos evade all current dark 
matter searches. 

The present studies pose new questions. Why is the spiral galaxy core radius 
similar in galaxies that span three orders of magnitude in mass? It seems likely 
that this core radius is of cosmological origin. In fact Equation (18) is already a 
constraint. It also seems likely that the angular momentum of spiral galaxies is of 
cosmological origin. Studies of angular momentum correlation between galaxies 
should settle this issue. If the angular momenta are cosmological, we have a 
handle on the amplitude of the primordial vector modes. The importance of this 
avenue of research lies in the fact that the velocities of these vector modes grow 
towards the past conserving angular momentum and hence could dominate the 
origin of the Universe. 
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Abstract 

We show how one can measure the speed of gravity only using gravitational 
phenomena. Our approach offers several ways to measure the speed of gravity 
(light) and checks existing assumptions about light (gravity) in new types of 
experiments. The speed of light is included in several well-known gravita-
tional formulas. However, if we can measure this speed from gravitational 
phenomena alone, then is it the speed of light or the speed of gravity we are 
measuring? We think it is more than a mere coincidence that they are the 
same. In addition, even if it is not possible to draw strong conclusions now, 
our formulations support the view that there is a link between electromagnet-
ism and gravity. This paper also shows that all major gravity phenomena can 
be predicted from only performing two to three light observations. There is 
no need for knowledge of Newton’s gravitational constant G or the mass size 
to complete a series of major gravity predictions. 
 

Keywords 

Speed of Gravity, Speed of Light, Redshift, Gravitational Time Dilation,  
Schwarzschild Radius, Gravity Predictions from Light Only 

 

1. Introduction 

In 1890, Maurice Lévy [1] suggested that the speed of gravity is equal to the 
speed of light. Poincaré [2] argued in 1904 that the speed of gravity could not be 
larger than the speed of light in vacuum. The speed of gravity in Einstein’s gen-
eral relativity theory [3] is assumed to be the same as the speed of light [4] [5]. 
Still, there exist a series of alternative gravity theories assuming that the speed of 
gravity is much greater than the speed of light, see, for example, [6] [7] [8] [9] 
for such models and discussion on them. To measure the speed of gravity is 
therefore of great importance to find out which theories can be ruled out and 
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which ones are worth exploring further [10] [11]. 
There have been several indirect detections of the speed of gravity in the past. 

For example, [12], based on information from a rather complex set-up including 
quasar observations, concluded that the speed of gravity gwc  was between 0.8 
and 1.2 times the speed of light in vacuum. In more recent times, advanced ex-
perimental studies in relation to gravity waves claim to support the idea that the 
speed of gravity is in the ball park of the speed of light in a vacuum [13] [14] [15]. 
Clearly, these measurements give a very wide confidence interval for the speed of 
gravity, something to which we return later in this paper. These experiments are 
based on very complex set-ups and also, we would say, a complex set of assump-
tions. 

This paper will show how we can extract the speed of gravity (light) from a se-
ries of simple gravity observations. The approach explained is much simpler 
conceptually and experimentally than gravity wave experiments. Our theory also 
supports the concept that gravity is moving at the speed of light, and the expe-
riments suggested will likely give a very narrow confidence interval for the speed 
of gravity. It can be questioned if we are finding the speed of light or the speed of 
gravity in our method. Alternatively, they could perhaps be the same, if electro-
magnetism and gravity at a deeper level are connected, as they could be in a 
yet-to-be discovered unified theory. This will be discussed briefly in Section 6 of 
this paper. 

2. Extracting the Speed of Gravity (Light)—The Simple Way 

The speed of light is an input factor in several gravity formulas, such as the cal-
culation for the Schwarzschild radius 

2

2
s

GMr
c

=
                          

(1) 

The formula can also be found from Newton’s gravity theory [16] by setting 
the radius equal to the point where Newton’s escape velocity is the speed of light1. 
In addition, it can be derived from Einstein’s theory of general relativity [3] in 
combination with the Schwarzschild metric [17] [18] because the escape velocity 
there supposedly is the same [19]. In 1784, Michell first calculated what radius 
would give an escape velocity equal to the speed of light, see [20]. He also hy-
pothesized that the star would be dark. General relativity has a different inter-
pretation and a much wider theory on these objects, which are seen as black 
holes in that context. We will not discuss black holes versus dark stars and the 
possibilities of such objects, but it is important to keep in mind that when we 
talk about the Schwarzschild radius here, it is also linked to Newton’s gravity 
theory, since the same radius can be calculated from that theory. 

Further, the Schwarzschild radius is related to gravitational time dilation (gra-

 

 

1We will claim that the Newton method, as typically used, is not that sound because it involves a ki-

netic energy formula of the form 21
2

mv  in the derivation. This formula is clearly only valid when 

v c . 
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vitational time dilation was first suggested by Einstein) 
2
,
2

2
,
2

1 1

1 1

s e h

hh

L s e L

L

r v
RT c

T r v
R c

− −
= =

− −
                    

(2) 

where hT  is the time as measured at a radius of hR , LT  is the time measured 
at a radius of LR  from the center of the gravitational object ( )h LR R> , and 

,e Lv  and ,e hv  are the escape velocities at the two different altitudes. In other 
words, the speed of light is input from several gravitational phenomena that 
have been confirmed by observations. However, to our knowledge little has been 
written about working the calculation the other way around, namely using gra-
vitational observations to measure the speed of light. This is also interesting 
from a fundamental point of view. Why can we find the speed of light, as we will 
show, simply by observing gravitational phenomena? In undertaking this explo-
ration, we will gain some insight into how the gravity formulas were derived in 
the first place. 

2.1. Speed of Gravity/Light from a Gravitational  
Red-Shift Experiment 

If we shoot a laser beam of light from the top of a tower to the bottom of the 
tower, we can measure the redshift, with respective radii of hR  and LR  to the 
center of the Earth. The gravitational redshift is then given by 

2 2
, ,
2 2

2 2
, ,
2 2

2
1 1

1 1
2

1 1

e h o h

h L

L e L o L

v v
c c
v v
c c

λ λ
λ

− −
−

= − = −

− −
               

(3) 

where ev  and ov  are the escape velocity and the orbital velocity at these two 
radii, and Lλ  and hλ  are the wavelengths at the two altitudes. Solved with re-
spect to c, this gives 

2 2 2 2
, ,

2 2

2 2h o L L o h

h L

v v
c

λ λ

λ λ

−
=

−                      
(4) 

In a weak gravitational field, ov c  and this can be well-approximated as 
2
,

2

2
,

2

211
2 1
1 2
21

o h

h L

L
o L

v
c

v

c

λ λ
λ

−−
≈ −

−
                     

(5) 

Solved with respect to c, this gives 

2 2
, ,h o L L o h

h L

v v
c

λ λ

λ λ

−
≈

−                       
(6) 
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And since 
2
ov

g
R

= , we can also find the speed of the light from measuring the  

gravitational acceleration at the two altitudes instead of using the orbital veloci-
ties; this gives 

2 2

2 2

2 h L L L h h

h L

g R g R
c

λ λ

λ λ

−
=

−                      
(7) 

We can also do the weak field approximation 

h L L L h h

h L

g R g R
c

λ λ

λ λ

−
≈

−                      
(8) 

If the redshift is measured from two altitudes on Earth, then the gravitational 
acceleration field is naturally preferable. But we could also send a laser beam 
between two satellites orbiting the Earth at different altitudes and then we could 
just as well use the orbital velocities. 

2.2. Speed of Gravity from Orbital Velocity and Two Atomic Clocks 

If we have two atomic clocks sitting at different altitudes, then we have 

1

1

s

hh

L s

L

r
RT

T r
R

−
=

−
                         

(9) 

2

2

1

1

h

L

gR
T c
T gR

c

−
=

−
                        

(10) 

Solved with respect to the speed of light, we get 

2

2

2

1

2

1

hh

L

L

GM
c
RT

T GM
c
R

−
=

−
 

2

2

2

2

2

1

2

1

h h

L

L

GM
c

T R
GMT
c
R

−
=

−
 

2
2

2
2

2

2
h h

L

L

GMc
T R

GMT c
R

−
=

−
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2 2 2 2 2 22 2
h h L L

L h

GM GMT c T T c T
R R

− = −
 

2 2 2 2 2 22 2
h L h L

L h

GM GMT c T c T T
R R

− = −
 

2 2 2 2
, ,

2 2

2 2o L h o h L

h L

v T v T
c

T T

−
=

−                     
(11) 

Obviously the Earth is rotating, so if the work is not done at the poles then we 
must take the different rotational speeds of the Earth at different altitudes into 
account (see [21] for an introduction on the topic). Therefore, we have 

2
,
2

2
,
2

1

1

o hs

hh

L o Ls

L

vr
R cT

T vr
R c

− −
=

− −
                     

(12) 

Solved with respect to the speed of light, we have 
2 2 2 2

2 2 2 2 2 22 2
L h h L

L h L h h L

T v T v
c

T T v T v T

−
=

− + −                  
(13) 

Table 1 below summarizes ways to extract the speed of light (gravity) from 
gravitational observations alone. 

Figure 1 illustrates some of the ways we can find the speed of gravity (or just 
light) by only doing gravity observations. In Figure 1(a), we have two orbiting 
satellites, we send light between them and measure the redshift. In addition, we 
measure the orbital velocity of the satellites and from this we know the speed of 
light. In Figure 1(b), we measure the gravitational time dilation at two altitudes, 
as well as the Earth’s gravitational acceleration field at each altitude, and from  

 
Table 1. Ways to measure (extract) the speed of light/gravity from gravitational observa-
tions. 

 Prediction Easily applicable in practice? 

From redshift and orbital velocity 
2 2 2 2

, ,

2 2

2 2h o L L o h

h L

v v
c

λ λ

λ λ

−
=

−
 Easy enough 

From redshift and  
acceleration field 

2 2

2 2

2 2h L L L h h

h L

g R g R
c

λ λ

λ λ

−
=

−
 Easy enough 

Atomic clocks + orbital velocity 
2 2 2 2
, ,

2 2

2 2o L h o h L

h L

v T v T
c

T T

−
=

−
 Does not take rotation 

of Earth into account 

Atomic clocks + acceleration field 
2 2

2 2

2 2L L h h h L

h L

g R T g R T
c

T T
−

=
−

 Does not take rotation 
of Earth into account 

Atomic clocks + orbital velocity 
2 2 2 2

, ,

2 2 2 2 2 2
, ,2 2

L o h h o L

L h o L h o h L

T v T v
c

T T v T v T

−
=

− + −
 Easy enough 
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Figure 1. Illustrations of two set-ups where we can measure the speed of light only from 
gravity observations. In the figure, we also see what observations need to be done at each 
location. 

 
this we know the speed of light (gravity). 

3. No Need to Know G or the Mass Size or Even the Speed of 
Light to Find the Schwarzschild Radius and to Predict 
Other Gravity Phenomena 

The past scientific literature does not seem to mention the fact that one can eas-
ily find the Schwarzschild radius (for example of the Earth) without any prior 
knowledge of the Newton gravitational constant or any knowledge of the mass 
size. This can be done by using the following relation 

2

22 L
s L

Rr g
c

=
                         

(14) 

where Lg  is the gravitational acceleration that on Earth’s surface can be ob-
served with no knowledge of gravitational theory. Further, the speed of light and 
the radius of the Earth can be found without any knowledge of gravitational 
theory. We have found that a long series of gravitational phenomena can be pre-
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dicted when one first has found the Schwarzschild radius without knowledge of 
G or the mass size, as clearly shown by [22] [23]. 

Interestingly, we can even find (measure) the Schwarzschild radius by replac-
ing the speed of light with our extracted speed of light, as shown in the sections 
above. The Schwarzschild radius can be found based on the following formula 

2

22 L
s L

Rr g
c

=
 

2

2 2

2 2
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h L L L h h
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( )2 2

2 2

L h h L
s

h h L L

R R
r

R R

λ λ

λ λ

−
=

−                          
(15) 

where Lλ  and hλ  are the wavelengths of a light beam moving out from or towards 
Earth, as measured from radius LR  and hR  respectively (where h LR R> ). In 
other words, it is directly linked to the gravitational redshift of light. For exam-
ple, one can measure the wavelength of a light beam at the top of a tower (tall 
building) and the bottom of a tower (see Pound and Rebka Jr. [24]). This is all 
that is needed to know the Schwarzschild radius of the Earth. The important 
point is that we can extract the Schwarzschild radius without the Newton gravi-
tational constant and with no knowledge of the speed of light (gravity) or the 
mass size. All we need to know is the gravitational redshift at two points. Thus 
we may question if the Schwarzschild radius really is a radius related to black 
holes, or if it represents something more profound and linked to all (or most) 
gravity phenomena. 

Table 2 shows how a series of major gravity phenomena can be predicted 
simply from two observations of a light beam plus a measurement of the speed 
of light. This is done by measuring the wavelength of two distant points and 
knowing the radii where the measurements are taken relative to the gravity ob-
ject (for example the Earth). This seems to provide a clear proof that gravity is 
directly linked to light and therefore, the speed of gravity must be exactly the 
speed of light. 

General relativity theory has not been able to link its theory to quantum physics;  

https://doi.org/10.4236/ijaa.2019.92008


E. G. Haug 
 

 

DOI: 10.4236/ijaa.2019.92008 104 International Journal of Astronomy and Astrophysics 

 

Table 2. The table shows that all major gravity phenomena can be predicted by only two (or three) observations from a light beam 
in the gravitational field of the gravity object. We need to measure the wavelength at two altitudes of a light beam plus the speed of 
light. There is no need to know the Newton gravitational constant or the mass of the gravity object. This also strongly supports the 
ideas that there is a direct connection between electromagnetism and gravity and that the speed of gravity is actually the speed of 
light. The radius R is where we want to perform the gravity prediction, and LR  and hR  are the radii where we perform the 
wavelength (or frequency) observations. 

What to measure or predict Formula How Is it easy to do? Knowledge of G or M 

Exact solution (strong and weak fields): 

Schwarzschild radius ( )2 2

2 2

L h h L
s

h h L L

R R
r

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational acceleration ( )2 2 2

2 2 2

1
2

L h h L

h h L L

R R cg
R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Orbital velocity ( )2 2

2 2

1 1
2

L h h L
o

h h L L

R R
v c

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Escape velocity ( )2 2

2 2

1L h h L
e

h h L L

R R
v c

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Time dilation ( )2 2

2 1 2 2

11 L h h L

h h L L

R R
t t

R R R
λ λ

λ λ
−

= −
−

 Light observations only Yes No 

GR bending of light ( )2 2

2 2

2 1L h h L

h h L L

R R
R R R

λ λ
δ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational redshift ( ) ( )2 2

2 2

1 1lim
2h

L h h L
R L

h h L L

R R
z R

R R R
λ λ

λ λ→∞

−
=

−
 Light observations only Yes No 

Weak field approximations: 

Schwarzschild radius 
( )2 L h h L

s
h h L L

R R
r

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational acceleration 
( ) 2

2
L h h L

h h L L

R R cg
R R R

λ λ
λ λ

−
=

−
 Light observations only Yes No 

Orbital velocity ( ) 1L h h L
o

h h L L

R R
v c

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Escape velocity ( )2 1L h h L
e

h h L L

R R
v c

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Time dilation ( )
2 1

2 11 L h h L

h h L L

R R
t t

R R R
λ λ

λ λ
−

= −
−

 Light observations only Yes No 

GR bending of light 
( ) 14 L h h L

h h L L

R R
R R R

λ λ
δ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational redshift ( ) ( ) 1lim
h

L h h L
R

h h L L

R R
z R

R R R
λ λ

λ λ→∞

−
=

−
 Light observations only Yes No 

 
in spite of many efforts in the physics world, a unified theory is still missing. We think 
the Schwarzschild radius plays an important role in gravity, but that it is related to 
some quite different aspects of matter than those assumed by standard theory. The 
Schwarzschild radius is, in our view, the reduced Compton frequency per Planck  
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second multiplied by the Planck length, that is 2

2 2 2 p
s p p

p

c
lGMr l l

cc
l

λ
λ

= = = , be  

aware that both pl  and λ  can be measured independent of GR and without 
any knowledge of big G, see [25] [26]. For any known elementary particle, such 
as the electron, the reduced Compton wavelength is much larger than the Planck 
length. We will suggest that this means the Schwarzschild radius for particles 
with mass smaller than the Planck mass should be interpreted as a probabilistic 
Schwarzschild radius. In our view, all elementary particles have a Schwarzschild 
radius equal to the Planck length, but this comes in and out of existence at the 
Compton frequency of the particle. This means the Schwarzschild radius of an 
elementary particle smaller than the Planck mass simply is the Planck length  

multiplied by a probability that is given by: pl
λ

. So, the Schwarzschild radius is 

twice the Planck length multiplied by this probability. 
When λ  is smaller than the Planck length, something we claim only can 

happen for a composite mass, then we will have 1pl
λ
> ; the integer part of this  

number means certainty, that is the number of whole Planck length, while the 
remaining fraction should be viewed as a probability. Here the Schwarzschild 
radius holds from the smallest elementary particle, such as an electron, to the 
largest mass. Particles with a Schwarzschild radius smaller than the Planck 
length simply means the Schwarzschild radius comes in and out of existence. We 
do not think there exists an physical Compton wavelength shorter than the 
Planck length, but the Compton wavelength from different particles can be  

added, based on the following rule, 
1

1

1
1 1 1N

ii

i i n

m c
λ

λ λ λ
=

+

= =
+ +∑

 , something  

that means any mass has a Compton wavelength, even if a composite particle 
does not have one physical Compton wavelength, but many. Still, the Compton 
wavelength of the composite mass will lead to the correct Compton frequency. Fur-
ther, recent research seems to directly link matter to Compton time, see [27] [28]. 

In our view, the Schwarzschild radius itself can never be smaller than the 
Planck length; a smaller radius, as is the case for any observed elementary par-
ticle, does not mean such particles do not have a Schwarzschild radius, it means 
their Schwarzschild radius comes in and out of existence and that gravity is 
probabilistic below the Planck mass scale. That is to say, probability should be 
dominant in gravity for masses much smaller than the Planck mass, which 
would hold for all observed elementary particles. 

