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Abstract

Based on the concept of translation elasticity we restate in this note the Fire and Grosskopf's [1]
conditions for additive separability of the profit function. We show that for the profit function to
be additively separable, the technology must satisfy both simultaneous input-and-output transla-
tion homotheticity and graph translation homotheticity.
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1. Review

Fare and Grosskopf [1] derived conditions on production technology which are required for the profit function
to be additively separable into a revenue function component depending only on output prices and a cost func-
tion component depending only on input prices. In particular, they showed that simultaneous input-and-output
translation homotheticity of production technology implies additive separability of the profit function and vice
versa, for some input and output direction vectors such as that the inner product of output prices and the output
direction vector is equal to the inner product of inputs prices and the input direction vector. In the light of recent
work by Balk, Fare and Karagiannis [2] one can verify that the latter condition implies indeed graph translation
homotheticity. We may then restate Féare and Grosskopf’s [1] proposition as following: the profit function is ad-
ditively separable if and only if technology is simultaneous input-and-output translation homothetic and exhibits
graph translation homotheticity.

Let xeR] denote a vector of inputs and y e R[", a vector of outputs with we R}, and peR[", being

their corresponding price vectors. The technology is defined in terms of T = {(x y) : X can produce y} , which is
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closed, allows for free disposability of inputs and outputs, and it contains (0”,0”“). Then the directional tech-
nology distance function, which is the negative of the shortage function introduced by Luenberger [3], is given
as (see Chambers, Chung and Fére [4]):

—T

D (x, y;gx,gy) =sup{5:(x—5gx,y+5gy)eT}

and has the following properties: first, BT(X, y;gx,gy)zo if and only if (x,y)eT assuming (x,y) are

freely disposable; second, it is non-decreasing in x if inputs are freely disposable; third, it is non-increasing in
y if outputs are freely disposable; fourth, itis concave in x and y if T is convex; fifth,

BT(x—;/gx,y+ygy;gx,gy):5T(x, y:9,-9,)—7 (translation property); and sixth, it is homogeneous of de-
gree —1 in the direction vector (gX .9y ) e R™™. The directional technology distance function is general enough

and it contains all other forms of directional functions as special cases. In particular, g, =0 results in the di-
rectional input distance function while g, =0 gives rise to the directional output distance function.

Following Fare and Grosskopf [1], the technology is simultaneously input-and-output translation homothetic
if the directional technology distance function takes the form:

2D (x¥:9,.9,)=D (Ly;g,)+D (xLg,) €

where D (Ly:ig,) and D' (x,1g,) are the directional output and input distance functions, respectively.
On the other hand, additive separability of the profit function implies that [5]:

z(w,p)=R(p,1)-C(w]1) 2

In order to prove that (1) implies (2) and vice versa, Fare and Grosskopf [1] had to chose g, and g, such

that w'g, = p'g,, i.e., the value of output direction vector is equal to the value of input direction vector, which

at a first instance may be seen as a convenient normalization. Nevertheless, based on recent work by Balk, Fare
and Karagiannis [2] we can now claim that this is far from being just a convenient normalization. Quite the op-
posite: it is related to a particular property of production technology, namely graph translation homotheticity. To
see this we follow Balk, Fare and Karagiannis [2] in defining the translation elasticity as:

—T1Y
w5

—T1Y\
(VyD ) g,

0-- @A)

which gives the maximal number of times the output direction vector g, is allowed by the technology to be
added into output quantities when the input direction vector g, has been added a particular number of times
into input quantities. From the duality between the profit function and the directional technology distance func-
tion we have (see Chambers, Chung and Fare [4]):

7(pw)= nl%x{p'y—w’erBT(x, ¥:9,.9,)(p'g, +w’gx)}

with the corresponding first-order conditions being —w+V, D" (p'g, +wg,)=0 and

P+ VVBT (p'g, +w'g, )=0. By substituting them into (3) one can verify that 6 =w'g, /p'g, , namely that the
translation elasticity is equal to the relative value of the input and the output direction vector. Then, constant re-
turns to translation in the direction of (gx,gy) imply that 6 =1 and thus, w'g, = p'g, . This in turn implies

that (VXBT) g, +(Vy5T) g, =0, i.e., graph translation homotheticity [6]. In addition, Briec and Kerstens

[7] showed that in this case
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20" (x¥:0,.9,)=D (xy:9,)=D (xy:9,) 4)
Combining (1) and (4) results in the following form of the directional technology distance function:
2D (x¥:8,,9,)=D (Ly:g,)+D (x%9,)=D (x¥:9,)=D (x.y:0,) 5)

We can thus replace the requirement of w'g, = p'g, in Fare and Grosskopf [1] conditions for the separabi-
lity of the profit function with that of the last two equalities in (5).

2. Conclusion

In this note we have restated the directional distance function characterization of the technology required for ad-
ditive separability of the profit function based on the concept of translation elasticity. We have shown in partic-
ular that for the profit function to be additively separable, the technology must satisfy both simultaneous in-
put-and-output translation homotheticity and graph translation homotheticity.
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