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Abstract 
 
This paper describes the operating characteristics of NPN 4H-SiC (a polytype of silicon carbide) bipolar 
junction transistor (BJT) and 4H-SiC Darlington Pairs. A large amount of experimental data was collected. 
The wafer BJTs were able to block over the rated 600 V in the common-emitter configuration and the 
TO-220 BJTs were able to block over the 1200 V rated voltage. In the thermal analysis, it is found out that at 
higher temperatures the forward and reverse (blocking) characteristics were stable at 100°C and 200°C. The 
transistors show positive temperature coefficients of forward voltage (Vf). In general the current gain () 
characteristics obtained (with VCE = 6 V) were approximately as expected for the BJTs. The ’s were very 
low (2 to 5 for wafer BJTs, 5 to 20 for the wafer Darlington Pairs, and 5 to 30 for TO-220 BJTs). The large 
amount of experimental data collected confirms some of the superior properties of the Silicon carbide mate-
rial when used to fabricate power semiconductor devices, namely high thermal conductivity and high tem-
perature operability. The data presented here will establish the trends and the performance of silicon carbide 
devices. The silicon carbide BJT has fast switching and recovery characteristics. From the analysis, silicon 
carbide power devices will be smaller (about 20 times) than a similar silicon power device and with reduced 
power losses. Silicon carbide will also be very useful for device integration in high densities, as found in in-
tegrated chips for current handling capabilities, for applications in instrumentation and measurements. Pres-
ently, most of the research is on improving the basic silicon carbide material quality, power device optimiza-
tion, and applications engineering using devices that have been developed to date. 
 
Keywords: Silicon Carbide, Static Characteristics, Dynamic Characteristics 

1. Introduction 
 
Today’s efforts to replace conventional mechanical, hy-
draulic, and pneumatic power transfer systems with elec-
tric drives and their power electronics converters have 
taken off at an increasingly rapid rate (e.g., automobile 
electric brakes, traction control and electronic stabil-
ity-control systems, electronic power-assisted steering 
(EPAS), etc.). The high demand for small power devices 
for instrumentation and measurements is expected to stay 
that way for many years to come, thereby challenging 
technology and circuit design in an unprecedented fash-
ion. Biological and biologically-inspired instruments 
(e.g., nano-technology probes, MEMS, and so on) as 
well as portable equipment (e.g., laptops, palm pilots, 

camera recorders, midi players, meters, and more) are a 
few examples driving new areas of research in instru-
mentation and measurements. If silicon carbide (SiC) 
devices (power transistors, integrated chips (ICs), etc.) 
are developed and commercialized, they will replace 
silicon (Si) devices, since SiC devices will offer im-
provements to system weight, volume, losses, efficiency, 
and temperature capability. These improvements are 
needed over the next few years to realize the full poten-
tial of more-electric system paradigms and reduced 
power consumption goals. Table 1 illustrates many of 
the benefits SiC has to offer. This paper is an expansion 
and continuation of our paper [1] on the characteristics of 
SiC bipolar transistors. 

Silicon carbide material has been widely studied be-  



J. A. ASUMADU  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                 ENG 

674 

Table 1. Comparison of the electrical and material proper-
ties of Si and SiC. 

Property Si SiC 

Bandgap (eV) 1.11 3.5 

Maximum Temperature (°C) 425 > 900

Maximum Voltage (106V/cm) 0.3 4 

Thermal Conductivity (W/cm°C) at 300° K 1.5 5 

Electron Mobility (cm2/Vs) 1350 500 

Dielectric Constant 11.8 9.66 

Process Maturity High Low 

Intrinsically Hard NO YES 

 
cause it is a promising material for higher power and 
high temperature applications. The properties of SiC 
include high field electric breakdown (2.2 MV/cm), high 
saturated electron drift velocity (2E7 cm/s), and high 
thermal conductivity (4.5 W/cm-K) making SiC very att- 
ractive for high-voltage, high-frequency, high power se- 
miconductor devices and switches, including those for 
instrumentation and measurement. The properties of SiC 
material and power devices have been documented over 
the last twenty years [2-6]. 