4. When Using Gravity Observations (Only) Are We  
Measuring the Speed of Light or the Speed of Gravity? 

We have shown a series of ways to extract the speed of gravity from observations 
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normally only linked to gravity. But is it “just” the speed of light we can extract 
in this way? If we claim it is the speed of light we are extracting and not the 
speed of gravity, then why should the speed of light be hidden in a series of grav-
ity phenomena such as time dilation and gravitational acceleration fields, as well 
as gravitational redshift? Doesn’t this indicate that electromagnetism is linked to 
gravity? Or we could claim it is only the speed of gravity we have extracted, as it 
is only from gravity phenomena. It does appear that the speed of light and the 
speed of gravity are one and the same thing, and align with the case where, at a 
deeper level, we expect to find a unification of electromagnetism and gravity; 
this is obviously an old, but ongoing debate [29]-[35]. We would strongly sug-
gest that such unification of electromagnetism and gravity is also observable at 
the macroscopic scale, not only at the quantum scale. There are many opinions 
here and we will not draw conclusions prematurely, but encourage more physic-
ists to study this, both theoretically and experimentally. 

It is well known that the Coulomb electrostatic force [36] and the Newton 
gravity force theoretically are the same for Planck mass particles,  

2 2 2
p p p p

e

q q m m cF k G
R R R

= = =
 , where pq  and pm  are the Planck charge and  

the Planck mass, see also [37]. Is it not a bit strange that the speed of light sud-
denly shows up in Newton’s gravity theory when working at the Planck scale and 
otherwise it is assumed by many physicists that Newtonian gravity is instanta-
neous? We know the speed of light is linked to the Coulomb electrostatic force 
as 2 710ek c −= × . Recently, it has also been suggested that the speed of light is 
embedded in Newton’s gravitational constant. Haug has [38] [39] [40] suggested  

that Newton’s gravitational constant is a composite constant 
2 3
pl c

G =


. McCul-

loch [41] [42] has suggested 2
p

cG
m

=


, which basically is identical to our composite  

gravity constant, but he has pointed out that this leads to a circular problem, as 
he has followed the common assumptions in modern physics on this point, e.g., 
that one needs to know G to know pm  and that his composite G then cannot 
be known without G. We, on the other hand, have shown that the Planck length 
can be found with no knowledge of G, see [25] [26] [43]. Then all the parts of 
this composite constant can be found independent of existing gravity theories. If 
this view is correct, then the speed of light, which likely is the same as the speed 
of gravity, is embedded in almost all gravity phenomena and it is not surprising 
that we can extract the speed of gravity from a series of gravity phenomena, 
without detecting gravity waves, and in a much simpler way. The Planck length 
is something we logically can relate to—it is a minimum length. The speed of 
light is how fast the fastest particle (photons) can move, and it is the longest dis-
tance something can travel in any given time interval. The gravitational constant, 
on the other hand, does not seem to correspond to anything logically or physi-
cally, as its dimensions are m3∙kg−1∙s−2. Newton’s gravitational constant is clearly 
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a universal constant, but in our view, it is a composite constant that consists of 
more fundamental constants. In particular, we think the Planck length and the 
speed of light (gravity) are essential for all gravity phenomena, even at the cos-
mological scale. 

We are in no way indicating that Newton had any idea that gravity moved at 
the speed of light; the speed of gravity is often assumed to be infinite in Newto-
nian theory. But the speed of gravity in that theory is not truly reflected in the 
formula. It is indeed the lack of any speed in Newton’s gravity formula and 
Newton’s speculations that gravity was infinite that led many others to think it  

must be infinite. Newton’s gravity formula is simply 2

MmF
R

= . To get it to fit  

experiments, the formula had to be calibrated, that is, one had to introduce an 
unknown parameter, today know as big G (or simply the Newton gravity con-
stant). The gravity constant is today experimentally found from what we can call 
gravitational model calibration. What exactly the gravity constant represents is 
diffuse, at best. If the speed of gravity plays a central role in all gravity pheno-
mena, then it must be embedded in the Newton formula, even if it simply is as 
part of a composite constant calibrated to observations. If not, Newton would 
not have been able to predict the simplest gravity phenomena accurately. The 
fact that Newton theory does not predict the perihelion of Mercury correctly 
could simply be due to relativistic effects that not have been taken into account 
properly, see [44] for a recent discussion on this. 

In 1798, the gravity constant was first measured indirectly when Cavendish 
wanted to weight the Earth with a torsion balance. And it was likely first in 1873 
that the Newton gravity constant was mentioned explicitly by Cornu and Baille 
[45]. Again, it is still a mystery what the gravity constant truly represents. How-
ever, returning to recent measurements of the speed of gravity, based on the re-
cent gravitational wave detection Cornish, Blas, and Nardini [14] claim 

“using a Bayesian approach that combines the first three gravitational wave 
detections reported by the LIGO Scientific and Virgo Collaborations we 
constrain the gravitational waves propagation speed gwc  to the 90% credi-
ble interval 0.55 1.42gwc c c< < , where c is the speed of light in vacuum.” 

we are not questioning their measurements or predictions here, but it also inter-
esting if we can measure the speed of gravity in a much simpler way using the 
methodology suggested in this paper. 

5. Isotropic or Anisotropic? 

It has been suggested that the speed of gravity could be anisotropic [46]. It is 
therefore of interest to know if our extraction of the speed of gravity (light) from 
the experiments suggested in this paper could be helpful in this respect. To dis-
cuss this, we will address an old and ongoing debate related to the question of 
whether the one-way speed of light is isotropic or anisotropic. The idea that the 
one-way speed of light is constant and the same in every direction, e.g., isotropic, 
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was likely first introduced by Poincaré. In the year of 1898, Poincaré [47] pub-
lished a philosophical paper titled: The Measure of Time. In this article, Poincaré 
points to how astronomers often assume the speed of light is constant and the 
same in every direction: 

When a astronomer tells me that a stellar phenomenon, which his telescope 
reveals to him at this moment, happened, nevertheless, fifty years ago, I 
seek his meaning, and to that end I shall ask him first how he knows it, that 
is, how he had measured the velocity of light. 
He has begun by supposing that light has a constant velocity, and in partic-
ular that its velocity is the same in all directions. That is a postulate without 
which no measurement of this velocity could be attempted. This postulate 
could never be verified by direct experiment. 

Poincaré here indicates that it would be impossible to detect the true one-way 
speed of light in any type of experiment. The problem with this method is that to 
measure the one-way speed of light, we need to synchronize two clocks, and to 
synchronize two clocks we need to know the one-way speed of light. We end up 
with a circular problem. This is likely the reason Poincaré assumed that we could 
never measure the one-way speed of light and thereby assumed that the one-way 
speed of light was isotropic for synchronization purposes. In 1905, Einstein [48] 
goes one step further and simply abandons the ether and by this he also assumes 
that the one-way speed of light is isotropic. It can also be shown that slow clock 
transportation synchronization basically corresponds to Einsten-Poincaré syn-
chronization, so this synchronization procedure cannot, in general, be used to 
set up experiments to detect the one-way speed of light, see [49] [50]. 

However, it is worth mentioning that a series of experiments have attempted 
to circumvent the Einstein-Poincaré synchronization procedure in order to 
detect whether the one-way speed of light is isotropic or anisotropic. A series of 
experiments have claimed to have detected anisotropic one-way speed of light, 
see [51]-[57], but many of these experiments have also been criticized, see, for 
example, [58] [59]. The debate around the one-way speed of light continues to 
this day [60] [61] [62] [63] and it also remains an open question whether the 
one-way speed of gravity is isotropic or anisotropic as well. 

When it comes to our extraction of the speed of gravity (light) from gravity 
observations, these often involve two very precise clocks, atomic or optical 
clocks placed a distance apart. These clocks need to be synchronized, which in-
tuitively suggest that our methods cannot be used to detect if the speed of gravity 
(light) is isotropic or anisotropic. On the other hand, in experiments where we 
only need to detect the redshift, then no clock synchronization should be neces-
sary and this could possibly be used to measure the one-way speed of light 
(gravity). The main challenge would be to attain the degree of accuracy required, 
as we would also need to measure the gravitational acceleration at each altitude. 

If it is the speed of gravity we actually are extracting and not only the speed of 
light, then the approaches in this paper are still very interesting. This means one 
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does not need to rely on very sophisticated theories, such as gravity waves de-
tectors, to detect the speed of gravity, but instead we can use much simpler ex-
periments. However, if this is not giving us the speed of gravity, then we need 
good arguments to address why the speed of light is hidden in so many gravita-
tional phenomena and how we can predict all major gravity phenomena, such as 
orbital velocity, gravitational time dilation, gravitational acceleration, and the 
Schwarzschild radius, all without any knowledge of G, c, or the gravity mass, but 
simply from a beam of light in the gravity field. 

6. Conclusions 

We have shown how one can, in a simple way, extract the speed of light (gravity) 
from gravitational observations alone. Even if it only seems to consist of a rear-
rangement of existing formulas, the exercise and analysis can lead to new in-
sights. We would note some things are so simple that they seem obvious when 
first pointed out, but they may have deeper implications and certainly deserve 
further examination. 

It is, at present, an open question on whether or not there is a link between 
gravity and electromagnetism, and there is a renewed interest in the link be-
tween the two. We have shown how a series of major gravity phenomena can be 
predicted by some simple observations of a light beam, namely its velocity and 
its wavelength at two altitudes in a gravitational field. This may provide a small 
breakthrough in the current insights around gravity. A unified theory between 
electromagnetism and gravity is still missing, but hopefully this takes us one step 
further in the right direction. 
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Appendix 

In this appendix, we show the cases where we want to measure/predict the gravitational phenomena at one of the 
same radii from which we measured the wavelength of the beam; see Table 3. 
 
Table 3. The table shows that all major gravity phenomena can be predicted by only two (or three) observations from a light beam 
in the gravitational field of the gravity object. We need to measure the wavelength at two altitudes of a light beam plus the speed of 
light. There is no need to know the Newton gravitational constant or the mass of the gravity object. This also strongly supports the 
ideas that there is a direct connection between electromagnetism and gravity and that the speed of gravity is actually the speed of 
light. 

What to measure or predict Formula How Is it easy to do? Knowledge of G or M 

Exact solution (strong and weak fields): 

Schwarzschild radius ( )2 2

2 2

L h h L
s

h h L L

R R
r

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational acceleration ( )2 2 2

2 2 2

1
2

h h L
L

h h L L L

c R
g

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Gravitational acceleration ( )2 2 2

2 2 2

1
2

L h L
h

h h L L h

c R
g

R R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Orbital velocity ( )2 2

, 2 2

1
2

h h L
o L

h h L L

R
v c

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Orbital velocity 
( )2 2 2

, 2 2

1
2

L h L
o h

h h L L

c R
v c

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Escape velocity ( )2 2

, 2 2

h h L
e L

h h L L

R
v c

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Escape velocity ( )2 2

, 2 2

L h L
e h

h h L L

R
v c

R R
λ λ

λ λ
−

=
−

 Light observations only Yes No 

Time dilation ( )2 2

2 1 2 21 h h L

h h L L

R
t t

R R
λ λ

λ λ
−

= −
−

 Light observations only Yes No 

GR bending of light ( )2 2

2 22 h h L
L

h h L L

R
R R
λ λ

δ
λ λ

−
=

−
 Light observations only Yes No 

GR bending of light ( )2 2

2 22 L h L
h

h h L L

R
R R
λ λ

δ
λ λ

−
=

−
 Light observations only Yes No 

Gravitational redshift ( ) ( )2 2

2 2

1lim
2h

h h L
R L

h h L L

R
z R

R R
λ λ

λ λ→∞

−
=

−
 Light observations only Yes No 

Gravitational redshift ( ) ( )2 2

2 2

1lim
2h

L h L
R h

h h L L

R
z R

R R
λ λ

λ λ→∞

−
=

−
 Light observations only Yes No 
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Abstract 

This study aims to estimate the quantum Bogoliubov-Born-Green-Kirkwood- 
Yvon (BBGKY) hierarchy in curvilinear coordinates. We used the results to 
calculate the quantum binary and triplet distribution functions in curvilinear 
coordinates. The analytical form of the quantum distribution functions was 
obtained for dusty plasma in Saturn’s rings model. We use particles-in-cell 
(PIC) simulations to find a visualization of dusty three-component plasma 
phase space in curvilinear coordinates. Our results were compared with others. 
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1. Introduction 

The quantum distribution functions are of great interest for understanding the 
properties of dusty plasma. In statistical mechanics, we can get the thermody-
namic functions such as the internal energy, the osmotic pressure, and the excess 
free energy by using the distribution functions for the plasma particles. The im-
portance of quantum distribution function in statistical physics is to give the 
particles number density in the phase space at time t. 

Many authors have calculated the quantum distribution functions. Hussein 
and Hassan [1] have calculated the quantum binary distribution of high temper-
ature plasma. Kraeft et al. [2] used effective potentials to calculate the binary 
distribution function. Bogoliubov and Kraeft et al. [3] [4] defined a set of equa-
tions describing the dynamics of a system of a large number of interacting par-

How to cite this paper: Hussein, N.A. El 
R., Ahmed, A.El-R.H. and Sayed, E.G. 
(2019) Quantum Distribution Functions 
for Dusty Plasma in Saturn’s Rings by Us-
ing Curvilinear Coordinates. International 
Journal of Astronomy and Astrophysics, 9, 
115-132.  
https://doi.org/10.4236/ijaa.2019.92009  
 
Received: February 13, 2019 
Accepted: May 26, 2019 
Published: May 29, 2019 
 
Copyright © 2019 by author(s) and  
Scientific Research Publishing Inc. 
This work is licensed under the Creative 
Commons Attribution International  
License (CC BY 4.0). 
http://creativecommons.org/licenses/by/4.0/  

  
Open Access

http://www.scirp.org/journal/ijaa
https://doi.org/10.4236/ijaa.2019.92009
http://www.scirp.org
https://doi.org/10.4236/ijaa.2019.92009
http://creativecommons.org/licenses/by/4.0/


N. A. El R. Hussein et al. 
 

 

DOI: 10.4236/ijaa.2019.92009 116 International Journal of Astronomy and Astrophysics 

 

ticles by using the quantum BBGKY hierarchy. Kaniadakis [5] showed that the 
classical BBGKY hierarchical equation, for the n-particle reduced distribution 
function. Fesciyan [6] calculated the quantum time independent BBGKY hie-
rarchy of equations at low densities. Hussein et al. [7] used the BBGKY hie-
rarchy for calculating the binary and triplet distribution functions for one- and 
two-component Plasmas in terms of Green’s function technique. A quantum 
mechanical calculation of the radial distribution function for a Plasma was given 
by [8]. Also, many others have studied the binary and triplet distribution func-
tions [9]-[19]. Many researchers have been interested in identifying the optimal 
form of the classical distribution functions [16]. Hansen [17] calculated the dis-
tribution functions for one component plasma in the classical form and quan-
tum corrections. 

The calculation of the distribution functions in general form by using curvili-
near coordinates makes it easier for the researchers to find the form of the dis-
tribution function in the spherical or cylindrical coordinates or any type of 
coordinates that facilitates the study of the physical problem. Błaszak and Do-
manski [20] calculated the canonical quantization of classical mechanics in cur-
vilinear coordinates. Kjaergaard and Mortensen in 1990 [21] made a simple de-
rivation of the quantum mechanical Hamiltonian in curvilinear coordinates. In 
2012 a generalized, curvilinear-coordinate formulation of Poisson’s equations to 
solve for the electrostatic fields in plasma was given by Fichtl et al. [22]. 

Dusty Plasmas plays an important role in experimental physics and in many 
astrophysical situations [23]. To understand many space and astrophysical phe-
nomena, and many industrial and physical applications, the study of plasmas 
containing heavy dust particles is very important [24]. It differs from ordinary 
plasma in the presence of dust particles along with a number of positive and 
negative charges moving at a high speed if compared with the speed of dust [25]. 
Wang and Zhang [26] employed the quantum hydrodynamic model to study the 
solution and chaotic structures of dust ion-acoustic waves in quantum dusty 
plasmas consisting of electrons, ions and charged dust particles. 

Dusty plasma was originally important in the field of astrophysics. Examples 
of astronomical dusty plasmas include planetary ring systems (rings of Saturn). 
The rings of Saturn are the most important models in space dusty plasma study 
[27]. The rings of Saturn are made of billions of particles; these particles mostly 
range from tiny, dust-sized icy grains to giant chunks. They are made of small 
chunks of ice and rock coated with another material such as dust. A few particles 
are as large as mountains. 

Saturn’s ring system extends up to 175,000 miles (282,000 kilometres) from 
the planet, yet the vertical height is typically about 30 feet (10 meters) in the 
main rings [28]. Named alphabetically in the order they were discovered, the 
rings are relatively close to each other, with the exception of a gap measuring 
2920 miles (4700 kilometres) wide called the Cassini Division that separates 
Rings A and B. The main rings are A, B and C. Rings D, E, F and G are fainter 
and more recently discovered; each ring orbits at a different speed around the 
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planet [29]. But if we ask a question why plasma molecules move in these rings 
in circular paths and what is the nature of their components. And how to find 
the distribution functions of their particles. Does the use of curvilinear coordi-
nates make it easier to find and deal with the functions of predisposition? In this 
study, we attempted to find the form of the distribution functions of the mole-
cules of planetary rings. A model was found that simulates its shape. How fast 
the particles of planetary rings and whether it is necessary to use Einstein 
patches for high speeds. In this research, we tried to answer some of these ques-
tions. 

Particle-in-cell (PIC) simulations are a useful tool in modelling plasma. The 
electron velocity distribution function and the plasma potential are found by 
particle-in-cell (PIC) simulations [30]. Reinmüller in 1998 [31] determined the 
plasma potential from PIC simulations. We use particle-in-cell (PIC) simula-
tions to find a visualization of dusty three component plasma quantum phase 
space in curvilinear coordinates. 

This work is aimed to calculate the quantum binary and triplet distribution 
functions of a dusty plasma in curvilinear coordinates. In geometry, curvilinear 
coordinates are a coordinate system for Euclidean space in which the coordinate 
lines may be curved. Commonly used curvilinear coordinate systems include 
rectangular, spherical, and cylindrical coordinate systems. The calculation is 
based on the Bogoliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy [3]. 

The cluster expansion method consists of writing the binary distribution 
function as a power series in the density. The coefficients of different powers of 
the density involve integrals of the order of that power. These coefficients are 
then expressed as a sum of a product of integrals. The power series of the binary 
distribution function in the density convergence badly at high densities, many 
attempts have been made to overcome such difficulty. 