Although 6H- and 4H-SiC polytypes are the most re-
searched crystal structures, the 4H-SiC polytype domi-
nates power device development activity because the 
electron mobility in 4H-SiC is two times that of 6H-SiC 
perpendicular to the c-axis and about ten times that of 
6H-SiC parallel to the c-axis [7,8]. SiC Schottky Barrier 
Diodes (SBDs) have been available commercially since 
2001 with 300 to 1200 volt, 175oC ratings. Although SiC 
power MOSFETs [8,9] have received significant empha-
sis, they continue to suffer from poor MOS channel mo-
bility and reliability, especially in the 4H-SiC polytype. 
However, high voltage npn bipolar junction transistors 
(BJTs) and gate turn-off bipolar transistors (GTOs) in 
4H-SiC have been demonstrated [9,12] with superior 
characteristics. SiC BJTs have been reported in the lit-
erature to block 1.8-2.5 kV with peak currents of over 30 
A, with DC current gains of 40 when operated in the 
common-emitter configuration. The active area of these 
devices was in the 1 mm × 1.4 mm to 3.16 mm × 3.16 
mm range. Static and dynamic characteristics of 6H-SiC 
Diodes, BJTs, and MOSFETs have been presented [10], 
but have had drawbacks in performance because of the 
poor electron mobility in the vertical direction. Despite 
the superior theoretical properties of SiC, material cost, 
base material quality, and substrate size are areas all re-
quiring continued development and improvement prior to 
widespread technology adoption. 

In this paper, the results of forward and reverse V-I 
characteristics, current gain characteristics, and dynamic 
measurements on 4H-SiC Darlington Pairs and BJTs in 

the common-emitter configuration are presented. The 
BJTs were characterized in two formats – on wafer pro- 
bing and in TO-220 packages. The Darlington Pairs were 
in the wafer die format only. The current and voltage 
ratings of the wafer power devices are 5 A and 600 V, 
respectively, while the ratings of the TO-220 BJTs are 5 
A and 1200 V, respectively. The active area of the 4H- 
SiC Darlington Pairs and BJTs are in the range of 1 to 3 
mm2 with emitter finger widths and spacings from 10 m 
× 15 m (pitch = 25 µm) to 10 m × 27 m (pitch = 37 
m), respectively. Device data presented in this paper 
represent the measured performance characteristics ob-
served from numerous devices of each type, enabling 
reasonable statistical inferences. 
 
2. Device Structure, Design, and Fabrication 
 
2.1. Device Structure 
 
The BJTs came in two formats – on wafers and in TO- 
220 packages. The Darlington Pairs were available only 
on wafers. The current and voltage ratings of the wafer 
power devices are 5 A and 600 V, respectively, while the 
TO-220 BJTs are 5 A and 1200 V. The Figure 1 shows a 
typical BJT cross-sectional diagram of the implanted 
device on a wafer. The maximum overall cross-sectional 
dimension of a typical transistor is 235 m × 235 m. 

The substrate material used for both Darlington Pairs 
and BJTs was n-type, 20 m-cm 4H-SiC from Cree, Inc. 
on which n-collector, p-base, and n-emitter epitaxy of 10 
µm 5E15 cm-3, 1 µm 2E17 cm-3, and 0.5 µm 5E19 cm-3, 
respectively, were grown. Devices with active areas in 
the range of 1 to 3 mm2 with emitter finger widths and 
spacings from 10 m × 15 m (pitch = 25 µm) to 10 m 
× 27 m (pitch = 37 m), respectively, were subse-
quently fabricated for testing. Figure 2 shows how a 
Darlington Pair and BJT images are laid out on a single 
wafer probing Reticle. There are several images on a  
 

N
+

N
+

N
+

 
 

N
+

, 4H-SiC Substrate 

Collector 

Thin base

P - Base 

 
 

Figure 1. Simplified cross-section structure of 4H-SiC BJT.         
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Figure 2. Reticle design layout of BJT and Darlington pair images. 

 
Reticle. Image 1 on all the Reticles is a Darlington Pair 
and the remaining images are all BJTs. The characteris-
tics were measured on 4 wafer Reticles with different 
orientation, resistivity, and thickness. The images se-
lected on a Reticle are Image 1 – Darlington Pair and 
Images 2 to 4 – BJTs as shown in Figure 2. 
 
2.2. Device Design and Fabrication 
 
Table 2 shows the emitter configurations (emitter width 
(x), base width (y)) and pitch (x + y) of the selected Im-
ages 2, 3, and 4. The emitter configuration of Darlington 
Pair (Image 1) was not available (N/A). A Darlington 
Pair was designed to contain 54 emitter fingers and a 
BJT has 28 emitter figures. The distance between the 
implanted edge termination regions for devices is typi-
cally 2 m. Table 3 shows the off-axis orientation, resis-
tivity, and thickness of the four device wafer Reticles. 
Figure 3 shows examples of the top view of a fabricated 
4H-SiC Darlington Pair and a BJT. 
 
3. Experimental Setup 
 
The forward and reverse Vce vs. Ic characteristics were 

measured using Tektronix 371 curve tracer for both the 
wafer and the TO-220 BJTs. The dynamic characteristics 
were similarly measured but only on the TO-220 BJTs. 
Even though large amount of data was collected for these 
studies, results are presented for typical Darlington Pair 
and typical BJT devices from the wafer Reticles, and the 
TO-220 BJTs. 

4. Experimental Results and Discussions 

4.1. Experimental Results – Wafer Probing 
4H-SiC Darlington Pair and BJT 

 
4.1.1. Forward and Reverse (Blocking)  

Characteristics 
The Figures 4 and 5 show the forward and reverse 
(blocking) Vce vs. Ic characteristics for a typical Dar-  
 

Table 2. Reticle active area. 

Images Emitter Width (x) Base Width (y) Pitch (x + y)

1 N/A N/A N/A 

2 15 15 30 

3 10 15 25 

4 15 15 30 
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(b) 

Figure 3. (a) Top view of a fabricated 4H-SiC Darlington 
Pair; (b) Top view of a fabricated 4H-SiC BJT. 
 
lington Pair (Image 1 on Reticle # 2 ). 

Similarly, the Figures 6 and 7 show the forward and 
reverse Vce vs. Ic characteristics for a typical BJT (Im-
age 4 on Reticle #4). The sustaining voltage BVCE0 
ranges from 200 V to 800 V for the Darlington Pair and 
from 200 V to 1200 V for the BJTs. The designed stand-
off voltage of the BJT epitaxy was 600 V. 

Reverse voltage characteristics depend on the drift 
layer thickness, the base doping used, and the base con-
tact implantation tail, which tends to decrease the base 
width. High current gain and high reverse voltage can be 
achieved with the proper doping and width of base, and 
an optimized carrier lifetime. 
 
4.1.2. Current Gain 
The Figure 8 shows the forward current gain character-
istics (base current Ib vs. ) of the above-mentioned de-
vices. The maximum current gains (max) occur at room 
temperature and decrease as temperature and base cur-
rent increase. The low current gains in Darlington Pair 
and most of the BJT samples may be due to 1) low emit-

ter injection efficiency because of high base doping and/ 
or low emitter doping, 2) low minority carrier life-times 
in the base layer, and 3) poor ohmic contact resistance of 
the p + layer contact [9-12]. 

The Figure 8 also shows the effect of temperature on 
the common-emitter current gains () from room tem-
perature to 200°C. As temperature increases, background 
carrier concentrations in the base region increase. This is 
due to an increase in the ionization fraction of the alu-
minum (EA ~200 meV) acceptors, as a result, emitter  
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Figure 4. Darlington pair forward Vce-Ic characteristics at 
25°C, 100°C, & 200°C. 
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Figure 5. Darlington Pair reverse Vce-Ic characteristics at 
25°C, 100°C, & 200°C. 
 
injection efficiency decreases. As a consequence of this, 
increases with temperature to the minority carrier life- 
times are offset. The result is that the common-emitter 
current gain,  decreases with temperature (a negative 
temperature coefficient not observed in silicon (Si) de-
vices). This prevents thermal runaway and makes the SiC 
power device very attractive for paralleling. Also, the 
on-resistance will increase because of a decrease in col-
lector layer electron mobility. In general, all the com-
mon-emitter current gain characteristics were in the 
range shown in Figure 8. 

 
 

 
 

 

Figure 6. BJT Pair forward Vce-Ic characteristics at 25°C, 
100°C, & 200°C. 
 