2. The Basic Equations and Hierarchy 

Consider 3 Dimensions space with coordinates ( )1 2 3, ,X x x x= . A point p in 3d 
space can be defined using Cartesian coordinates or it can also be defined by its 
curvilinear coordinates ( )1 2 3, ,ξ ξ ξ ξ= . The relation between the coordinates is 
then given by the invertible transformation functions: 

( )1 2 3, , , 1, 2,3s s x x x sξ ξ= =  

( )1 2 3, , , 1, 2,3i ix x iξ ξ ξ= =                    (1) 

The surfaces 1ξ  = constant, 2ξ  = constant, 3ξ  = constant are called the 
coordinate surfaces. The coordinate axes are determined by the tangents to the 
coordinate curves at the intersection of three surfaces. They are not in general 
fixed directions in space, which happens to be the case for simple Cartesian 
coordinates, and thus there is generally no natural global basis for curvilinear 
coordinates. The momentum operator in quantum mechanics is the gradiant 
operator ( )p i= ∇

. By defining the Jacobi matrix as: 
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, , 1, 2,3.xj
α

αβ β α β
ξ
∂

= =
∂                     

(2) 

The Jacobian of the transformation is the determinant of the Jacobi matrix 

( ) detJ jαβξ  =                           
(3) 

Define the natural basis vectors: 

, 1, 2,3i
rh
α

α
ξ
∂

= =
∂

 

( )1 2 3, ,r x x x=                          (4) 

The reduced s-particle density operators defined by Bogoliubov [3] in the fol-
lowing form 

( ) ( )
1 2 1

1
1 2, , , , , , exp ;

N s N

s
s N NF P P P V Tr Q Hξ ξ ξ ξ ξξ ξ ξ β

+

−= −




       
(5) 

where NH  is the Hamiltonian of our system given by 

( )
2

2

2NH V
m

ξ−
= ∇ +


                      
(6) 

where V is the potential of the system and Q is the configuration integral is given 
by 

1
e ,N

s N

HQ Tr β
ξ ξ+

−=
                        

(7) 

The solution of N-particle schrödinger (time-dependent) equation with this 
Hamiltonian are given by ( ) ( )1 MΨ Ψ

 and from a complete orthonormal 
basis 

( ) ( )
( )2

1 2
1 2 3 1d d dn

n

Jp J
i

ξ ξ ξ
ξ

∗ ∂ Ψ
Ψ Ψ = Ψ

∂∫ ∫ ∫
  

( ) ( )

1
1

M
k k

k=
Ψ Ψ =∑

                       
(8) 

Define the N-particle density operator 

( ) ( )

1

ˆ
M

k k
k

k
wρ

=

= Ψ Ψ∑
                      

(9) 

where wk are positive real probabilities 

1
1

M

k
k

w
=

=∑
                          

(10) 

0 1kw≤ ≤  

The density operator ρ̂  follow the Von Neumann equation 

ˆˆ ˆ, 0i H
t
ρ ρ∂  − = ∂



                      
(11) 

In order to derive the quantum BBGKY-hierarchy, we introduce the reduced 
s-particle density operator as 

1 1
ˆ ˆN

s s s NF C Tr ρ+=
                        (12) 
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and 
( )1 1

!ˆ .
!

N
s s s

NTr F C
N s

= =
− 

 

The equation of motion for the reduced density operator obeys directly the 
Von Neuman equation. Now by substituting from Equation (12) into Equation 
(11) we get 

1 1 1 1 , 1 1 1
1

ˆ ˆ ˆ ˆˆ, ,
s

s s s s i s s
i

i F H F Tr v F
t + + +

=

∂    − =   ∂ ∑
   



           
(13) 

where ,î jv  is the potential between particles i,j and 1
ˆ

sH


 is the s-particle Ha-
miltonian operator. The above equation constitutes the quantum generalization 
of the (BBGKY) hierarchy. 

3. The Binary Distribution Function 

We assume that the momentum of the electron lies between 1ξ  and 1 1dξ ξ+  is 

1
Pξ . Also the momentum of the positron lies between 2ξ  and 2 2dξ ξ+  is 

2
Pξ  

and the momentum of the dust (ion) lies between 3ξ  and 3 3dξ ξ+  is 
3

Pξ . In 
this section, we shall find the binary distribution function of a quantum dusty in 
curvilinear coordinates. Firstly, define the quantum N particle distrbution func-
tion as follows: 

( )
( )

( )

2

1

2

1

!exp
2

,

d exp d exp
2

i

N

i
N

N

N
iqu

N N
N

N N
i

P
N U

m
F P

P
P U

m

ξ

ξ
ξ

ξ

β β ξ

ξ

β ξ β ξ

=

=

 
− − 
  =

 
 − −   

  

∑

∑∫ ∫
     

(14) 

The one particle distribution function is obtained by reducing ( ),
N

qu
N NF Pξξ  

by integrating over N − 1 positions and momenta then 

( ) ( ) ( )11 1
1, d d ,

1 ! N N

qu qu
N N NF P P F P

Nξ ξ ξξ ξ ξ=
− ∫∫

           
(15) 

If there are no external fields 

( )1 1

2
1 1, exp

2
quF P P

mξ ξ
βξ α − =                      

(16) 

where the value of α  can be found by normalization: 

( )1 11 1 1d d ,quP F P Nξ ξξ ξ =∫∫                    
(17) 

By substituting from Equation (16) into Equation (17) we get 
3 2

1 2πV m
N

α
β

−  
=  

                        
(18) 

Then the one particle distribution function is given by 

( )1 1

3 2
2

1 1, exp
2π 2

qu NF P P
V m mξ ξ

β βξ −   =                     
(19) 

By putting s = 1 into Equation (13) we can get the first equation of quantum 
BBGKY as 
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1 1 1 1 12 12
1

ˆ ˆ ˆ ˆˆ, ,
s

s
i

i F H F Tr v F
t +

=

∂    − =   ∂ ∑

               
(20) 

Then we have the binary distribution function by substituting from Equation 
(19) into Equation (20): 

( ) ( ) ( ) ( )
1 2 1 212 1 2 1 1 2 2 1 2, , , , , ,qu qu quF P P F P F P gξ ξ ξ ξξ ξ ξ ξ ξ ξ= +

       
(21) 

where ( )1 2,g ξ ξ  is the correlation function. 
Let us now study the model of dusty three component plasma i.e. the neutral 

system of point-like particles of positive and negative charges such as electrons, 
positrons and dust particles like ions. This model is an important model in both 
laboratory physics and space physics and has many applications [24]. By finding 
the quantum distribution functions of this model we can get the important 
thermodynamic functions such as the internal energy and the equation of state. 
Dust particles are heavier and slower in their velocities than electrons and posi-
trons where for dusty plasma the relation between electrons, positrons, and dust 
(ion) density at equilibrium is e d i pn Z n n= + , where sn  is the number density 
of sth species and dZ  is the charge state of dust [24]. 

Substituting Equations (19) and (21) into (13) for 1,2s =  we obtain 

( )

( )

12
1 2

12

2 2 2

32

12 2 3 3 2

231 21 2
2

112 12

exp exp
2 2

2
π8

e 1e

e e i

e e iqu

e e i

s

s s s

P P P
m m mNF

V m m m

e e qe e
KT mmc KT

ξ ξ ξ

κξ
ξ ξκξ

β
β

ξ ξξ

−

−

=

    
− +    

         = +  
   

 
 

⋅
− − + +∑

p p


       

(22) 

4. The Triplet Distribution Function 

The quantum triplet distribution function 123
quF  defined in such a way that 

( )1 2 3 1 2 3123 1 2 3 1 2 3, , , , , , d d d d d dquF P P P t P P Pξ ξ ξ ξ ξ ξξ ξ ξ ξ ξ ξ  is the probability of finding a 
particle of the type 1th in the volume element 1dξ  surrounding 1ξ ,with mo-
mentum in range 

1 1 1
dP P Pξ ξ ξ→ + , a particle of type 2th in the volume element 

2dξ  surrounding 2ξ , with momentum in range 
2 2 2

dP P Pξ ξ ξ→ +  and a par-
ticle of the type 3th in the volume element 3dξ  surrounding 3ξ , with momen-
tum in range 

3 3 3
dP P Pξ ξ ξ→ +  respectively at time t. 

The quantum triplet distribution function ( )1 2 3123 1 2 3, , , , ,quF P P Pξ ξ ξξ ξ ξ  is de-
fined by the calculation of the interaction between three charged particles seems 
rather involved, because the force on particle 1 at time t would depend on the 
position and momentum of particles 2 and 3 at a retarded time. For simplifica-
tion the quantum triplet distribution function 123

quF  can be written as 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )
( ) ( ) ( )

123 1 1 1

1 1

1

123 1 2 3

1 23 2 13

3 12 123

qu qu qu qu

qu qu

qu

F F F F

F g F g

F g h

=

+ +

+ +              
(23) 
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where ( )123h  is the correlation function between particles 1, 2 and 3. 
Substituting Equations (19) and (22) into (13) for 1,2,3s =  we obtain 

( )
( )

( ) ( )

( ) ( )

31 2

1 2

3

22 2

9
3 2 1 2 3

123 3 23
1 2 3

3 2
2 2

2

exp
2 2 2

123
π16 2

exp 23 exp 13
2π 2 2

exp 12 123
2

qu

PP P
m m mNF

V m m m

N P g P g
V m m m

P g h
m

ξξ ξ

ξ ξ

ξ

β

β β β

β

  
+ +  

     =   
   

 
 

 − −     + +          
−  + +      

(24) 

For three component plasma, we can use the two particle correlation function 
( )12g  which is given by 

( ) ( )
( )

( )( )
( )

1 21 2 12 12

1 12 2 2 2
12

12 1
2

g g
mc mc

ξ ξξ ξξ
ξ

 ⋅ ⋅⋅ = + + 
  

p pp p ξ ξ

         

(25) 

where 

( ) 121 2
1 12

12

e
e eg

KT
κξξ

ξ
−= −

                    
(26) 

( )1 12g r  is the Debye-Hückel solution and the three particle correlation func-
tion ( )1,2,3G  which is given by 

( ) ( ) ( ) ( )
( ) ( )

( )
( )( )

( )

1 2 1 3

2 3

1 12 1 13 1 23 2 2

3

2 2 2
, 1,

123 1

2

i jij ij

i j i j ij

h g g g
mc mc

mc mc

ξ ξ ξ ξ

ξ ξξ ξ

ξ ξ ξ

ξ= ≠

 ⋅ ⋅= + +


⋅ ⋅⋅ + + + 


∑

p p p p

p pp p


ξ ξ

       

(27) 

Whatever particles 1, 2, 3 are, we can write the quantum triplet distribution 
function ( )123 123quF  as 

( )
( )

( )
( )

( )( )
( )

31 2

2 32 3

1

2

22 2

9
3 2 1 2 3

123 3 23
1 2 3

3 2
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1 23 2 2 2
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2
1
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2 2 2

123
π16 2

exp 1
2π 2 2
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2

qu
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m m mNF
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N P g
V m m mc mc

P g
m

ξξ ξ

ξ ξξ ξ
ξ

ξ

β

β β ξ
ξ

β

  
+ +  

     =   
   

 
 

   ⋅ ⋅⋅−      + + +              

− +   

p pp p ξ ξ

( )
( )

( )( )
( )

1 31 3 13 13

13 2 2 2
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1
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ξ ξξ ξξ
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( )
( )

( )( )
( )

( ) ( ) ( )
( ) ( ) ( )

( )( )
( )

1 21 2

3

1 2 1 3 2 3

12 122
1 12 2 2 2

12

1 12 1 13 1 23 2 2 2

3

2 2
, 1,

exp 1
2 2

1

2

i jij ij

i j i j ij

P g
m mc mc

g g g
mc mc mc

mc

ξ ξξ ξ
ξ

ξ ξ ξ ξ ξ ξ

ξ ξ

β ξ
ξ

ξ ξ ξ

ξ= ≠

  ⋅ ⋅⋅−     + + +           
 ⋅ ⋅ ⋅+ + + +

⋅ ⋅
+ 


∑

p pp p

p p p p p p

p p

ξ ξ

ξ ξ

     

(28) 

5. Quantum Distribution Functions of Saturn’s Rings 

An alternative statistical description of planetary rings was formulated in a series 
of papers by Hämeen-Anttila [32] [33]. It uses a kinetic equation of Boltzmann 
type for the description of the evolution of the one-particle phase space distribu-
tion function, in a similar manner as gas-kinetics. Hämeen-Anttila gives analyt-
ical solutions for the collision integrals, where necessary in terms of appropriate 
approximations. The effect of self-gravity is taken into account in a self consis-
tent manner in the local vertical gravity field of the disk and in its effect on close 
particle encounters. In principle the theory can treat the average effect of particle 
surface irregularities stochastically and it is formulated so that it can be extended 
to describe particle fragmentation and coagulation. 

The biggest advantage is that the balance equations for mass, stress, and scale 
hight of the ring, are given analytically as partial differential equations. Thus, the 
theory can be applied to investigate the dynamical evolution of a planetary ring. 
The disk’s self-gravity potential diskφ  couples to the surface mass density 
through Poisson’s equation [34] 

2 4πdisk aφ σδ∇ =                        (29) 

where σ  is the surface mass density, a is gravitation parameter and δ  is the 
Dirac delta function. 

2 3 1 3 2 1

1 2 3 1 1 1 2 2 2 3 3 3

1 4πdisk disk diskh h h h h h a
h h h h h h

φ φ φ
σδ

ξ ξ ξ ξ ξ ξ
     ∂ ∂ ∂∂ ∂ ∂

+ + =     ∂ ∂ ∂ ∂ ∂ ∂         
(30) 

where 1 2 3,h h h  is the natural basis vectors. The Kinetic theory describes the 
evolution of the local velocity distribution function of an ensemble of particles in 
terms of the Boltzmann equation or a suitable generalization of it, like Enskog’s 
theory of hard sphere gases. The kinetic equation can be derived from Liouville’s 
theorem, appearing as the leading equation in a hierarchy of equations describ-
ing n-particle distribution functions in phase space and neglecting correlations 
between particle pairs. Then the one particle distribution function in Equation 
(19) in in the local vertical gravity field can be given by 

( )1 1

3 2
2

1 1, exp
2π 2

qu NF P P e
V m mξ ξ

β βξ φ−   = −                   
(31) 
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Kinetic theory allows us to incorporate the full complexity of the dynamics of 
a planetary ring in a statistical description, such as the effects of the motion of 
ring particles on curved orbits between inelastic collisions, their finite size, the 
anisotropy of the velocity dispersion, and in principle also coagulation and 
fragmentation of the ring particles. 

The collision motion of an ensemble of identical particles in the plane, in the 
frame of reference rotating with angular velocity ω  can be described by the 
Boltzmann equation [35] in Curvilinear Coordinates: 

1 2 2
2

1

1 2
1

2

2
1

1 1 2 2 2 1 1

2
1

2
1 2 21 2

2

2 cl

p p pf f f fp
t mh mh m mh h p

p p f fp
mh h p tm h h

ξ ξ ξ
ξ

ξ

ξ ξ
ξ

ξ

φωω
ξ ξ ξ

φκ
ω ξ

   ∂∂ ∂ ∂ ∂
+ + + + + −    ∂ ∂ ∂ ∂ ∂   
 ∂ ∂ ∂ = + + +   ∂ ∂ ∂        

(32) 

where 1 2 3, ,ξ ξ ξ  was defined by Equation (1) and 
cl

f
t

∂ 
 ∂ 

 is the collision integral  

which takes into account effects due to the discrete-point nature of the gravita-
tional charges, or collision effects (including diffusion in space and velocity), 
and defines the change of the distribution function f(r, v, t) arising from ordi-
nary interparticle collisions (in a plasma this term represents the change of f 
arising from collisions with particles at distances shorter than a Debye length). 
The Boltzmann form for the collision integral is based on an assumption that the 
duration of a collision is much less than the time between collisions instantane-
ous collisions are considered [36]. The simple Krook integral in the case of a 
two-dimensional disk of identical particles has the form 

( )0c
cl

f v f f
t

∂  = − − ∂                       
(33) 

where f is the actual distribution function of particles and f0 is the steady-state equi-
librium distribution function (Shu and Stewart, 1985) [35]. The equilibrium axially 
symmetric distribution function is the Maxwellian with the surface density 0σ : 

2
0

0 2 2 2exp
2π 2

p
f

c m c
ξσ  

= −  
                     

(34) 

The gravitational potential of a rotating oblate planet 

( )
2

20
2

1 3, 1 sin
2 2 2

aM R Iφ ξ β β
ξ

    = − + −    
                

(35) 

where r is the distance from the center of the planet to the point at which the 
potential is sought, β  is the planetocentric latitude of the point, R is the radius 
of the planet, and 0M  is its mass. For saturn 2 0.017I = , 29

0 5.7 10 gM = ×  
and 76 10 mR = ×  for more exact values of the parameters see Ref. [37]. 

6. Conclusions 

In this work we obtained the quantum binary and triplet distribution functions 
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of dusty plasma; the calculation is based on curvilinear coordinates and the Bo-
goliubov-Born-Green-Kirkwood-Yvon (BBGKY) hierarchy. We consider only 
the thermal equilibrium plasma. The model under consideration is the 
three-component dusty plasma i.e. neutral system of point like particles of posi-
tive and negative charges (electrons and positrons) interspersed with dust par-
ticles (ions) [24]. Figure 1 and Figure 2 show the effect of dust on the quantum 
binary and triplet distribution functions. From these figures we note that the ex-
istence of dust makes a fluctuation in binary and triplet distribution functions in 
the range of ( )0.5,2.5ξ = . It was shown that the local stability criterion ob-
tained from the computer models is in general agreement with the theoretical 
prediction as outlined in the present paper. 

The first derivation of reactive quantum Boltzmann equations by Olmstead 
and Curtiss [18] starts with the Wigner transformed version of the standard 
BBGKY hierarchy for a system of stable atomic and diatomic constituents. Also, 
they calculated the quantum triplet distribution function of moderately dense 
gases. Alavi et al. [19] described the time evolution of a one-particle statistical 
distribution or density operator, influenced by the interaction of another particle 
which represents the effect of all other particles in the system. 

 

 
Figure 1. The quantum binary distribution function from Equation (22) without dust ef-
fect (solid line) and with a dust effect (dashed line). 

 

 

Figure 2. The quantum triplet distribution function from Equation (28) without dust ef-
fect (solid line) and with a dust effect (dashed line). 
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Figure 3 and Figure 4 show the comparison between the quantum binary and 
triplet distribution function based on our result without dust effect (solid line), 
Alavi et al. [19] (dashed line) and from Olmstead and Curtiss [18] (dot-dashed 
line). We note from this comparison the convergence between the results ob-
tained and the results of the references [19] and [18]. 

Figure 5 and Figure 6 show the comparison between the quantum binary and 
triplet distribution function based on our result with the effect of dust, Alavi et al. 
[19] and from Olmstead and Curtiss [18]. After taking into account the effect of 
dust, we noticed that our results are closer to the results obtained by Olmstead 
and Curtiss [18] in the range of ( )0,0.5ξ = , but with the increase in the value 
of the variable ξ  in the range of ( )0.5,1ξ =  the results are closer to results 
obtained by Alavi et al. [19]. 

Initial quantum curvilinear coordinates phase-space ( ),Vξξ  for dusty plasma 
electrons (gray color), positrons (red color) and dust (orange color) was given in 
Figure 7. Figure 8 shows the quantum curvilinear coordinates phase-space 
( ),Vξξ  for dusty plasma based on Particle-In-Cell (PIC) simulation methods.  

 

 

Figure 3. The comparison between the quantum binary distribution function based on 
our result without dust effect (solid line), Alavi et al. [19] (dashed line) and from 
Olmstead and Curtiss [18] (dot-dashed line). 

 

 

Figure 4. The comparison between the quantum triplet distribution function based on 
our result without dust effect (solid line), Alavi et al. [19] (dashed line) and from 
Olmstead and Curtiss [18] (dot-dashed line). 
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Figure 5. The comparison between the quantum binary distribution function based on 
our result with a dust effect (solid line), Alavi et al. [19] (dashed line) and from Olmstead 
and Curtiss [18] (dot-dashed line). 

 

 

Figure 6. The comparison between the quantum triplet distribution function based on 
our result without dust effect (solid line), Alavi et al. [19] (dashed line) and from 
Olmstead and Curtiss [18] (dot-dashed line). 

 

 

Figure 7. Initial quantum curvilinear coordinates phase-space ( ),Vξξ  for dusty plasma 

electrons (gray color), positrons (red color) and dust (orange color). 
 

We observe from the phase space that the speed of dust particles is much lower 
than the speed of electrons and positrons. The density of dust particles varies 
due to the large volume of dust particles. 

The quantum binary distribution function for dusty plasma was given in Fig-
ure 9. The quantum triplet distribution function for dusty plasma see Figure 10 
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with 1 2 3=ξ ξ ξ≠ . 
Figure 11 and Figure 12 show the quantum binary and triplet distribution 

functions for dusty plasma in curvilinear phase space ( ), Pξξ . These solutions 
are important in different branches of physics and other areas of applied 
sciences and can provide help for researchers to study and understand the phys-
ical interpretation of the dusty plasma model. 

 

 

Figure 8. The quantum curvilinear coordinates phase-space ( ),Vξξ  for dusty plasma 

electrons (gray color), positrons (red color) and dust (orange color) based on Particle-In-Cell 
(PIC) simulation methods. 

 

 

Figure 9. The quantum binary distribution function for dusty plasma with 1 2ξ ξ≠ . 
 

 

Figure 10. The quantum triplet distribution function for dusty plasma with 1 2 3=ξ ξ ξ≠ . 
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Figure 11. The quantum binary distribution function for dusty plasma in curvilinear 
phase-space ( ), Pξξ . 

 

 

Figure 12. The quantum triplet distribution function for dusty plasma in curvilinear 
phase-space ( ), Pξξ . 

 

 

Figure 13. Model of Saturn planet rings in the radius interval (92,000 km; 139,350 km). 
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Figure 14. 2D Model of Saturn planet rings in the radius interval (92,000 km; 139,350 km). 
 

 

Figure 15. Ultraviolet ring’s image; red color refer to dust and blue for water ice. 
 

 

Figure 16. Simulation of dusty plasma for sturan rings for different values of gravitation 
parameter in the radius interval (92,000 km; 139,350 km). 
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Model of Saturn planet rings in the radius interval (92,000 km, 139,350 km) 
was given in Figure 13 and Figure 14. Figure 15 shows ultraviolet ring’s image; 
red color refers to dust and blue for water ice. Figure 16 shows the Simulation 
model of dusty plasma for Saturn rings for different values of gravitation para-
meter. Also, we note from this figure when gravitation parameter increased the 
dispersion of the presence of particles becomes more visible than the lower val-
ues of the gravitation parameter. 
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Abstract 

In Part II of this study of spiral galaxy rotation curves we apply corrections 
and estimate all identified systematic uncertainties. We arrive at a detailed, 
precise, and self-consistent picture of dark matter. 
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1. Introduction 

Dark matter in the core of spiral galaxies can exceed 107 times the mean dark 
matter density of the Universe. For this reason we have studied spiral galaxy ro-
tation curves measured by the THINGS collaboration [1] with the hope of con-
straining the properties of dark matter [2]. In “Part I” of this study [2] we inte-
grate numerically the equations that describe the mixture of two self-gravitating 
non-relativistic ideal gases, “baryons” and “dark matter”. These equations re-
quire four boundary conditions: the densities ( )minh rρ  and ( )minb rρ  of dark 
matter and baryons at the first measured point minr , and the “reduced” 
root-mean-square radial velocities 

1 22
rhv ′  and 

1 22
rbv ′ , defined as follows: 

2
r2

r ,
1

h
h

h

v
v

κ
′ ≡

−                         
(1) 

and similarly for baryons. 1 22
rhv  is the root-mean-square of the radial compo-

nent of the dark matter particle velocities, and 0 1hκ≤ ≤  describes dark matter 
rotation, see [2] for details. In the present analysis we take ( )0.15 0.15 systhκ = ±  
[2]. The four boundary parameters are fit to minimize the 2χ  between the ro-
tation curves ( )obsv r  and ( )bv r  measured by the THINGS collaboration [1], 
and the calculated rotation curves. The fits obtain rotation curves within the ob-
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servational uncertainties. These fits are presented in Figures 1 to 10 of [2], and 
the fitted parameters are presented in Table 1 of [2]. 

In the present analysis we apply corrections and study all identified systematic 
uncertainties. We use the standard notation in cosmology as defined in [3], and 
the values of the cosmological parameters therein. Occasionally we use units 
with 1=  and 1c =  as is customary. 

2. Corrections from ( )h rρ min  to ( )h rρ 0→  

The first measured point minr  does not lie in the center of the spiral galaxy core, 
so we make a correction from ( )minh rρ  to ( )0h rρ →  by numerical integra-
tion with the same equations and parameters described above. These corrections 
are presented in Table 1. 

3. Measurement of the Adiabatic Invariant ( )hv rms 1  

For each spiral galaxy we obtain the parameter 

( ) ( )
( )2 3

2 2 crit
rms r

3 1
1 3 .

0
hc

h h
h h

kT
v v

m
ρ

ρ
 Ω

≡ ≡  
                

(2) 

( )rms 1hv  is the dark matter particles root-mean-square velocity extrapolated to 
the present time with expansion parameter 1a =  in three dimensions, hence 
the factor 3. ( )1hT  is the temperature of dark matter of a homogeneous Un-
iverse at the present time. The parameter ( )rms 1hv  is invariant with respect to 
adiabatic expansion of the dark matter. Note that for an ideal “noble” gas  

 
Table 1. Corrections from ( )minh rρ  [2] to ( )0h rρ → . The statistical uncertainty is 

from the fit [2]. The systematic uncertainty is from the extrapolation from minr  to 
0r → . 

Galaxy minr   
[kpc] 

( )minh rρ   
2 310 pcM− −  

 

( )0h rρ →   
2 310 pcM− −  

 

NGC 2403 0.5 ( )7.5 1.4 stat±  ( ) ( )10.3 1.4 stat 0.8 syst± ±  

NGC 2841 4.0 ( )9.3 0.7 stat±  ( ) ( )20.8 0.7 stat 6.0 syst± ±  

NGC 2903 1.0 ( )14.6 2.1 stat±  ( ) ( )14.7 2.1 stat 0.7 syst± ±  

NGC 2976 0.1 ( )4.0 2.7 stat±  ( ) ( )4.06 2.70 stat 0.03 syst± ±  

NGC 3198 1.0 ( )4.5 0.8 stat±  ( ) ( )5.3 0.8 stat 1.0 syst± ±  

NGC 3521 1.0 ( )22.9 8.6 stat±  ( ) ( )24.6 8.6 stat 0.7 syst± ±  

NGC 3621 0.5 ( )2.6 0.5 stat±  ( ) ( )2.93 0.50 stat 0.10 syst± ±  

DDO 154 0.25 ( )1.3 0.3 stat±  ( ) ( )1.36 0.30 stat 0.10 syst± ±  

NGC 5055 1.0 ( )28.2 6.8 stat±  ( ) ( )37.3 6.8 stat 9.0 syst± ±  

NGC 7793 0.25 ( )8.0 1.6 stat±  ( ) ( )8.98 1.6 stat 0.5 syst± ±  

https://doi.org/10.4236/ijaa.2019.92010


B. Hoeneisen 
 

 

DOI: 10.4236/ijaa.2019.92010 135 International Journal of Astronomy and Astrophysics 

 

1 constanthT V γ − =  with 5 3γ = . By “noble” we mean that collisions (if any) 
between dark matter particles do not excite internal degrees of freedom (if any) 
of these particles. Alternatively, Equation (2) can be understood as 1hv a∝  for 
non-relativistic particles in an expanding Universe. At expansion parameter a  
when perturbations are still linear, and after dark matter becomes non-relativistic, 
the root-mean-square velocity of dark matter particles is 

( ) ( ) ( ) 1 2
rms

rms

1 3
.h h

h
h

v kT a
v a

a m
 

= ≡  
                   

(3) 

Results are presented in Table 2. The average of ( )rms 1hv  of 10 complete and 
independent measurements is 

( ) ( )rms 1 1.192 0.109 tot km s.hv = ±                  (4) 

This result is noteworthy since the 10 galaxies used for these measurements 
have masses spanning three orders of magnitude, and angular momenta span-
ning five orders of magnitude [2]. Note that the correction in Table 1 has al-
lowed us to include galaxy NGC 2841 in the average (this galaxy was excluded in 
[2] because the first measured point at minr  is at the edge of the galaxy core). 

The expansion parameter NRha  at which dark matter becomes non-relativistic 
can be estimated from (3) as 

 

Table 2. Presented are 
1 22

rhv ′  from Table 1 of [2], and ( )rms 1hv  defined in (2). ( )0hρ  

is taken from Table 1. ( )0.15 0.15 systhκ = ±  [2]. The statistical uncertainties of 

1 22
rhv ′  and ( )0hρ  are correlated [2]. The systematic uncertainty includes contribu-

tions from Table 1 and from hκ . The 2χ  of these 10 measurements is 2 36.4χ = , so 

the total uncertainty of the average has been multiplied by ( ) 1 2
36.4 10 1 2.0 −  =  , as 

recommended in [3]. 

Galaxy 1 22
rhv ′  [km/s] ( )rms 1hv  [km/s] 

NGC 2403 101 3±  ( ) ( )1.103 0.083 stat 0.088 syst± ±  

NGC 2841 220 3±  ( ) ( )1.900 0.047 stat 0.232 syst± ±  

NGC 2903 142 3±  ( ) ( )1.377 0.095 stat 0.106 syst± ±  

NGC 2976 129 177±  ( ) ( )1.921 3.061 stat 0.144 syst± ±  

NGC 3198 104 3±  ( ) ( )1.417 0.112 stat 0.139 syst± ±  

NGC 3521 153 10±  ( ) ( )1.250 0.227 stat 0.095 syst± ±  

NGC 3621 126 5±  ( ) ( )2.092 0.202 stat 0.159 syst± ±  

DDO 154 36.5 3.7±  ( ) ( )0.783 0.137 stat 0.062 syst± ±  

NGC 5055 144 4±  ( ) ( )1.024 0.091 stat 0.113 syst± ±  

NGC 7793 85.5 5.0±  ( ) ( )0.977 0.115 stat 0.076 syst± ±  

Average  ( )1.192 0.109 tot±  
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( )rms
NR

1
.h

h

v
a

c
≈

                        
(5) 

There are threshold factors of O(1) presented in Section 5. 

4. Dark Matter Mass hm  

We consider the scenario with dark matter dominated by a single type of particle 
(plus anti-particle) of mass hm . The mass density of a non-relativistic gas of 
fermions or bosons with chemical potential µ  can be written as [4] 

( )

4
3 2 ,2

r ,3 2 3
,

2π
f b h

h h f b

N m
vρ = Σ

                    
(6) 

where the sums are 
2 3 4

, 3 2 3 2 3 2 3 2 ,
1 2 3 4f b
e e e eµ µ µ µ′ ′ ′ ′

Σ = + +  

                
(7) 

where ( )hkTµ µ′ ≡ , with upper signs for fermions, and lower signs for bosons. 
The sums for fermions and bosons are 0.76515fΣ =  and 2.612bΣ =  for 
chemical potential 0µ = . fN  ( bN ) is the number of fermion (boson) degrees 
of freedom. From (2) and (6) we obtain 

( )
( )

1 43 2 3
crit

3
rms , ,

6π
.

1
c

h
h f b f b

m
v N

ρ Ω
 =
 Σ 



                   

(8) 

Note that the measured hm  is independent of critcρΩ , see (2). From (4) and 
(8) we obtain 

( )( )
1 4

2 0.7651553.5 3.6 tot eV ,h
f f

m
N

 
= ± ⋅  Σ               

(9) 

for fermions, and 

( )( )
1 4

1 2.61246.8 3.2 tot eV ,h
b b

m
N

 
= ± ⋅ Σ               

(10) 

for bosons. Note that we have obtained these results directly from the fits to the 
spiral galaxy rotation curves, with no input from cosmology. The uncertainties 
in (9) and (10) include all statistical and systematic uncertainties listed in Table 
1 and Table 2. 

A non-relativistic non-degenerate ideal gas has 

ln ,
h QkT

µ ν
ν

 
= −   

                         
(11) 

where V Nν ≡  is the volume per particle, and ( )
3 222πQ h hm kTν  ≡    is the 

“quantum volume”. For a non-degenerate ideal gas, 1Qν ν   so the chemical 
potential µ  is negative, and increases logarithmically with particle concentra-
tion. Fermi-Dirac or Bose Einstein degeneracy sets in as 0µ → . Note that in an 
adiabatic expansion ( )hkTµ  is constant. 
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Fitting spiral galaxy rotation curves, we obtain limits 16 eVhm >  for fer-
mions, and 45 eVhm >  for bosons, at 99% confidence [2]. Equivalently, from 
(9) and (10), we obtain 96fΣ   for 2fN = , and 3.1bΣ   for 1bN = . 

5. Transition from Ultra-Relativistic to  
Non-Relativistic Dark Matter 

Consider dark matter in statistical equilibrium with chemical potential µ  and 
temperature hT . This assumption is justified by the observed Boltzmann distri-
bution of the dark matter [2]. We apply periodic boundary conditions in an ex-
panding cube of volume 3a V . The comoving number density of dark matter 
particles is [4]: 

( ) ( ) ( )
,3 2

3 0 2 4 2 2 2 2

14π d .
2π exp 1

f b
h

h h h

N
n a p p

m c p c a m c kTµ

∞
=

 + − − ±  

∫


 

(12) 

The last factor is the average number of fermions (upper sign) or bosons 
(lower sign) in an orbital of momentum p a . 

Now let dark matter decouple while ultra-relativistic, and assume no self-annihilation. 
Then 3

hn a  is conserved. In an adiabatic expansion, e.g. collisionless dark mat-
ter, the number of dark matter particles in an orbital is constant so µ  and hT  
adjust accordingly. The problem has one degree of freedom, so we choose, 
without loss of generality, ( )hkTµ µ′ ≡  constant. 1hT a∝  in the ul-
tra-relativistic limit ( 2

hkT mc ), and 21hT a∝  in the non-relativistic limit 
( 2

hkT mc ). (In the transition between these two limits hT  is momentum de-
pendent.) Let us define ( )hx pc akT≡ , and ( )2 2 22 h hy p m a kT≡ . In the ul-
tra-relativistic limit 

[ ]

3 2
3

, , , 2 0

1 d, .
exp 12π

h
h f b f b f b

kaT x xn a A N A
c x µ

∞ = =  ′− ± 
∫

        
(13) 

In the non-relativistic limit 
3 22 2

3
, , ,2 1 2 20

4 d, ,
2π π exp 1
h h

h f b f b f b
m ka T y yn a N

y µ
∞ 

= Σ Σ = 
 ′− ±   

∫


    
(14) 

as in (6). The intercept of these two asymptotes defines NRha  and  
( ) ( ) 2

NR NR NR1h h h h hT T a T a≡ = : 
2 3

,2
NR

,

2π ,f b
h h

f b

A
m c kT

 
=   Σ                     

(15) 

( )
1 31 2

, rms
NR

,

12π .
3

f b h
h

f b

A v
a

c
  =     Σ                    

(16) 

For 0µ = , we obtain for fermions 0.09135fA = , 0.76515fΣ = ,  
2

NR1.523h hm c kT= , and ( )NR rms0.7126 1h ha v c= ; and for bosons 0.1218bA = , 
2.612bΣ = , 2

NR0.8139h hm c kT= , and ( )NR rms0.5209 1h ha v c= . Einstein con-
densation sets in at 0µ = . 
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For ( ) 1.5hkTµ = −  we obtain for fermions 0.0220fA = , 0.2074fΣ = , 
2

NR1.409h hm c kT= , and ( )NR rms0.6852 1h ha v c= ; and for bosons 0.02328bA = , 
0.2432bΣ = , 2

NR1.315h hm c kT= , and ( )NR rms0.6620 1h ha v c= . 
For ( ) 10.0hkTµ = −  we obtain for both fermions and bosons 

6
, 4.6 10f bA −= × , 

5
, 4.5 10f b

−Σ = × , 2
NR1.366h hm c kT= , and ( )NR rms0.6747 1h ha v c= . 

In summary, from the measured adiabatic invariant ( )rms 1hv  we obtain hm  
and NRha  with (8) and (16) respectively. The ratio hT T  of dark mat-
ter-to-photon temperatures, after e e+ −  annihilation while dark matter is still 
ultra-relativistic, is 

2 3 2
, NR

, 0

1 ,
2π

f bh h h

f b

T a m c
T A kT

 Σ
=   

                    
(17) 

where the photon temperature is 0T T a= . Note that hT T  is proportional to 
( )1 4

rms 1hv , and is proportional to 01 T . The intercept of the two asymptotes that 
we implemented allows direct comparison of (17) with hT T  in Table 7 of [2]. 