4.1.3. Early Voltage 
Table 4 shows representative values of device Early 
Voltages (VA) at room temperature from three different 
Reticles. The devices showed VA ranging from 115 V to 
2000 V. The VA of a typical Darlington Pair ranges from 
115 to 165 V. The VA of Darlington Pairs on some of the 
Reticles was much higher; ranging from 118 V to 1900 
V. The VA of a typical BJT ranges from 325 V to 347 V. 
The VA of BJTs on some of the Reticles was much 
higher; ranging from 267 V to 2000 V. 
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Figure 7. BJT Pair reverse Vce-Ic characteristics at 25°C, 
100°C and 200°C. 
 

Table 4. Early voltage. 

Images  VA1 VA2 VA3 

Image 1 
Darling 

Pair 
165.912 156.711 155.189 

Image 3 BJT 325.383 347.990 330.968 

 
The VA values are very high, which could imply that 

the effective base width is large, possibly due to carrier 
trapping at deep level defects and compensated base 
doping. This would be consistent with the low current 
gains (low base carrier lifetimes) and high Early Volt-
ages observed. 

4.2. Experimental Results – TO-220 BJTs 
 
4.2.1. Forward and Reverse (Block) Characteristics, 

and Current Gain 
The Figures 9 and 10 show typical forward (Ib = 20 mA 
in steps) and reverse characteristics representative of the 
4H-SiC BJTs in the TO-220 casing. Figure 11 shows the 
Ib vs.  characteristics for the same devices. Typical 
values of  vary from 5 to 29, with maximum current 
gain (max) of about 30 at room temperature and 200 
mA base current. The decrease in the current gain at 
room temperature and at 200°C is relatively small. The 
maximum collector current at room temperature was 
about 6 A but reduces to about 5 A at 200°C. These im-
proved characteristics, compared to the wafer devices, 
reflect an improved base layer epitaxy process yielding 
enhanced transport characteristics. 

At high temperatures the emitter injection efficiency is 
reduced, due to the increase in majority carrier concen-
tration in the base from an increased deep acceptor ioni-
zation fraction. The expected variation in the forward 
characteristics between room temperature and at 200°C 
is due to the positive temperature coefficient of RDS,ON. 
The epitaxial growth process was optimized to increase 
the minority carrier lifetime in the emitter and base lay-
ers, which in turn leads to higher dc current gain. This 
was accomplished by performing the growth at lower  
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Figure 8. (a) Darlington Pair Current (Ib) vs. Gain (); (b) 
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Figure 9. TO-220 BJT forward Vce-Ic characteristics at 
25°C, 100°C and 200°C. 
 
temperatures, reducing point defects and impurities, and 
maintaining stoichiometry of the highly doped emitter 
layer. 

Due to SiC’s higher on-state conductivity and lower 
off-state leakage current at high operating temperatures 
compared to Si, superior performance at high operating 
junction temperatures, including lower power dissipation 
in the active area of the device is realized. 

4.2.2. Dynamic Characteristics 
Figure 12 shows the experimental setup used to study 
the dynamic characteristics of the 4H-SiC BJTs (TO-220 
casing) and the sustaining voltage between the collector 
terminal and the emitter terminal (VCE0(sus)). The dy- 
namic characteristics are performed at room temperature.  

 

 

 

 

Figure 10. TO-220 BJT reverse Vce–Ic characteristics at 

25°C, 100°C, and 200°C. 
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The dynamic characteristics analysis was performed at 
low voltage due to restrictions of the test equipment. The 
circuit was constructed using a power supply of 15 V, 
low-power resistors, current probes, and operated from a 
pulse generator at two switching frequencies (100 kHz 
and 1 MHz with a duty-cycle ratio of 50%). The load 
resistance was approximately 20 ohm (rated 20 W) con-
nected in the common-emitter configuration mode. 

The SiC power BJT was turned on and off by applying 
the pulses of the generator to the base of the transistor. 
The turn-on and turn-off measurements were taken at 
room temperature. 

Figure 13(a) shows typical turn-on characteristics of a 
4H-SiC BJT with the pulse generator operated at 100 
kHz. The turn-on rise time is much faster than a typical 
Si BJT. A typical turn-on rise time of 312 ns was ob-
served at room temperature. Figure 13(b) shows the 
turn-off characteristics of the 4H-SiC BJT at room tem-
perature. The turn-off fall time is observed to be nomi-
nally 92.5 ns at room temperature. Turn-on rise time can 
be improved by decreasing the base contact resistance 
and by increasing carrier extraction in the base-emitter 
junction. 

Switching speeds in this range are indicative of well 
controlled minority carrier lifetimes in the base. Very 
short turn-off times are obtained even though the junc-
tion breakdown voltage VBE is less than 10 V. The dy-
namic characteristics shows that the switching features of 
the SiC power devices can be very fast but at high fre-
quencies the controlling external circuit must have high 
switching speed (rise time). The very fast switching 
characteristics show that a SiC-based BJT device has low 
effective stored charge even when operated at high tem-
peratures. Therefore, the switching losses in SiC devices 
caused by the stored charges are negligible in these de-
vices; whereas about 30% of losses in Si power devices 
and ICs occur during switching [9]. The switching cir-
cuits required can be totally integrated into the switching 
scheme, and can be dynamically adaptive, fast, ultra low 
losses, and very small size. The SiC-devices have excel-

lent high short circuit capability, especially suitable for 
commuting applications in power electronics and swit- 
ching circuits. 

Maximum sustaining voltage characteristics, between 
the collector terminal and the emitter terminal, at a col-
lector current of 100 mA is shown in Figure 14. A 392 
H inductance was placed in the collector leg of the cir-
cuit shown in Figure 12. 

The transistor was subjected to a transient voltage 
forcing the transistor to go into avalanche breakdown for 
a short time. The sustaining collector-emitter voltage 
VCE0(sus) was observed to be 40 V (at collector current 
of 100 mA) at room temperature. 

Figure 15(a) shows typical turn-on and turn-off char-
acteristics of a 4H-SiC BJT, with the pulse generator 
operated at 1 MHz. It was observed that the voltage at 
the collector collapsed. Even though the BJT turn-on rise 
time has been shown to be 312 ns (3.205 MHz), the 
power supply failed because the switching speed (the rise 
time) of the power supply is lower than 1 MHz (restric-
tions of the test equipment). 

Figure 15(b) shows the characteristics of the maxi-
mum sustaining collector-emitter voltage at a switching 
frequency of 1 MHz. The sustaining voltage VCE0(sus) 
was observed to be 25 V (at collector current of 100 mA) 
at room temperature. The sustaining voltage should have 
remained relatively constant at collector current of 100 
mA for all the switching frequencies. However, the 
switching speed (the rise time) of the power supply is 
less than 1 MHz and contributed to this anomaly. 
 
5. Conclusions 
 
The experimental data collected confirms some of the 
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Figure 12. Experimental setup for dynamic characteristics. 
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Figure 13. (a) Turn-on characteristics at 100 kHz; (b) Turn- 
off characteristics at 100 kHz. 
 

 

Figure 14. Maximum sustaining voltage (at collector cur-
rent of 100 mA) at 100 kHz. 
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(b) 

Figure 15. (a) Dynamic characteristics at 1 MHz; (b) Maxi- 
mum sustaining voltage (at collector current of 100 mA) at 
1 MHz. 
 
superior properties of the SiC material when used to fab- 
ricate electrical and electronics devices for applications 
in power electronics, instrumentation and measurements. 
The forward characteristic exhibited stability at high 
temperatures because of the higher percentage of deep 
level acceptor ionization in the base region. The gain 
also decreases as the temperature increases. This nega-
tive temperature coefficient property prevents thermal 
runaway and makes SiC power BJT devices very attrac-
tive for paralleling. The BJTs also show high reverse 
(blocking) voltages considering the fact that the effective 
on-resistances (6 m-cm2 at 25oC) of these devices are 
very small. The current gain, however, was observed to 
decrease for BJTs with smaller pitches, possibly caused 
by limited recombination in the base region and low 
emitter injection efficiency due to emitter crowding ef-
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fects. Base layer ohmic contacts need improvement to 
reduce the ~5E-3 -cm2 specific base contact resistivity 
measured. The Early Voltage values were very high 
which likely is due to large effective base widths. This is 
consistent with low current gain and high Early Voltage 
effect. The other very prominent features of the SiC BJT 
include the fast turn-on switching speed, very fast turn- 
off time, and the robust behavior under critical thermal 
conditions. 