6. Results for the Case µ 0=  

We now specialize to the case of zero chemical potential 0µ =  corresponding, 
in particular, to equal numbers of dark matter particles and anti-particles, or to 
Majorana sterile neutrinos [5], or to dark matter that was once in diffusive equi-
librium with the Standard Model sector. We obtain from the measured adiabatic 
invariant ( )rms 1hv : 

( )
1 4

253.5 3.6 tot eV,h
f

m
N

 
= ± ⋅      

                 
(18) 

( ) 6
NR 2.83 0.26 tot 10 ,ha −= ± ×                    

(19) 

( )
1 4

20.423 0.010 toth

f

T
T N

 
= ± ⋅      

                 
(20) 

for fermions, or 

( )
1 4

146.8 3.2 tot eV,h
b

m
N

 
= ± ⋅    

                 
(21) 

( ) 6
NR 2.07 0.19 tot 10 ,ha −= ± ×                    

(22) 

( )
1 4

10.507 0.012 toth

b

T
T N

 
= ± ⋅    

                 
(23) 

for bosons. These uncertainties are valid for the considered scenario and include 
statistical uncertainties and all identified systematic uncertainties listed in Table 
1 and Table 2. Systematic uncertainties unknown at present may be needed in 
the future. 

These results can be compared with expectations in Table 7 of [2] (and its ex-
tensions for other fN  and bN ). Note that hT T  is proportional to ( )1 4

rms 1hv , 
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and proportional to 01 T , so it is highly significant that the measured ( )rms 1hv  
obtains 0.4hT T ≈  for 0µ = . A different measured ( )rms 1hv , or a different 

0T , would have lead to the conclusion that 0µ ≠  and/or dark matter was never 
in thermal equilibrium with the Standard Model sector. In conclusion, the 
measured value of ( )rms 1hv  is strong evidence that 0µ =  and that dark matter 
was in thermal equilibrium with the Standard Model sector at some time in the 
early history of the Universe. 

Measurements with individual spiral galaxies for the case of fermions with 
2fN = , e.g. sterile Majorana neutrinos, are presented in Table 3. 

7. Additional Systematic Uncertainties? 

Non-spherical spiral galaxies: Equations (3) to (6) of [2] are valid in general. So 
long as the numerical integration is along a radial direction in the plane of the 
galaxy, with ˆ d dh r hP P r∇ = e  and ( ) ( )2 21 d dh hr r g r∇⋅ =g , and similarly for 
baryons, there is no approximation, and no systematic uncertainty is needed. 

Mixing of dark matter: So long as dark matter is assumed collisionless, the 
adiabatic invariant ( )rms 1hv  should be exactly conserved, so we assign no sys-
tematic uncertainty to Equation (3). 

New studies may require additional systematic uncertainties. However, at 
present we do not identify any. 

 
Table 3. Measurements of the expansion parameter NRha  at which dark matter becomes 

non-relativistic, the dark matter particle mass hm , and the ratio of temperatures hT T  
of dark matter-to-photons after e e+ −  annihilation and before dark matter becomes 
non-relativistic. In this table the particles of dark matter are assumed to be fermions with 

2fN =  and 0µ = . The 1σ  total uncertainties include the statistical and systematic 

uncertainties of ( )rms 1hv  in Table 2. The 2χ 's are 36.4, 40.8, and 40.4 respectively, for 

10 - 1 degrees of freedom, so the uncertainties of the averages have been multiplied by 

( ) 1 22 10 1χ −  , as recommended in [3]. 

Galaxy 6
NR10 ha×  hm  [eV] hT T  

NGC 2403 2.62 0.29±  56.7 4.6±  0.415 0.011±  

NGC 2841 4.52 0.56±  37.7 3.5±  0.476 0.015±  

NGC 2903 3.27 0.34±  48.0 3.7±  0.439 0.011±  

NGC 2976 4.57 7.28±  37.4 44.7±  0.477 0.190±  

NGC 3198 3.37 0.42±  47.0 4.4±  0.442 0.014±  

NGC 3521 2.97 0.59±  51.6 7.6±  0.428 0.021±  

NGC 3621 4.97 0.61±  35.1 3.2±  0.487 0.015±  

DDO 154 1.86 0.36±  73.3 10.5±  0.381 0.018±  

NGC 5055 2.43 0.34±  59.9 6.3±  0.408 0.014±  

NGC 7793 2.32 0.33±  62.1 6.6±  0.403 0.014±  

Average 2.83 0.26±  46.1 3.3±  0.432 0.010±  
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8. Conclusions 

A numerical integration obtains rotation curves for spiral galaxies [2]. This inte-
gration requires four parameters (boundary conditions). These parameters are 
obtained by a fit that minimizes the 2χ  between the observed [1] and calcu-
lated rotation curves. The fits for ten spiral galaxies, as well as the fitted parame-
ters, are presented in Reference [2]. The fits are in agreement with observations 
within observational uncertainties. Two of the measured parameters, that are of  

interest to the present analysis, are ( )minh rρ  and 
1 22

rhv ′ , and are presented in  

Table 1 and Table 2. From these two parameters we calculate the adiabatic in-
variant ( )rms 1hv  defined in (2). Measurements of ( )rms 1hv  for ten spiral galax-
ies are presented in Table 2. We obtain an average 

( ) ( )rms 1 1.192 0.109 tot km s.hv = ±                 (24) 

This result is remarkable considering that the ten galaxies span three orders of 
magnitude in mass, and five orders of magnitude in angular momenta [2]. 

We consider dark matter that is dominated by a single type of particle of mass 

hm . We assume that dark matter decoupled from the Standard Model sector and 
from self-annihilation while still ultra-relativistic. Then from ( )rms 1hv  we obtain 
directly the expansion parameter at which dark matter becomes non-relativistic: 

( )rms
NR

1
,h

h

v
a

c
≈

                       
(25) 

up to a threshold factor of O(1) presented in Section 5. From the adiabatic inva-
riant ( )rms 1hv  we also obtain the mass hm  of dark matter particles, as a func-
tion of the chemical potential µ , with no input from cosmology, see (8). 

The fits to spiral galaxy rotation curves allow us to set lower bounds to the 
dark matter particle mass hm  [2], and upper bounds to the dark matter chem-
ical potential µ , that are not much greater than zero. 

To proceed, we need to know the chemical potential µ  of dark matter. We 
consider the scenario with 0µ =  which is appropriate for equal numbers of 
dark matter particles and anti-particles, or Majorana sterile neutrinos [5], or 
dark matter that was once in diffusive equilibrium with the Standard Model sec-
tor. The upper bound to µ , obtained from the spiral galaxy rotation curves, is 
close to zero. A negative chemical potential would imply a dark matter temper-
ature while ultra-relativistic higher than the temperature of the Standard Model 
sector, which seems implausible. In any case we proceed assuming 0µ = , and 
obtain the results (18) to (23). 

The ratio hT T  is proportional to ( )1 4
rms 1hv , and proportional to 01 T , so 

the result 0.4hT T ≈  is highly significant. A different measured adiabatic inva-
riant ( )rms 1hv , or a different 0T , could have obtained hT T  orders of magni-
tude different from unity, so the measurement 0.4hT T ≈  is strong evidence 
that dark matter was once in thermal equilibrium with the Standard Model sec-
tor, and gives added support to the scenario 0µ ≈ . 
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We compare the measured hT T  and hm  with expectations, see Table 7 of 
[2] (and extensions with other fN  and bN ), and find one very good match: 
fermion dark matter with 2fN =  that decoupled in the approximate tempera-
ture range from the confinement-deconfinement transition to sm , that suggests 
Majorana sterile neutrino dark matter [2]; and one marginal match for a boson 
with 3bN =  that decoupled in the temperature range from mπ  to cm . 
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Abstract 

In this paper we present solutions with the superstar scenario for the prob-
lems of singularity and the relativistic jet in AGN (Active Galactic Nuclei) 
based on supermassive black hole with singularity. The five-zone structure of 
superstar from inside to outside consists of the Singularity-Free Superstar 
Core (SC), the short-range repulsive super force field (SFF) near the event 
horizon, the superstar lepton sphere (SLS) containing infalling leptons (elec-
tron-positron pairs), the superstar ergosphere (SE), and the superstar accre-
tion disk (SAD). As in the Meissner effect in superconductor, the short-range 
SFF repulses leptons in the SLS preventing singularity, while infalling leptons 
from the SAD and the SE continue to enter the SLS through the strong gravi-
ty of the SC. When the density at the bottom of the SLS reaches the critical 
density, leptons fall into the SC with the corresponding size increase of the SC 
to prevent singularity. Without further infalling leptons, the short-range re-
pulsive force from the SFF disintegrates the SLS into the SLS plasma frag-
ments (electron-positron pair plasma), detaching from the SC. Some SLS 
plasma fragments in the SAD generate the broad relativistic SAD jet, and 
some SLS plasma fragments in the SE generate the coincident narrow relati-
vistic SE jet. In this two-jet model (the origin of the spine-sheath jet struc-
ture), protected by the SAD jet, the fast and narrow SE jet inside the slow and 
broad SAD jet generates the VHE (very high energy ≥ 100 GeV) Synchrotron 
Self Compton (SSC) gamma-ray emission without the attenuation by the 
photons in the BLR (broad line region) of flat spectrum radio quasar (FSRQ). 
In conclusion, AGN based on supermassive superstar provide the solutions 
for singularity, VHE gamma-ray emissions in FSRQs and FR1 type radio ga-
laxies, AGN jet structure, and AGN jet type. 
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1. Introduction 

AGN (Active Galactic Nuclei) is based on supermassive supermassive black hole 
with singularity. Black hole has been a standard model for the collapse of a large 
star. Singularity in black hole remains contentious. Gravastar (gravitational va-
cuum star) [1] [2] by P. O. Mazurand and E. Mottola is a model for the collapse 
of a large star without singularity. In gravastar, quantum effects would change 
space-time around a collapsing star, initiating a radical phase transition like 
when liquid water becomes ice, for some of the infalling matter. For gravastar, 
the phase transition involves the transformation into a “gravitational vacuum” 
with an interior de Sitter condensate surrounded by a Bose-Einstein condensate 
(BEC) bubble, similar to the transformation of a cloud of atoms into one huge 
“super-atom”, a BEC at an extremely low temperature above absolute zero de-
gree. The BEC is prevented from complete collapse by the interior de Sitter con-
densate exerting a balanced pressure outwards on the condensate. A thin phase 
boundary (shell) for the phase transition is in between the interior region and 
the exterior region. 

In this paper, superstar without singularity is proposed as an alternative to 
black hole and gravastar as described in the previous paper [3]. Due to quantum 
effects, the space-time around gravastar exerts a balanced pressure outwards on 
gravastar to prevent the complete collapse of gravastar. Similarly, due to quantum 
effects, the space-time around superstar is the short-range repulsive super force to 
prevent the complete collapse of superstar. The repulsive effect of the super force 
field at nearly infinite density is like the repulsive Meissner effect in superconductor 
to eject applied magnetic fields from the interior of the superconductor at nearly 
absolute zero temperature as described in the previous paper [4]. 

This paper describes AGN based on supermassive singularity-free superstar as 
an alternative to AGN based on supermassive black hole with singularity. AGN 
produce very high luminosities in a very concentrated volume. In the prevailing 
model of the physical structure of AGN, at the center is a supermassive black 
hole (106 to 1010 M¤) whose gravitational potential energy is the ultimate source 
of the AGN luminosity [5]. Matter pulled toward the rotating supermassive 
black hole form a rotating accretion disk. The region near the accretion disk is 
the broad line region (BLR) with high-density optical and ultraviolet photons 
emitted from the accretion disk. The region much farther from the disk is the 
narrow line region with low-density photons. Outflows of energetic particles in 
the relativistic collimated jet occur along the poles of the disk. A subset of the 
jetted AGN is blazar [6] with the relativistic jet closely aligned to the line of sight 
of the observer. Blazars show the properties of variability at all frequencies-time 
scales and high polarization at both optical and radio frequencies. Blazars in-
clude flat spectrum radio quasars (FSRQs) that show broad optical emission 
lines and BL Lacertae objects (BL Lacs) with weak or even absence of such emis-
sion lines. 

The spectral energy distribution (SED) of blazars is dominated by the gam-
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ma-ray emission, but the location of the main gamma-ray emitting region in 
blazars is still uncertain. In the standard scenario of model, the SED of the large 
majority of gamma-ray detected FSRQ is the BLR External Compton (EC) sce-
nario [7] [8] where the BLR provides effective seed photons for the inverse 
Compton (IC) scattering by relativistic electrons in the jet. In the recent paper 
by Costamante, Cutini, Tosti, Antolini, and Tramacere, the BLR-EC scenario is 
tested [9]. They test this scenario on the Fermi gamma-ray spectra of 106 
broad-line blazars detected with the highest significance or largest BLR, by 
looking for cut-off signatures at high energies compatible with γ-γ interactions 
with BLR photons, resulting in the attenuation of gamma-ray. They found that 
only one object out of ten seems compatible with substantial attenuation 
through the interaction with BLR photons. The one object is below the cut-off 
energy. They conclude that for 9 out of 10 objects, the jet does not interact with 
BLR photons to produce gamma-ray. The result is the production of very high 
energy (VHE, ≥100 GeV) gamma-rays without attenuation, contradicting the 
BLR-EC scenario. Such VHE gamma-rays have to be produced outside the BLR. 
However, it is difficult to find a scenario without the involvement of the BLR in 
FSRQ where the BLR is highly active. As a result, the proper relativistic jet pro-
ducing VHE gamma-ray emission in FSRQ is still unknown. 

This paper proposes that AGN based on supermassive singularity-free su-
perstar provide the solutions for the problems of singularity and the relativistic 
jet to producing VHE gamma-ray emission in AGN based on supermassive 
black hole. Section 2 describes black hole and superstar. Section 3 deals with 
AGN based on supermassive superstar, 

2. Black Hole and Superstar 

The uncertainty principle in quantum mechanics 

2x pσ σ ≥
                            (1) 

Postulates that the position, x, and momentum, p, of a particle cannot be si-
multaneously determined with arbitrarily high precision. In the generalized un-
certainty principle [10], an extra term related to the Planck energy is introduced 
to avoid singularity. 

32x p
G

c
ασ σ ≥ +

                         (2) 

where α is a constant and G relates to the Planck energy, At energy much be-
low the Planck energy, the extra term in Equation (2) is irrelevant and the Hei-
senberg uncertainty principle is recovered, while approaching the Planck energy, 
the extra term becomes relevant, and is related to the minimal observable length. 
In this paper, an extra force field is introduced to maintain the non-zero minim-
al length and momentum at the extreme conditions such as at the temperature 
near absolute zero degree (σp ≈ 0) and extremely high density (σx ≈ 0) when σxσp 
≈ 0. This extra force field is the short-range super force field, resulting in su-
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perstar and superconductor [3] [4]. Superstar with the short-range super force 
field to star is like superconductor with the short-range super force field to con-
ductor [4]. 

The conventional five-zone structure from inside to outside of black hole [11] 
consists of singularity at the center of black hole,, the event horizon [12], the 
black hole photon sphere (BHPS) [13], the black hole ergosphere (BHE) [14], 
and the black hole accretion disk (BHAD) [15] as in Figure 1. 

Singularity is the region of the black hole where all the mass of the black hole 
has been compressed down to nearly zero volume with almost infinite density 
and an enormous gravitational force. As the boundary of the black hole, the 
event horizon with the Schwarzschild radius preventing any escape of matters 
and radiation. Adjacent to the event horizon, the surrounding unstable and thin 
black hole photon sphere (BHPS) with a radius 1.5 times the Schwarzschild ra-
dius contains photons travelling in a circular orbit. Outside of the event horizon, 
a rotating black hole produces black hole ergosphere (BHE) where nothing can 
remain at rest. Ergosphere has an elliptical shape like a flattened sphere, and the 
north and south poles of the ergosphere touch the top and bottom of the event 
horizon. Objects and radiation can escape from ergosphere. 

Black hole accretion disk (BHAD) is mostly gas around black holes transports 
gas to the black hole at their centers. The gas is pulled into the BHAD from in-
falling star and interstellar material, and the latent angular momentum of gas 
causes the BHAD to rotate in the shape of pancake. The accreting gas near the 
black hole event horizon orbits at very high speeds to produce friction, which 
heats it up so much that individual atoms dissociate into plasma consisting of 
mostly leptons (electron-positron pairs), some of which fall into black hole. The 
plasma creates a strong magnetic field around black hole. The BHAD is larger than 
the BHE, so there is space between the BHAD and the BHE. The region near the 
accretion disk is the broad line region (BLR) with fast-moving high-density optical 
and ultraviolet photons emitted from the accretion disk. The region much farther 
from the disk is the narrow line region with slow-moving low-density photons. 

The five-zone structure of superstar is similar to the five-zone structure of 
black hole. The five-zone structure of superstar from inside to outside consists of 
the Singularity-Free Superstar Core (SC), the super force field (SFF) as the 
short-range repulsive force field near the event horizon to separate the SC and  

 

 
Figure 1. The structure of black hole. 
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the infalling leptons, the superstar lepton sphere (SLS) to contain infalling lep-
tons, the superstar ergosphere (SE), and superstar accretion disk (SAD) as in 
Figure 2. 

The Schwarzschild radius of a rotating black hole is given as 

2s
GMr
c

=                            (2) 

where G is the gravitational constant, M is the object mass, and c is the speed of 
light. The radius of the superstar core is equal to or larger than the Schwarz-
schild radius. 

superstar core 2

GMr
c

≥                         (3) 

The Sun as a superstar has the mass of 1.99 × 1030 kg and the Schwarzschild 
radius of 2.95 × 103 m. Supermassive superstars up to 21 billion (2.1 × 1010) of 
the mass of the Sun have been detected, such as NGC 4889 with the mass of 4.2 
× 1040 kg and the Schwarzschild radius of 6.2 × 1013 m. 