Two key observations can be made from the data col-
lected. First, for example, a 1000-volt SiC power device 
will be 5X smaller or 5X more efficient than comparable 
Si device operating at twice the environmental tempera-
ture. Secondary, SiC power devices will reduce switch-
ing power losses in many applications. 
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Abstract 
 
Reclamation and revegetation of a coal mine spoils with various revegetation models utilizing the mycorrhi-
zal technology were studied. The models with different combination of plant species were designed to test 
the hypothesis of speedy revegetation. Root colonization and spore density of arbuscular mycorrhizae (AM) 
were lowest in plants seeded directly on slopes of the overburden (coal mine dump). At flat surfaces, the 
mycorrhizal colonization in plant species was higher than that observed at slopes. In other revegetation mod-
els, i.e., tree monoculture, tree monoculture + crop species (agroforestry), and two strata plantations (combi-
nation of different plant species), maximum AM colonization was recorded for tree species grown along with 
crop species. This was followed by two strata plantations and tree monoculture. In two strata plantations 
three categories of AM associations were recognized: 1) every plant in the combination, possessed high my-
corrhizal association, 2) only one plant in the combination possessed high mycorrhizal association, and 3) 
none of the plants in the combination possessed high mycorrhizal association. Azadirachta indica, Pongamia 
pinnata, Leucaena leucocephala and Acacia catechu were most effective in catching mycorrhizae, and can 
be used as the effective tool in rehabilitation of the degraded ecosystems. 
 
Keywords: Coal Mine Spoils, Reclamation, Revegetation and Mycorrhizae 

1. Introduction 
 
AM fungi form the fundamental linkage between the 
biotic and abiotic components of the ecosystem in addi-
tion to their being the primary colonizers of coal mine 
spoils [1-2]. The primary approach to revegetation of 
such spoils is the erosion control through plant cover in 
short-term and development of a self-sustaining commu-
nity through colonization of native plants in the long- 
term [3]. The soil conservation practices not only make 
the soil resistant to erosion, but also directly affect the 
soil pore size distribution [4]. The soil aggregates and 
pore size collectively constitute ‘soil structure’ which in 
turn influences not only the physico-chemical but also 
the biological processes [5-6]. The contribution of AM 
fungi to soil aggregate formation can be grouped into 
three categories according to Miller and Jastrow [7]: 

These are: 1) growth of external AM hyphae in the soil 
matrix to create the skeleton that holds primarily the soil 
particles (i.e. sand, silt and clays) together via physical 
entanglement, 2) creation of conditions by roots and ex-
ternal hyphae conducive to formation of microaggregates 
whereby mineral particles and organic debris are held 
and cemented together by various physico-chemical 
events involving binding agents like the persistent gums 
and glues in the root exudates, the soil microbes and 
mycorrhizal hyphae in particular contribute hydrophobic 
glycoprotein glomalin [8], and 3) enmeshment of micro-
aggregates and smaller macroaggregates by external hy-
phae and roots to form the macroaggregates that can be 
further stabilized by intermicoraggregate and intermacro- 
aggregate cementation by polysaccharides and other or-
ganics from microorganisms and plant roots. These three 
processes operate simultaneously because of dynamic 
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nature of soil aggregation. The improvement in soil ag-
gregation sustains ideal water infiltration, tilth and aera-
tion for plant growth [9].  

There are countless reasons to qualify mycorrhizae as 
bliss for revegetation programmes as infection of plant 
roots by such fungi induces tolerance against the abiotic 
and biotic stresses. Mycorrhizal fungi appear to partially 
protect plants against heavy metal toxicity through bind-
ing and thus limiting their translocation to shoots [10]. 
The host plant in turn may give the fungus a selective 
survival advantage on a contaminated site. The metal 
sequestration by AMF may alter their translocation in 
plants thus restricting metal accumulation in mycorrhizal 
roots and so also reduce metal transfer to the above-
ground biomass [11]. The only direct evidence of my-
corrhizal adaptation to metal pollutants is the exudation 
of complexing organic acids that alter pollutant avail-
ability in the rhizosphere [12]. Metallophytes have evo- 
lved various physiological adaptations to successfully 
compete with the harsh conditions in heavy metal loaded 
soils. In addition, AMF that colonize plant roots, consid-
erably reduce the intake of heavy metals by plant cells 
that could be one of the strategies that allows metallo-
phytes to thrive on heavy metal polluted sites [13-14]. 
Haselwandter [15] proposed that a metal-resistant plant 
breed susceptible to mycorrhizal symbiosis would be of 
great value for the rehabilitation of metal contaminated 
soils. AM fungi that modify the root system and play a 
critical role in the nutrient cycling in the ecosystem, can 
be taken as a crucial parameter to access reclamation 
success of degraded lands. Thus, restoration success de-
pends on the augmentation of biological activity of the 
surface soil horizons [16]. In view of the above, the pre-
sent study was carried out by developing a revegetation 
model site at the coal mine spoil site utilizing mycorrhi-
zal technology. 
 
2. Materials and Methods 
 
Revegetation model site (RMS) was developed at Jayant 
Coal Mine situated in Singrauli district of Madhya 
Pradesh, India. An area of about 9 hectare of fresh over-
burden was smoothened and flattened by bulldozers for 
plantations in various models designed. Seedlings raised 
in nursery by either seeds or cuttings were transplanted at 
the RMS. In each revegetation model, the plot size was 
20 m × 20 m where the plants were transplanted in pit 
size of 40 cm × 40 cm × 30 cm with the spacing of 2 m × 
2 m. The density of the plants per plot was 100. Seeds of 
different plant species were seeded directly by broad-
casting in case of direct seedling, whereas in rest of the 
cases the seedlings raised in nursery were transplanted at 

RMS. The combination of plants species in different 
plots at RMS were as follows: 

Direct seeding on slope surface: Seeds of different 
plant species used in direct seeding on slope surface were 
Acacia catechu, Azadirachta indica, Leucaena leuco-
cephala, Madhuca indica, Pongamia pinnata, Syzygium 
cumini, Terminalia arjuna and Terminalia bellirica. 

Direct seeding on flat surface: The plant species se-
lected were A. catechu, Acacia nilotica, A. indica, L. 
leucocephala, M. indica, P. pinnata, S. cumini, T. arjuna 
and Zizyphus jujuba. 

Tree monoculture: The species raised in monoculture 
plots were A. catechu, Albizia lebbeck, A. indica, Dal-
bergia sissoo, Dendrocalamus strictus, Gmelina arborea, 
L. leucocephala, Phyllanthus emblica, P. pinnata, Tec-
tona grandis and T. bellirica. 

Tree monoculture + crop plant (Agroforestry): The 
leguminous Cajanus cajan was sown in combination 
with A. lebbeck, A. indica, G. arborea, P. pinnata, T. 
bellirica and T. grandis. Pennisetum typhoides a non- 
leguminous crop semi-arid tropics was seeded with com-
bination of A. indica, D. sissoo, L. leucocephala and P. 
pinnata. 

Two strata plantation: Mixed plantations were raised 
with the following combinations of leguminous and 
non-leguminous species: A. catechu + P. pinnata, A. 
lebbeck + A. catechu, A. indica + P. emblica, D. strictus 
+ T. grandis, G. arborea + P. pinnata, P. pinnata + T. 
bellirica, T. bellirica + G. arborea and T. grandis + L. 
leucocephala. 

In all the above models, ground seeding with a legu-
minous forb Stylosanthes hamata and two grasses name- 
ly Pennisetum pedicellatum and Heteropogan contortus 
was done by broadcasting. 
 
3. Assessment of AM Association 
 
Composite samples of soil and roots were collected from 
each plot and isolation of AM spores was done by wet 
sieving and decanting methods of Gerdemann and 
Nicolson [17] and sucrose centrifugation method of Jen-
kins [18]. The number of AM spores per hundred gram 
of dry soil was estimated. 

The root samples were washed, cut into one cm seg-
ments, and placed in tissue capsule [19]. These were 
cleared and stained with Chlorazol Black E (CBE) in 
lactoglycerol following the procedure of Phillips and 
Hayman [20]. One hundred root segments were ran-
domly selected and mounted on microscopic slides for 
observation. Quantification of the root colonization is 
based on percentage of AM colonization. Association of 
mycorrhizae was based on the presence or absence of 



A. KUMAR  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                 ENG 

685

arbuscules, vesicles and internal hyphae in the root tis-
sue. 
 