3. AGN Based on Supermassive Superstar 

The Meissner effect in superconductor is explained by the outward pressure of 
the super force field to eject applied magnetic fields from the interior of the su-
perconductor as it transitions into the super force field at nearly absolute zero 
temperature. As in the Meissner effect in superconductor, the super force field in 
supermassive superstar exerts a short-range repulsive force to repel leptons in 
the SLS, while infalling leptons from the SAD and the SE continue to enter the 
SLS through the strong gravity of the SC. When the density at the bottom of the 
SLS reaches the critical density, leptons fall into the SC with the corresponding 
size increase of the SC to prevent singularity. Without further infalling leptons, 
the short-range repulsive force from the super force field disintegrates the SLS to 
generate the SLS plasma fragments (electron-positron pair plasma) detaching 
from the SC. When the amount of the SLS plasma fragments is high enough, 
some SLS plasma fragments in the inner part of the SAD generating the relativis-
tic SAD jet through the process similar to the Blandford-Znajek process [16], 
and some SLS plasma fragments in the SE generate the coincident relativistic SE 
jet through the process similar to the Penrose Process [17]. The result is the  

 

 
Figure 2. The structure of superstar. 
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two-jet model based on supermassive superstar. 
In the conventional Blandford-Znajek process for the jet from supermassive 

black hole, the energy of the relativistic jet is extracted from magnetic fields 
around an accretion disk, which are dragged and twisted by the spin of the su-
permassive black hole. The Blandford-Znajek process requires an accretion disk 
with a strong poloidal magnetic field around a rotating supermassive black hole. 
In the conventional Penrose Process for the jet from supermassive black hole, 
the energy of the relativistic jet is extracted from the negative-energy particles 
produced in the ergosphere. The Penrose Process requires the breakup (sponta-
neous fission) of particles at relativistic speeds in opposite directions in the er-
gosphere. Parfrey, Philippov, and Cerutti recently present general-relativistic 
collisionless plasma simulations [18] of rotating supermassive black hole mag-
netospheres which begin from vacuum, inject electron-positron pair plasma near 
the event horizon, and reach steady states with electromagnetically powered 
Blandford-Znajek jets that occurs at north and south poles. Near the supermas-
sive black hole’s midsection in the ergosphere, magnetic field lines operating in 
opposing directions like a two-lane highway meet at the equator. This congrega-
tion causes the lines to twist and tangle. In the space between these bundles, the 
electric field accelerates particles. Some fly outward, following a curved trajecto-
ry into the peripheries of the polar jets. Others speed into the supermassive black 
hole, resulting in the Penrose process. Overall, the simulations suggest that 
roughly 80% of the jet’s energy comes from Blandford-Znajekwith the remaining 
20% originating from the Penrose process. The computer simulation by Parfrey, 
Philippov, and Cerutti produces the two-jet model based on supermassive black 
hole. 

For the two-jet model based on superstar, the main energy sources of both 
SAD jet and SE jet are the SLS plasma fragments (electron-positron pair plas-
ma), and the formations of the jets are derived from the rotating SE/SAD. Be-
cause the inner portions of the lepton layers on the SE/SAD are rotating more 
quickly than the outer portions, the magnetic field lines twist violently. This 
causes the jets of leptons to blast outward at almost the speed of light perpendi-
cularly to the SE/SAD, similar to the Blandford-Znajek process and Penrose 
process. The SLS plasma fragments provide sufficient energies to produce large 
scale relativistic jets. Furthermore, the short-range repulsive force of the super 
force field also avoids the adsorption of the SLS plasma fragments by the SC, un-
like the Blandford-Znajek process and Penrose process with supermassive black 
hole to adsorb plasma. As a result, AGN based on supermassive superstar allows 
large-scale relativistic jets. Some computer simulations of AGN jet based on su-
permassive black hole that do not have unlimited plasma and the Penrose 
process as the simulation by Parfrey, Philippov, and Cerutti cannot generate 
large-scale jets [19]. 

The jet from the SLS plasma fragments is similar to the jet from a symbiotic 
binary which usually contains a white dwarf with a companion red giant [20]. A 
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red giant loses its material through the flow to the white dwarf nearby via an ac-
cretion disk. Some symbiotic stars have jets which are bi-polar and extend from 
both poles of the white dwarf. Therefore, the red giant is like the SLS as the 
source of the SLS plasma fragments, while the accretion disk of the white dwarf 
is like the SE/SAD. However, the strong gravity of supermassive superstar pre-
vents the escape of material through the jet formation directly and initially from 
the infalling star as in a symbiotic binary. The SLS plasma fragments inside the 
structure of supermassive superstar provide the critical mass in a small area to 
generate a large scale jet. 

The distance between the SAD and the SAD jet is much larger than the dis-
tance between the SC and the SE jet, so the leptons from the SAD travels longer 
distance from the SAD than from the SC to form the jets in the high-density 
BLR. As a result, the SAD jet is the slow jet with the low Lorentz factor, and the 
SE jet is the fast jet with the high Lorentz factor. Due to the longer distance be-
tween the SAD and the SAD jet than the distance between the SC and the SE jet, 
the radius of the SAD jet is larger than the radius of the SE jet. Therefore, the fast 
and narrow SE jet is inside the coincident slow and broad SAD jet as the two-jet 
model in Figure 3. 

In this two-jet model, the relativistic leptons in the fast SE jet up-scatter radia-
tion from the slow moving SAD jet to produce gamma-ray as in the Synchrotron 
Self Compton (SSC) model [21]. In the SSC model, the seed photons for the In-
verse Compton (IC) process producing gamma-ray are the synchrotron photons 
produced by the relativistic leptons. This two-jet model is similar to the 
two-blob model proposed by Georganopoulos et al. [22] in which radiation from 
the slow blob II is up-scattered by the relativistic mono-directional leptons in the 
fast blob I. The two-blob model by Georganopoulos et al. fits the SED well. 

The slow SAD jet generates mostly the low frequency emissions and occasio-
nally low-energy gamma-ray emissions through the inverse Campton scattering 
with the photons in the high-density BLR, while under the protection by the 
SAD jet, the fast SE jet inside the slow SAD jet generates the VHE SSC emission 
without the attenuation by the high-density photons in the BLR of FSRQ. 
Therefore, the two-jet model of the SAD jet and the SE jet provides the solution 
for the relativistic producing the VHE gamma-ray emissions in FSRQ. 

The two-jet model also explains VHE gamma-rays [23] in FR1 type radio ga-
laxies which jets aligned at large angles to the line of sight. In the two-jet model, 
the SAD jet producing VHE gamma-rays in FR1 type radio galaxies is the very  

 

 
Figure 3. The two-jet model: the fast and narrow SE jet from the SC is inside of the slow 
and broad SAD jet from the SAD. 
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slow SAD jet through the very high-density BLR. As the very slow SAD jet 
moves through the very high-density BRL, the fast-moving photons in the very 
high-density BLR deaccelerate the very slow SAD jet, and change the 
mono-directional leptons in the SAD jet into multi-directional leptons. Subse-
quently, some multi-directional leptons in the SAD jet in the narrow line region 
produce VHE gamma-rays by up-scattering mono-directional soft radiation 
from the SE jet preferentially in the direction opposite to the SE jet motion. 
Therefore, VHE gamma-rays which are produced in the SAD jet without the at-
tenuation from the photons in the low-density narrow line region can be emitted 
at a relatively large angle to the jet axis in the observer's reference frame. This 
two-jet model is similar to the two-blob model proposed by Banasinski and 
Bednarek [24] in which radiation from the fast blob I is up-scattered by the rela-
tivistic isotropic (multi-directional) leptons in the slow blob II. The two-blob 
model by Banasinski and Bednarek fits the SED well. Therefore, the two-jet 
model of the very slow SAD jet and the SE jet provides the solution for the rela-
tivistic jet producing the VHE gamma-ray emissions in FR1 type radio galaxies. 

The currents carried by the AGN jets can be probed using maps of the Fara-
day rotation measure (RM), since a jet current are accompanied by a toroidal 
magnetic field, which gives rise to a systematic change in the RM across the jet 
[25]. The collected data indicate that AGN jets reveal strong signs of the 
spine-sheath jet structure with a central spine of orthogonal magnetic field and a 
sheath of longitudinal magnetic field along the edges of the jet [26]. They suggest 
that the inner region of the jet spine consists of a low-density and fast-moving 
gas, while the outer region of the jet sheath consists of a denser and slower 
moving gas [27] The spine-sheath jet structure can also be explained by the 
coaxial cable proposed by Gabuzda [28] [29]. Like coaxial cable with the inner 
conductor and the outer shield sharing a geometric axis, an AGN jet has an in-
ward current along its axis and an outward current in a more extended 
sheath-like region surrounding the jet. The current typically flows inward along 
the jet axis and outward in a more extended region surrounding the jet, typical 
to the current structure of a coaxial cable, accompanied by a self-consistent sys-
tem of nested helical magnetic fields, whose toroidal components give rise to the 
observed transverse RM gradients. These data conclusively demonstrate the ex-
istence of the coaxial currents of AGN jets. The origin of the spine-sheath jet 
structure can be explained by the two-jet model. The spine (inward current) and 
the sheath (outward current) in the spine-sheath jet structure model are derived 
from the SE jet and SAD jet, respectively, in the two-jet model. 

The amount of the SLS plasma fragments is determined by the thicknesses of 
the SLS derived from the mass of infalling star and interstellar material. The SLS 
plasma fragments stay around the SE/SAD through gravity until they escape 
through the relativistic jets. The jets have limited capacities to carry leptons. 
Therefore, the timescale of the jet is determined by the amount of the SLS plas-
ma fragments which is determined by the thickness of the SLS derived from the 
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mass of infalling star and interstellar material. When the amount of the SLS 
plasma fragments becomes insufficient to generate the jet, the jet ends. The SLS 
plasma fragment remnants (electron-positron pairs) become the fast-moving 
photons in the BLR. The SAD, the SE, and the SLS maintain the minimum 
amounts of leptons in the equilibrium state among gravity, angular momentum, 
and the short-range repulsive force of the super force field. The fast-moving 
photons from the SLS fragment plasma remnants in the BLR gradually move 
away from the BLR. This process repeats for another occurrence of infalling star 
and interstellar material. The amount of the photons from the SLS plasma frag-
ment remnants is determined by the frequency of the occurrence of infalling star 
and interstellar material. The jetted AGN with frequent occurrences of infalling 
star and interstellar material are FSRQs with the high amount of photons from 
the SLS plasma fragment remnants in the BLR, while the jetted AGN with infre-
quent occurrences are BL Lacertae objects with the low amount of photons from 
the SLS plasma fragment remnants in the BLR. The result is the blazar sequence 
as the sequence of the amounts of photons surrounding the jets [30]. 

4. Conclusions 

In this paper we present solutions for the problems of singularity and the relati-
vistic jet in AGN (Active Galactic Nuclei) based on supermassive black hole with 
singularity. The five-zone structure of superstar from inside to outside consists 
of the Singularity-Free Superstar Core (SC), the short-range repulsive super 
force field (SFF) near the event horizon, the superstar lepton sphere (SLS) con-
taining infalling leptons (electron-positron pairs), the superstar ergosphere (SE), 
and the superstar accretion disk (SAD). As in the Meissner effect in supercon-
ductor, the short-range SFF repulses leptons in the SLS preventing singularity, 
while infalling leptons from the SAD and the SE continue to enter the SLS 
through the strong gravity of the SC. When the density at the bottom of the SLS 
reaches the critical density, leptons fall into the SC with the corresponding size 
increase of the SC to prevent singularity. 

Without further infalling leptons, the short-range repulsive force from the SFF 
disintegrates the SLS into the SLS plasma fragments (electron-positron pair 
plasma), detaching from the SC. Some SLS plasma fragments in the SAD gener-
ate the broad relativistic SAD jet, and some SLS plasma fragments in the SE gen-
erate the coincident narrow relativistic SE jet. In this two-jet model (the origin of 
the spine-sheath jet structure), protected by the SAD jet, the fast and narrow SE 
jet inside the slow and broad SAD jet generates the VHE (very high energy ≥ 100 
GeV) Synchrotron Self Compton (SSC) gamma-ray emission without the atten-
uation by the photons in the BLR (broad line region) of flat spectrum radio qua-
sar (FSRQ). The two-jet model of the very slow SAD jet and the SE jet also pro-
vides the solution for the relativistic jet producing the VHE gamma-ray emis-
sions in FR1 type radio galaxies. 

An important theory on the jet structure is the spine-sheath jet structure. The 
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origin of the spine-sheath jet structure can be explained by the two-jet model. 
The spine and the sheath in the spine-sheath jet structure model are derived 
from the SE jet and SAD jet, respectively, in the two-jet model. The timescale of 
the jet is determined by the amount of the SLS plasma fragments which is de-
termined by the thickness of the SLS derived from the mass of infalling star and 
interstellar material. When the amount of the SLS plasma fragments becomes 
insufficient to generate the jet, the jet ends. The SLS plasma fragment remnants 
(electron-positron pairs) become the fast-moving photons in the BLR. The jetted 
AGN with frequent occurrences of infalling star and interstellar material are 
FSRQs with the high amount of photons from the SLS plasma fragment rem-
nants in the BLR, while the jetted AGN with infrequent occurrences are BL La-
certae objects with the low amount of photons from the SLS plasma fragment 
remnants in the BLR. The result is the blazar sequence as the sequence of the 
amounts of photons surrounding the jets. In conclusion, AGN based on super-
massive superstar provide the solutions for singularity, VHE gamma-ray emis-
sions in FSRQs and FR1 type radio galaxies, AGN jet structure, and AGN jet 
type. 
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Abstract 

The results of a spectroscopic survey of Hα emission line stars associated with 
fourteen bright rimmed clouds are presented. Slit-less optical spectroscopy 
was carried out with the Inter University Centre for Astronomy and Astro-
physics (IUCAA) 2 m telescope and IUCAA Faint Object Spectrograph and 
Camera (IFOSC). Hα emission line was detected from 173 objects. Among 
them 85 objects have a strong Hα emission line with its equivalent width 
larger than 10 Å. Those are classical T Tauri stars. 52 objects have a weak Hα 
emission line with its equivalent width less than 10 Å and do not show intrin-
sic near-infrared excess. Those are weak-line T Tauri stars. On the other 
hand, 36 objects have a weak Hα emission line (<10 Å), although they show 
intrinsic near-infrared excess. Such objects are not common in low-mass star 
forming regions. Those are misfits of the general concept on formation 
process of a low-mass star, in which it evolves from a classical T Tauri star to 
a weak-line T Tauri star. Those might be weak-line T Tauri stars with a flared 
disk in which gas is heated by ultraviolet radiation from a nearby early-type 
star. Alternatively, we propose pre-transitional disk objects as their evolu-
tional stage. 
 

Keywords 
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1. Introduction 

A T Tauri star (TTS) is a low-mass star in the pre-main sequence stage. It was 
first identified as a variable star [1]. Successive studies on low-mass star forming 
regions, such as the Taurus molecular cloud, revealed two types of TTSs, namely 
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classical TTSs (CTTSs) and weak-line TTSs (WTTSs). CTTSs show the Hα emis-
sion line with its equivalent width larger than 10 Å. WTTSs also show the Hα 
emission line, but its equivalent width is less than 10 Å. [2] investigated 
near-infrared colors of TTSs in the Taurus molecular cloud. They estimated the 
amount of the interstellar extinction from ( )E R I−  color and then calculated 
the dereddened colors of the TTSs. They noted that the WTTSs have the dered-
dened colors similar to those of normal main sequence stars. On the other hand, 
the dereddened colors of CTTSs occupy a narrow range in a ( ) ( )J H H K− − −  
color-color diagram. The range is well fitted by a linear line with an intersection 
with the reddening vector from an M6 dwarf at V 1.9A =  mag (hereafter 
termed as the dereddened CTTS line). Dereddened colors of approximately half 
of the CTTSs are redder than that intersection point. Such CTTSs have an in-
trinsic near-infrared excess. Those are brighter in the H- and/or K band than the 
radiation expected only from the photosphere. The intrinsic near-infrared excess 
of a TTS is caused by an optically thick circumstellar disk, and the amount of the 
excess depends on the optical thickness of the disk, geometric structure of the 
disk, and viewing angle of the disk [3] [4]. Approximately half of CTTSs show 
the intrinsic near-infrared excess while the other CTTSs do not. On the other 
hand, WTTSs do not show the intrinsic near-infrared excess. 

A low-mass star evolves from a protostar to a CTTS and subsequently a 
WTTS. [5] investigated the ages of TTSs in the Taurus molecular cloud. They 
used Hipparcos parallaxes as well as photometric and spectroscopic information 
for 72 TTSs. They plotted them on the HR diagram and then estimated their 
ages by comparing them to a pre-main sequence evolutionary track. It is re-
vealed that the ages of the CTTSs are younger than those of the WTTSs. A solar 
mass star evolves from a CTTS to a WTTS at the age of 4 × 106 yr. [6] deduced 
the surface gravity of TTSs in the Taurus molecular cloud from high resolution 
spectroscopy and then estimated their ages by plotting them on the HR diagram. 
The fraction of the objects with the intrinsic near-infrared excess decreases with 
the age. They concluded that the dissipation timescale of the circumstellar disk is 
3 - 4 × 106 yr. The general concept that a low-mass star evolves from a CTTS to a 
WTTS is well established by observational studies of nearby low-mass star 
forming regions. 

Bright rimmed clouds (BRCs) are molecular clouds harboring an IRAS source 
and are located at periphery of an HII region. Ultra-violet radiation from OB 
stars ionizes molecular cloud materials through shock and excites hydrogen 
atoms at the surface of the cloud, making diffuse Hα emission. [7] and [8] pre-
sented comprehensive catalogs of BRCs, in which 89 BRCs are listed. Properties 
of the clouds and young stellar objects (YSOs) associated with the clouds have 
been extensively investigated. [9] carried out millimeter mapping observations 
of molecular clouds associated with the W5 HII region. They noticed that mole-
cular clouds facing the HII region show a steep density gradient toward the HII 
region due to the compression of the HII region to the clouds. [10] conducted 
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Hα grism spectroscopy and optical narrow-band imaging observations of 28 
BRCs. They detected 460 Hα emission line stars. [11] carried out wide-field 
near-infrared imaging observations of 32 BRCs. They identified 2099 objects as 
YSO candidates. These observational studies confirmed the formation of 
low-mass stars in BRCs. [12] carried out a near-infrared survey of 44 BRCs. 
They indicated that stars with bluer colors are located closer to the OB star and 
those with redder colors were closer to the IRAS source. [13] presented a 
near-infrared image of BRC 14. They revealed that the fraction of YSO candi-
dates to all sources, the extinction of all sources, and the near-infrared excess of 
the YSO candidates increased from the outside of the rim to the center of the 
molecular cloud. These results indicated that star formation proceeds from out-
side to the center of the cloud. 

We conducted slit-less optical spectroscopy of 14 BRCs to identify Hα emis-
sion line stars. We discuss evolution process of a low-mass star in a massive-star 
forming region based on the relationship between the Hα emission line and its 
intrinsic near-infrared excess. 

2. Observations and Data Reduction 

Spectroscopic survey of Hα emission line stars were carried out on six nights of 
2011 January and 2012 January with IFOSC (IUCAA Faint Optical Spectrograph 
and Camera) mounted on the IUCAA 2-m telescope at Giravali near Pune, In-
dia. We used the IFOSC5 grism and the wide Hα filter, and we did not use any 
slits. IFOSC has a 2048 × 2048 CCD with the field of view of 10.5’ × 10.5’. We 
had spectra centered at 6563 Å with a width of 80 Å and spectral resolution of ~ 
9 Å. We also obtained V-band images. The targets were 14 BRCs listed in [7] 
and [8] that were observable on the observing date (Table 1). Three frames of 
300-s exposure each were obtained for spectroscopy and one frame of 60 s was 
obtained for imaging. The OB star making the HII region and the bright rim is 
located in the observing fields of view for BRCs 15, 24, and 25. However, these 
OB stars are so bright that their spectra were saturated. The general seeing con-
ditions varied between 0.9” and 2.0”. 

The object frames were calibrated with the Image Reduction and Analysis Fa-
cility (IRAF). Data were processed in standard manner, namely bias subtraction 
and flat fielding with the twilight frames. We detected point sources in the 
V-band image with SExtractor program. The limiting magnitude is approx-
imately 19 mag. Based on the coordinate of the source, a spectrum image of each 
object was extracted from the spectral frame. The spectrum extends along a line. 
We average the counts of each line and the average count was then subtracted 
from each line of the image. In the process, the continuum flux of the object was 
subtracted and the emission line appeared as a point source. We detected the 
emission line via the SExtractor program. We also confirmed the emission line 
by eye inspection. For the image with the emission line, we extracted a 1-D spec-
trum from the image prior to the continuum subtraction. An equivalent width of  
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Table 1. Properties of the observed bright rimmed clouds. 

Cloud 
RA 

[J2000] 
DEC 

[J2000] 
HII region 

Spectral type 
of the exciting star 

Distance 
[pc] 

obs. fields 

BRC 15 05 23 30.1 +33 11 54 S 236 O5V, O6V 3600 6 

BRC 16 05 19 48.9 −05 52 05 S 276 O7V, O8.5II, O9.5I 400 2 

BRC 17 05 31 28.1 +12 06 24 S 264 O5V 450 3 

BRC 18 05 44 29.8 +09 08 54 S 264 O5V 450 4 

BRC 19 05 34 30.7 −02 38 12 S 277 O9.5V 400 1 

BRC 21 05 39 41.3 −03 37 12 S 277 O9.5V 400 1 

BRC 23 06 22 58.7 +23 09 58 S 249 O9V 1900 1 

BRC 24 06 34 55.4 +04 25 14 S 275 O5V 1400 9 

BRC 25 06 41 03.3 +10 21 59 S 273 O7V 913 3 

BRC 26 07 03 47.2 −11 45 47 S 296 O7III 990 2 

BRC 27 07 03 58.7 −11 23 19 S 296 B0V 990 2 

BRC 28 07 04 43.4 −10 21 59 S 296 B0IV 990 2 

BRC 29 07 04 52.4 −12 09 26 S 296 O7.5V 990 1 

BRC 45 07 18 23.7 −22 06 13 RCW 14 O8V 1930 2 

 
the emission line was measured with the IRAF splot task. We did not fit a Gaus-
sian profile. The minimum equivalent width of the detected Hα emission line 
was 0.3 Å. 

3. Results 

Emission lines of Hα were identified from 173 objects (Table 2). Their equiva-
lent widths range from 0.3 Å to 132 Å. We investigated near-infrared properties 
of the emission line stars by using 2MASS photometries. The near-infrared col-
or-color diagram of the emission line stars are presented in Figure 1. We de-
fined the line parallel to the reddening vector through an M6 dwarf color as the 
near-infrared excess border. Among the emission line stars, 77 objects are plot-
ted redward of the border. We identified that such objects have the intrinsic 
near-infrared excess. The color-color diagram of TTSs in the BRCs is signifi-
cantly different from that of TTSs in Taurus. TTSs with the equivalent width less 
than 10 Å in Taurus are plotted blueward of the near-infrared excess border 
(Meyer et al. 1997). On the other hand, such objects in the BRCs are plotted on 
either side of the near-infrared excess border, like CTTSs in the BRCs and also 
like CTTSs in Taurus. 

In the Taurus molecular cloud, WTTSs are older than CTTSs. The ages of the 
TTSs in the BRCs were estimated on the ( ),I I J−  color-magnitude diagram 
with the isochrone of [14]. I-magnitudes of the objects were taken from the 
USNO-B1.0 catalog. Because the extinction vector is relatively parallel to the 
isochrone on this diagram, it is possible to roughly estimate the age of the object.  
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Table 2. Hα emission line stars. 

ID 
RA [J2000] 

h m s 
DEC [J2000] 

˚  ’  ” 
EW(Hα) 

Å 
J 

mag 
H 

mag 
K 

mag 
Identification 

BRC 15  

1 5  23  32.21 33  27  43.6 16.8 14.36 13.29 12.41 [PSM2011] 107 

2 5  23  15.81 33  27  43.5 3.8 15.17 14.25 13.96 [PSM2011] 135, [CMP2012] 975 

3 5  22  54.07 33  26  33.0 1.2 14.35 13.55 13.25 [PSM2011] 82, [CMP2012] 559 

4 5  22  51.19 33  26  32.9 11.4 15.96 15.19 14.59 [MSB2007]37, [PSM2011] 851, [CMP2012] 465 

5 5  22  53.82 33  25  41.5 13.9 15.93 14.89 14.12 [MSB2007]38, [PSM2011] 883, [CMP2012] 548 

6 5  22  52.30 33  24  7.4 1.7 13.58 12.71 12.25 [PSM2011] 61, [CMP2012] 496 

7 5  22  51.90 33  23  59.3 1.1 14.61 14.21 13.65 [PSM2011] 56 

8 5  22  51.04 33  25  47.1 2.5 13.08 12.34 11.75 [MSB2007] 41, [PSM2011] 847, [CMP2012] 461 

9 5  22  54.15 33  24  58.0 2.7 15.15 14.46 14.20 [PSM2011] 1168, [CMP2012] 563 

10 5  22  45.78 33  28  16.2 60 15.05 14.04 13.54 [PSM2011] 177, [CMP2012] 294 

11 5  22  18.44 33  28  21.2 6.3 11.13 11.04 10.98 NGC1893-256, [PSM2011] 1072, [CMP2012] 11 

12 5  22  51.04 33  25  47.1 1.1 13.08 12.34 11.75 [MSB2007] 41, [PSM2011] 847, [CMP2012] 461 

13 5  22  43.02 33  25  5.4 24.5 11.65 11.31 10.92 NGC1893-35, [MSB2007] 47, [PSM2011] 12 

14 5  22  43.78 33  25  25.8 40.1 12.38 10.77 9.42 [MSB2007] 46, [PSM2011] 92, [CMP2012] 241 

15 5  22  38.78 33  22  5.4 8.6 14.68 13.70 13.08 [PSM2011] 718, [CMP2012] 151 

16 5  22  46.84 33  29  27.9 9.6 14.83 13.9 13.36 [MSB2007] 40, [PSM2011] 131, [CMP2012] 329 

17 5  22  49.35 33  29  2.1 7.1 14.99 14.06 13.57 [PSM2011] 112, [CMP2012] 410 

18 5  22  49.57 33  30  1.5 28.8 14.42 13.45 12.95 [PSM2011] 137, [CMP2012] 414 

19 5  23  9.33 33  30  2.3 35.7 10.79 10.41 10.01 GGA 333, [PSM2011] 5 

20 5  23  6.32 33  31  1.7 6.4 14.74 13.82 13.24 [PSM2011] 97, [CMP2012] 873 

21 5  23  4.96 33  31  50.1 1.5 15.14 14.38 13.89 [PSM2011] 105, [CMP2012] 848 

22 5  22  52.23 33  29  58.0 6.8 12.68 11.91 11.35 [MSB2007] 34, [PSM2011] 31, [CMP2012] 494 

23 5  23  3.32 33  29  25.1 1.7 15.46 14.41 13.72 [MSB2007] 13, [PSM2011] 113, [CMP2012] 806 

24 5  23  2.76 33  29  40.2 8.8 15.47 14.60 13.90 [MSB2007] 17, [PSM2011] 175, [CMP2012] 795 

25 5  23  0.07 33  30  39.0 21.7 14.34 13.42 12.97 [PSM2011] 99, [CMP2012] 718 

26 5  22  58.11 33  30  41.0 9.3 13.84 13.30 12.63 [MSB2007] 27, [PSM2011] 33 

27 5  23  13.59 33  29  44.0 5.2 15.34 14.48 13.93 [PSM2011] 144, [CMP2012] 961 

28 5  23  1.07 33  29  25.1 30 15.97 14.89 14.19 [MSB2007] 21, [PSM2011] 253, [CMP2012] 743 

29 5  23  9.95 33  29  8.8 12.6 15.40 14.11 13.20 [MSB2007] 2, [PSM2011] 140, [CMP2012] 924 

19 5  23  9.33 33  30  2.3 35.7 10.79 10.41 10.01 GGA 333, [PSM2011] 5 

20 5  23  6.32 33  31  1.7 6.4 14.74 13.82 13.24 [PSM2011] 97, [CMP2012] 873 

21 5  23  4.96 33  31  50.1 1.5 15.14 14.38 13.89 [PSM2011] 105, [CMP2012] 848 

22 5  22  52.23 33  29  58.0 6.8 12.68 11.91 11.35 [MSB2007] 34, [PSM2011] 31, [CMP2012] 494 

23 5  23  3.32 33  29  25.1 1.7 15.46 14.41 13.72 [MSB2007] 13, [PSM2011] 113, [CMP2012] 806 
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J mag 
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24 5  23  2.76 33  29  40.2 8.8 15.47 14.60 13.90 [MSB2007] 17, [PSM2011] 175, [CMP2012] 795 

25 5  23  0.07 33  30  39.0 21.7 14.34 13.42 12.97 [PSM2011] 99, [CMP2012] 718 

26 5  22  58.11 33  30  41.0 9.3 13.84 13.30 12.63 [MSB2007] 27, [PSM2011] 33 

27 5  23  13.59 33  29  44.0 5.2 15.34 14.48 13.93 [PSM2011] 144, [CMP2012] 961 

28 5  23  1.07 33  29  25.1 30 15.97 14.89 14.19 [MSB2007] 21, [PSM2011] 253, [CMP2012] 743 

29 5  23  9.95 33  29  8.8 12.6 15.40 14.11 13.20 [MSB2007] 2, [PSM2011] 140, [CMP2012] 924 

30 5  23  3.82 33  29  24.2 2 14.80 13.90 13.30 [MSB2007] 12, [PSM2011] 114, [CMP2012] 819 

31 5  23  4.05 33  29  48.4 26.3 15.03 13.95 13.15 [MSB2007] 16, [PSM2011] 201, [CMP2012] 825 

BRC 17  

1 5  31  23.12 12  10  33.7 6.9 13.17 12.46 12.02 

2 5  31  26.94 12  10  20.5 2.7 11.96 11.25 10.89 

3 5  31  23.59 12  9  43.9 5.2 10.42 9.62 9.19 HI Ori, HBC 93, [DM99] 143 

4 5  31  28.05 12  9  10.3 16.8 9.41 8.31 7.34 HK Ori, HBC 94 

5 5  31  15.51 12  11  23.7 2.5 12.10 11.21 10.72 [DM99] 136 

6 5  31  19.46 12  9  15.3 2.2 11.99 10.78 10.09 

7 5  30  51.70 12  8  36.7 26.5 11.64 10.87 10.45 V4480 Ori, HBC 91, [DM99]125 

8 5  31  12.49 12  7  54.5 2 13.29 12.52 12.21  

9 5  31  21.91 11  54  56.7 2.2 13.60 12.96 12.69  

BRC 18  

1 5  44  19.40 9  16  19.3 3.5 13.12 12.39 12.03 

2 5  44  22.89 9  10  35.3 2.5 12.45 11.72 11.45 [DM99] 247 

3 5  44  23.21 9  12  3.9 1.4 10.00 9.36 8.95 [DM99] 248 

4 5  44  37.32 9  11  59.1 3.8 12.95 12.33 12.05 

5 5  44  37.02 9  13  20.0 15.4 12.33 11.66 11.33 [DM99] 252 

6 5  44  30.23 9  12  23.8 8.1 14.13 13.36 12.91 

7 5  44  17.35 9  10  59.2 17 10.79 10.04 9.62 V630 Ori, [DM99] 244 

8 5  44  25.73 9  12  1.3 1.9 13.07 12.35 12.09 

9 5  44  10.04 9  8  40.8 43.2 13.85 13.12 12.64 

10 5  44  14.86 9  8  8.2 9.4 12.67 11.97 11.67 [DM99] 243 

11 5  44  7.26 9  6  38.1 41.9 11.66 10.94 10.68 V629 Ori, [DM99] 240 

12 5  44  28.66 9  6  18.6 8.8 14.43 13.81 13.46 

13 5  44  8.99 9  9  14.8 3.4 11.10 10.03 9.25 QR Ori, [DM99] 241 

14 5  44  12.77 9  5  10.5 10.5 13.26 12.59 12.24 

15 5  43  56.59 9  18  16.9 26.8 12.85 12.04 11.67 [DM99] 238 

16 5  43  31.22 9  17  46.3 10.8 12.88 12.30 11.97  
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17 5  43  57.00 9  16  24.0 38.8 12.34 11.57 11.17  

18 5  43  50.67 9  12  25.0 10.3 13.33 12.37 11.82  

19 5  43  39.59 9  10  40.8 4.9 13.34 12.66 12.35 

20 5  43  51.36 9  13  40.6 66.9 14.62 13.98 13.74 

21 5  43  32.20 9  9  24.0 7.2 11.29 10.55 10.19 V626 Ori, [DM99]231 

22 5  43  44.50 9  8  1.2 20.8 14.57 12.62 11.09 

23 5  43  53.50 9  7  11.8 42 13.09 12.23 11.71 

24 5  43  20.92 9  6  7.1 5 10.07 9.13 8.41 V625 Ori, [DM99]227 

25 5  43  52.20 9  6  51.4 1.8 14.45 13.82 13.56 

BRC 19  

1 5  34  34.24 −2  58  16.6 55 12.77 11.67 11.03 Haro 5-83 

2 5  34  20.38 −2  57  46.9 3.1 13.75 12.27 11.27 V1945 Ori 

BRC 24 

1 6  34  25.74 4  28  15.8 20.6 14.57 13.55 12.76 [WFT2009] RMCX 324 

2 6  34  41.04 4  27  9.9 15.9 14.82 13.50 12.68 

3 6  33  50.40 4  32  55.9 3.5 13.11 12.42 11.98 

4 6  34  2.21 4  30  7.6 9.9 14.43 13.49 13.00 [WFT2009] RMCX 189 

5 6  34  17.07 4  27  35.3 22.5 14.72 13.53 12.69 

6 6  34  4.22 4  34  34.1 9.9 14.45 13.44 12.86 [WFT2009] RMCX 199 

7 6  34  3.41 4  34  8.8 22 13.24 12.36 11.72 [WFT2009] RMCX 195 

8 6  33  58.01 4  33  31.3 20.2 14.75 13.71 12.97 [WFT2009] RMCX 179 

9 6  33  55.73 4  28  23.4 14.4 15.48 14.41 13.85 

10 6  33  54.60 4  29  41.6 6 15.35 13.87 12.88 

11 6  34  8.90 4  29  38.5 13.7 15.15 14.13 13.64 [WFT2009] RMCX 233 

12 6  33  45.75 4  31  3.5 25.4 15.24 14.08 13.56 

13 6  33  56.09 4  31  19.3 32.1 14.65 13.65 13.11 [WFT2009] RMCX 172 

14 6  34  2.85 4  34  51.0 2.4 13.55 12.68 12.20 [WFT2009] RMCX 190 

15 6  33  41.16 4  37  5.1 3.8 14.01 12.94 12.17 [WFT2009] RMCX 149 

16 6  32  35.75 4  46  30.4 23 14.01 13.10 12.56 [BNM2013] 66.01 15 

4 6  34  2.21 4  30  7.6 9.9 14.43 13.49 13.00 [WFT2009] RMCX 189 

5 6  34  17.07 4  27  35.3 22.5 14.72 13.53 12.69 

6 6  34  4.22 4  34  34.1 9.9 14.45 13.44 12.86 [WFT2009] RMCX 199 

7 6  34  3.41 4  34  8.8 22 13.24 12.36 11.72 [WFT2009] RMCX 195 

8 6  33  58.01 4  33  31.3 20.2 14.75 13.71 12.97 [WFT2009] RMCX 179 

9 6  33  55.73 4  28  23.4 14.4 15.48 14.41 13.85  
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10 6  33  54.60 4  29  41.6 6 15.35 13.87 12.88  

11 6  34  8.90 4  29  38.5 13.7 15.15 14.13 13.64 [WFT2009] RMCX 233 

12 6  33  45.75 4  31  3.5 25.4 15.24 14.08 13.56 

13 6  33  56.09 4  31  19.3 32.1 14.65 13.65 13.11 [WFT2009] RMCX 172 

14 6  34  2.85 4  34  51.0 2.4 13.55 12.68 12.20 [WFT2009] RMCX 190 

15 6  33  41.16 4  37  5.1 3.8 14.01 12.94 12.17 [WFT2009] RMCX 149 

16 6  32  35.75 4  46  30.4 23 14.01 13.10 12.56 [BNM2013] 66.01 15 

17 6  32  34.95 4  44  39.2 32.8 10.11 9.90 9.53 NGC2244 279 

18 6  32  45.11 4  45  23.1 15.5 13.33 12.29 11.57 [WTF2008] Main 878 

19 6  32  31.01 4  50  6.0 1.5 12.07 11.57 11.09 NGC2244 269 

20 6  32  31.44 4  42  34.0 0.5 11.74 11.03 10.83 [WTF2008] Main 831 

21 6  32  50.74 4  44  47.6 1.3 12.94 12.09 11.70 [WTF2008] Main 898 

22 6  32  1.83 4  53  38.6 6.5 14.26 13.32 12.91 [WTF2008] Main 498 

23 6  32  7.82 4  52  28.4 18.3 14.03 13.21 12.76 [WTF2008] Main 590 

24 6  32  4.66 4  54  51.5 2.8 13.80 12.92 12.54 [WTF2008] Main 541 

25 6  32  4.53 4  53  25.0 2.7 13.59 12.71 12.23 [WTF2008] Main 536 

26 6  31  41.02 4  54  47.9 8.3 14.18 13.36 12.95 [WTF2008] Main 133 

27 6  31  43.85 5  2  57.5 4 13.27 12.38 11.97 [WTF2008] Main 169 

28 6  31  49.26 4  57  0.9 5.4 13.7 12.85 12.27 [WTF2008] Main 254 

29 6  31  51.65 4  55  5.2 6.7 13.91 13.01 12.45 V547 Mon 

30 6  31  29.76 4  54  49.1 8.8 11.45 10.89 9.69 GGA 395, NGC2244 74 

31 6  31  39.62 4  59  45.1 23.5 14.12 13.13 12.65 [WTF2008] Main 124 

32 6  31  39.88 4  56  39.1 17.8 15.05 14.10 13.62 

33 6  31  20.87 5  4  8.5 3.8 14.07 13.23 12.71 [BNM2013] 66.03 296 

34 6  31  48.31 4  58  20.3 5.8 12.43 11.57 11.08 [WTF2008] Main 243 

35 6  31  29.52 4  54  34.2 8.1 14.92 14.11 13.72 [WTF2008] Main 43 

36 6  30  42.71 4  55  31.4 1.7 11.23 10.47 9.75 V539 Mon 

37 6  31  0.55 4  58  7.3 8.4 14.64 13.76 13.18 [WFT2010] 126 

38 6  31  30.96 5  6  58.5 28.6 12.88 12.08 11.60 

39 6  31  40.00 5  5  56.4 6.3 9.68 8.96 8.27 NGC2244 106 

40 6  31  2.88 5  3  49.3 8.9 13.74 12.84 12.38 [WFT2010] 134 

41 6  31  12.63 5  5  2.6 3.6 14.42 13.30 12.62  

BRC 25  

1 6  41  1.53 10  14  56.1 20.7 12.93 12.18 11.66 LkHα 46 

2 6  41  7.48 10  15  4.5 3.3 13.24 12.47 12.15 ESO-Hα 493 
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3 6  41  9.85 10  15  2.6 11.1 13.19 11.80 10.85 ESO-Hα 504 

4 6  41  7.01 10  16  28.9 1.3 12.99 12.32 12.06 

5 6  40  59.79 10  2  12.6 15.5 14.66 13.82 13.50 ESO-Hα 454 

6 6  41  2.86 10  7  11.9 4.5 13.98 13.22 12.87 ESO-Hα 468 

7 6  41  7.26 9  58  31.2 0.3 12.54 11.87 11.68 V609 Mon 

8 6  40  49.21 9  57  38.8 12.4 13.57 12.74 12.37 ESO-Hα 415 

9 6  41  17.25 9  54  32.4 25.6 12.83 12.05 11.55 IQ Mon 

10 6  40  49.75 9  52  58.6 2.7 14.20 13.56 13.33 V343 Mon 

11 6  40  50.59 9  54  57.3 6.1 12.47 11.69 11.28 LkHα 31 

12 6  40  52.55 9  52  6.0 2 12.69 11.97 11.72 ESO-Hα 425 

13 6  41  12.58 9  52  31.2 9.6 11.49 10.69 10.21 MM Mon 

14 6  40  59.45 9  59  45.5 4.9 12.78 12.09 11.69 V602 Mon 

15 6  40  54.88 9  53  12.4 5.5 13.92 13.09 12.40 ESO-Hα 435 

16 6  40  46.95 9  52  40.6 42 14.75 14.06 13.41 ESO-Hα 405 

17 6  40  54.11 9  52  24.6 28.9 15.34 14.88 14.33 ESO-Hα 432 

18 6  40  54.20 9  55  52.0 32 13.70 12.94 12.76 NGC2264 SBL 219 

BRC 26  

1 7  3  40.75 −11  46  16.6 22.7 15.24 14.06 13.21 

2 7  3  48.22 −11  41  46.0 5.2 13.61 12.84 12.55 

3 7  4  7.18 −11  40  32.7 3.9 14.08 13.87 13.73 

4 7  3  49.91 −11  31  17.0 8.2 14.03 13.20 12.95 

5 7  3  54.00 −11  32  47.9 5.2 12.34 11.61 11.18 

6 7  3  54.03 −11  32  37.2 63.1 14.57 13.7 13.29 

7 7  3  58.35 −11  33  34.6 19.1 14.92 13.93 13.52 

8 7  4  1.33 −11  36  17.5 26.3 14.77 13.93 13.42 

9 7  4  0.68 −11  37  49.3 12.8 13.98 13.23 12.93 

10 7  3  38.52 −11  31  51.9 22.8 14.22 13.28 12.75 

11 7  3  43.68 −11  36  56.6 33.3 14.89 13.92 13.66 

12 7  4  4.70 −11  31  15.9 24.5 15.57 14.66 14.38 

13 7  3  58.06 −11  32  39.9 3.4 14.10 13.23 12.93 

14 7  3  50.34 −11  32  51.4 16.3 15.81 14.92 14.30 [CPD2009] J070350.34-113251.4 

15 7  4  0.41 −11  33  59.6 2.4 12.10 10.92 10.19 [CPD2009] J070400.41-113359.5 

16 7  3  56.71 −11  35  9.6 23.3 14.34 12.95 12.11 [CPD2009] J070356.71-113509.6 

17 7  4  3.94 −11  35  57.1 11.6 14.51 13.63 13.21  

18 7  4  5.53 −11  39  52.4 28.2 15.62 14.72 14.20  

19 7  3  48.98 −11  37  19.4 20 15.42 14.58 14.24  
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BRC 27 

1 7  4  8.04 −11  23  54.7 16.9 13.12 12.44 12.20 [OSP2002] BRC 27 22 

2 7  4  6.70 −11  26  8.5 17 10.76 10.02 9.12 LkHα 220 

3 7  4  9.96 −11  23  16.4 18 11.79 10.71 9.83 [OSP2002] BRC 27 25 

4 7  3  53.04 −11  29  35.3 10.9 12.36 11.54 10.95 LkHα 219 

5 7  3  54.03 −11  32  37.2 88.3 14.57 13.7 13.29 

6 7  3  49.9 −11  31  17.0 10.1 14.03 13.20 12.95 

7 7  3  45.76 −11  23  14.9 5.8 13.59 12.59 12.19 

8 7  4  4.27 −11  23  55.7 100 15.01 14.02 13.54 [OSP2002] BRC 27 12 

9 7  4  5.93 −11  23  58.7 6.1 14.42 13.47 12.93 [OSP2002] BRC 27 16 

10 7  4  12.93 −11  24  3.2 5.9 15.37 14.39 13.91 [OSP2002] BRC 27 28 

11 7  3  47.58 −11  22  33.9 3.5 13.93 13.15 12.85 

12 7  3  57.05 −11  30  16.9 131.8 15.30 14.63 14.30 

13 7  4  22.75 −11  27  50.9 12.8 14.24 13.36 12.95 

14 7  4  20.87 −11  29  36.2 18.6 13.80 12.88 12.29 [CPD2009] J070420.87-112936.2 

15 7  4  17.79 −11  28  21.2 23 14.50 13.75 13.3 

16 7  4  45.00 −11  27  58.9 28 14.86 14.16 13.80 

17 7  4  23.25 −11  24  17.3 5.8 13.45 12.64 12.19 

18 7  4  16.80 −11  24  32.4 46.2 14.12 13.21 12.60 [CPD2009] 112 

19 7  4  40.79 −11  25  37.0 7 14.38 13.57 13.26 

20 7  4  13.53 −11  24  55.8 15.3 12.19 11.29 10.78 [OSP2002] BRC 27 29 

21 7  4  26.26 −11  31  20.7 17.8 12.47 11.60 11.15 LkHα 222 

BRC 45  

1 7  18  36.26 −22  7  14.6 9.7 15.71 14.87 14.67  

2 7  18  22.93 −22  4  14.5 10.5 13.3 12.45 11.84 

3 7  18  28.46 −22  5  15 31.5 15.07 14.03 13.36 

4 7  18  39.85 −22  0  42.2 10.3 15.50 14.73 14.51 

5 7  19  2.80 −22  1  4.6 38.6 13.80 12.97 12.24 

6 7  18  56.73 −22  1  5.3 12.8 14.89 14.09 13.55 

7 7  18  57.67 −22  1  36.4 31.1 14.66 13.47 12.83  

[CDP2009]: [17]; [CMP2012]: [18]; [DM99]: [19]; [BNM2013]: [20]; [MSB2007]: [21]; [OSP2002]: [10]; [PSM2011]: [22]; [WFT2009]: [23]; [WTF2008]: 
[24]. 
 

It is indicated that majority of the objects have the age between 1 Myr and 10 
Myr. We did not find any differences in the ages between the objects with a 
strong Hα emission line and the objects with a weak Hα emission line. 

Masses of the TTSs were estimated with the isochrones of [14] [15] and [16]  
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Figure 1. Near-infrared color-color diagram of the Hα emission line stars in the BRCs. A 
certain portion of stars with a weak Hα emission line show intrinsic near-infrared excess. 

 
on the ( ),J J H−  color-magnitude diagram. It is revealed that most of the ob-
jects have mass between 0.5 M



 and 2 M


. 

4. Discussion 

We identified Hα emission line stars in the BRCs. Some objects show intrinsic 
near-infrared excess and the others do not. We investigated the relationship be-
tween the intrinsic near-infrared excess and the Hα equivalent widths (Figure 
2). The intersection of the reddening vector originating from the observed JHK 
colors of the TTSs and the dereddened CTTS line represents the amount of the in-
trinsic near-infrared excess of the TTS. Zero point of the intrinsic near-infrared 
excess is defined as the intersection of the near-infrared excess border and the 
dereddened CTTS line. We also defined the point of unity of the intrinsic 
near-infrared excess as the reddest intrinsic color of CTTSs (Meyer et al. 1997). The 
object with the intrinsic near-infrared excess > 0 has an intrinsic near-infrared 
excess. CTTSs and WTTSs are classified by the Hα equivalent width. We classi-
fied the objects into four types. Type 1 object has the Hα emission line with its 
equivalent width less than 10 Å and does not show the intrinsic near-infrared 
excess. Type 2 object has the Hα emission line with its equivalent width less than 
10 Å and shows the intrinsic near-infrared excess. Type 3 object has the Hα  

https://doi.org/10.4236/ijaa.2019.92012


K. Hosoya et al. 
 

 

DOI: 10.4236/ijaa.2019.92012 165 International Journal of Astronomy and Astrophysics 

 

 
Figure 2. The intrinsic near-infrared excess and the equivalent widths of the Hα emission line 
of the TTSs associated with the BRCs. Type 3 objects and Type 4 objects are identified as 
CTTSs and Type 1 objects as WTTSs. Type 2 objects are newly identified with this study. 

 
emission line with its equivalent width larger than 10 Å and does not show the 
intrinsic near-infrared excess. Type 4 object has the Hα emission line with its 
equivalent width larger than 10 Å and shows the intrinsic near-infrared excess. 
For the Hα emission line stars in the observed BRCs, 30% stars are classified into 
Type 1, 21% into Type 2, 25% into Type 3, and 24% into Type 4. We do not find 
mass nor extinction dependencies on the object types. 

Hα emission line stars in other star forming regions were also investigated. 
We used the Hα equivalent widths listed in [25] for the objects in the Taurus 
molecular cloud, [26] for the Chamaeleon molecular cloud, [27] for the ρ Ophi-
uchi cloud, [28] and [29] for BRCs, and [30] for the Orion cluster. Near-infrared 
magnitudes of the Hα emission line stars were taken from 2MASS catalog. Table 
3 shows the classification of the Hα emission line stars in the regions. It is re-
vealed that Type 2 objects are abundant in the massive star forming regions such 
as BRCs compared to those in the low-mass star forming regions such as the 
Taurus molecular cloud. On the other hand, difference in the spatial distribu-
tions of Type 2 objects and the other type objects is not identified for the BRCs 
observed in this study and IC 1396 cluster. 

https://doi.org/10.4236/ijaa.2019.92012


K. Hosoya et al. 
 

 

DOI: 10.4236/ijaa.2019.92012 166 International Journal of Astronomy and Astrophysics 

 

Table 3. Classification of the Hα emission line stars. 

Region Type 1 Type 2 Type 3 Type 4 

BRC (this study) 52 (30%) 36 (21%) 44 (25%) 41 (24%) 

BRC (Ikeda et al.) 177 (36%) 108 (22%) 98 (20%) 108 (22%) 

IC 1396 (Nakano et al.) 236 (37%) 45 (7%) 249 (39%) 109 (17%) 

Orion 167 (31%) 16 (3%) 221 (41%) 135 (25%) 

Taurus 53 (42%) 5 (4%) 25 (20%) 42 (34%) 

Chamaeleon 44 (63%) 3 (4%) 14 (18%) 12 (15%) 

ρ Oph 185 (81%) 7 (3%) 21 (9%) 16 (7%) 

 
The general concept that a low-mass star evolves from a CTTS to a WTTS is 

well established by many observational studies of nearby low-mass star forming 
regions. In our definition, Type 3 and Type 4 objects correspond to CTTSs and 
Type 1 objects to WTTSs. Dissipation process of a circumstellar disk around a 
low-mass star in strong UV field emanating from a nearby OB star has been 
widely discussed. [31] observed the Arches cluster near the Galactic center. They 
identified a significant population of near-infrared excess sources. The disk frac-
tion of B-type star was derived as 6% in the Arches cluster. On the other hand, 
the fraction was as low as 3% in the vicinity of O-type stars in the cluster core. 
They concluded that disk dissipation process was more rapid in compact star-
burst clusters than in moderate star-forming environments. 

Disk dissipation process due to UV radiation is also examined by numerical 
simulations. [32] considered circumstellar disk evolution in strong far-UV radi-
ation fields from external stars. It is revealed that the UV radiation from nearby 
OB stars heats the gas near the disk edge and effectively drives mass loss from 
circumstellar disks. They also found that the UV radiation photoevaporates 
disks and disk radii are truncated to less than ~100 AU. 

Type 2 objects have a weak Hα emission line but show the intrinsic near-infrared 
excess. Those are classified into WTTSs from optical spectroscopy, albeit into 
CTTSs from near-infrared photometry. The general concept of the formation 
process of a low-mass star does not involve such objects. We propose two hypo-
theses for Type 2 objects. The first hypothesis involves the idea that a Type 2 ob-
ject is a WTTS with a flaring circumstellar disk. The Hα emission line stars are 
associated with the BRCs. Photons from the nearby OB star ionize hydrogen 
atoms outside the BRCs and excite hydrogen atoms at the boundary of the BRCs. 
Type 2 objects may be irradiated by UV photons from the nearby OB star. [33] 
calculated the structure of a circumstellar disk irradiated by UV radiation ema-
nating from a nearby massive star, based on the circumstellar disk model of [34] 
and [35]. They indicated that the disk has large scale height, because gas in the 
disk is heated by the UV radiation then expands. We constructed SEDs of the 
Hα emission line stars in IC 1396 cluster with the photometric data of Guide 
Star Catalog, 2MASS catalog, and WISE catalog, then fitted them with the SED 

https://doi.org/10.4236/ijaa.2019.92012


K. Hosoya et al. 
 

 

DOI: 10.4236/ijaa.2019.92012 167 International Journal of Astronomy and Astrophysics 

 

model of [36]. Surface height of the circumstellar disk is expressed as, 

( ) 0
0

,rH r H
R

β
 

=  
 

                       (1) 

where 0H  is the disk half-thickness, 0R  is the radius of the central star, and 
β  is the flaring parameter [37]. β  is deduced to be between 1.00 and 1.20 for all 
objects. The average β  are 1.067 0.008± , 1.095 0.015± , and 1.106 0.009±  
for Type 1, 3, and 4 objects, respectively, while that of Type 2 objects is as high as 
1.125 0.011± . Large β  of Type 2 objects supports the idea that those are 
WTTSs with a highly flared disk, although the difference in β  between Type 2 
and Type 4 is less than 2σ significance level. Spatial distribution of Type 2 ob-
jects should be inhomogeneous, if this hypothesis is valid. One may guess rich 
population of Type 2 objects outside the BRC or at the surface of the BRC. 
However, we do not find such spatial distribution of Type 2 objects. 

Another hypothesis is that Type 2 objects are pre-transitional disk objects. A 
transitional disk object has a circumstellar disk with an inner hole created by 
photo evaporation of a central star or planet formation. A pre-transitional disk 
object has a small and optically thick disk in the inner hole of the circumstellar 
disk. If near-infrared excess arises from the inner disk and a small amount of 
material accretes from the inner disk to the photosphere, then the object is clas-
sified into Type 2 object. We investigated Hα strength and near-infrared excess 
of five pre-transitional disk objects listed in [38]. Four objects are located in the 
Type 2 region, or in Type 4 region near the border between Type 2 region and 
Type 4 region in the near-infrared excess and Hα equivalent width diagram. Si-
milarities between Type 2 objects and pre-transitional disk objects is also found 
in the near-infrared and WISE colors. We plotted the TTSs in the BRCs, the 
transitional disk objects in the L 1641 cloud [39], and the known pre-transitional 
disk objects on the near-infrared and WISE color diagram (Figure 3). Majority 
of Type 2 objects are not plotted in the transitional disk object region, but their 
K- [4.6] colors are redder than that of the transitional disk objects. The known 
pre-transitional disk objects and Type 2 objects in the BRCs are plotted on the 
similar region in the diagram. 

[40] carried out near-infrared polarimetry of BRC 74. They found that the 
magnetic field in the layer just behind the rim ran along the rim. The estimated 
magnetic field strength was ~90 μG, stronger than that far inside, ~30 μG, the-
reby suggesting that the magnetic field inside the rim is enhanced by the 
UV-radiation-induced shock. A proto-planetary disk has an inner stable region 
and an outer unstable region, if it magnetizes. [41] indicated that the boundary 
between stable and unstable regions is located at ~ 20 AU from the central star and 
the stable region shrinks in strong magnetic field environment. An abundant pop-
ulation of Type 2 objects in the BRCs may indicate slow evolution from CTTSs to 
WTTSs. Geometric structure and evolution timescale of a proto-planetary disk in 
the close vicinity of the central star under a strong magnetic field is to be inves-
tigated. 
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Figure 3. The near-infrared K-band and WISE 4.6 μm-, 12 μm-, and 22 μm-bands color 
diagram of Type 2 objects, transitional disk objects, and pre-transitional disk objects. The 
region enclosed by a dashed line is the region of the transitional disk objects. Type 2 ob-
jects and pre-transitional disk objects have redder color in K-[4.6] color. 

5. Conclusion 

We have conducted slit-less optical spectroscopy for 14 bright rimmed clouds 
and found 173 Hα emission line stars. Among them, 36 objects have a weak Hα 
emission line, but show intrinsic near-infrared excess. Those are identified as 
WTTSs with optical spectroscopy, but as CTTSs with near-infrared photometry. 
The general concept of the formation process of a low-mass star does not involve 
such objects. Those might be weak-line T Tauri stars with a flared circumstellar 
disk in which gas is heated by ultraviolet radiation from a nearby early-type star. 
Alternatively, those might be pre-transitional disk objects. 
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