4. Results 
 
Dynamics of AM in plant roots and rhizosphere soil was 
studied in various models at the revegeatation site. The 
models with plantation of various combinations of plant 
species were designed to test the extent of speedy reve- 
getation of coal mine spoils. The lowest level of my-
corrhizal association was found in plants seeded directly 
on slopes (Figure 1). At flat surfaces, AM colonization 
in plant roots was higher than that observed at slope sur-
faces (Figure 2), but it was lesser as compared to other 
models. A. indica, L. leucocephala, M. indica and P. 
pinnata harboured significantly higher level of AM at 
slopes while it was significantly higher in A. catechu, A. 
nilotica, A. indica, L. leucocephala and P. pinnata at flat 
surfaces. In other plants the AM association was poor 
both at slopes and flat surfaces. 

In rest of three revegetation models (i.e., tree mono-
culture, tree monoculture + crop species and two strata 
plantations) nursery raised seedling were transplanted at 
RMS in pits in various combinations. The highest level 
of AM colonization was recorded for the tree species 
grown with crop species (agroforsetry) followed by the 
two strata plantations and tree monoculture. Two species 
namely A. indica, and D. sissoo possessed significantly 
(p = 0.01) higher level of AM colonization than others 
rose in monoculture (Figure 3). The rhizosphere soil of 
L. leucocephala and P. pinnata possessed higher AM 
spore count than others. When the tree species were 
seeded along with crop species, the combinations A. in-
dica + C. cajan, A. indica + P. typhoides and D. sissoo + 
P. typhoides possessed significantly higher (p = 0.01) 
AM colonization. In the same model, rhizosphere soil of 
the tree species in combinations G. arborea + C. cajan 
and P. pinnata + C. cajan contained higher AM spore 
number compared to other combinations (Figure 4). In 
two strata plantations (Figure 5) three categories of com-
binations were recognized: 1) each of the plant in the 
combination possessed high mycorrhizal association (e.g. 
G. arborea + P. pinnata and T. grandis + L. leuco-
cephala, 2) only one plant of the combination possessed 
high mycorrhizal association (e.g. A. indica + P. em-
bilica and D. strictus + T. grandis), and 3) none of the 
plants in the combination possessed high mycorrhizal 
association (e.g. A. lebbeck + A. catechu and T. bellirica 
+ G. arborea). In two strata plantation, the best combina-
tions with high mycorrhizal association were G. arborea 
+ P. pinnata and T. grandis + L. leucocephala. 

AM spore number was higher in the rhizosphere soils 
of P. pinnata and G. arborea when grown together on 
the dumps (Figure 5). In other combinations, either both 

the plants or one of them possessed lesser degree of AM 
association. The spore number was higher in the rhizo- 
sphere soil of P. pinnata as compared to other combina-
tions. A. lebbeck + A. catechu, P. pinnata + T. bellirica 
and T. bellirica + G. arborea were a few of other com-
binations having poor AM spore counts in their rhi- 
zosphere. 

Generally, the AM colonization was higher in the 
roots of leguminous tree species grown with non-legu-
minous ones in combination (Figure 5). The examples of 
such combinations were: T. grandis + L. leucocephala, 
G. arborea + P. pinnata and D. strictus + T. grandis. A 
moderate to high AM colonization was recorded in P. 
pinnata for all the combinations tested. Low mycorrhizal 
colonization was recorded for A. lebbeck + A. catechu 
and T. bellirica + G. arborea combinations.  
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Figure 1. VAM association in plant species grown at slopes 
by direct see ding at revegetion medel site. 
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Figure 2. VAM association in plant species grown at flat 
surface by direct seeding at revegetation model site. 
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Figure 3. VAM association in plant species in monocuiture 
at revegetation medel site. 
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Figure 4. VAM association in plant species planted along 
with crop species at revegetation model site. 
 
No significant correlation could be established between 
AM colonization and the spore number. In T. grandis 
(grown with D. strictus), P. embilica (grown with A. in-
dica), the spore count in the rhizosphere was high but the 
AM colonization was low. However, in case of A. indica 
(with P. emblica), P. pinnata (with A. catechu), L. leu-
cocephala (with T. grandis) and T. bellirica (with P. 
pinnata), the spore count was low in the rhizosphere in 
contrary to high AM colonization in roots. In some spe-
cies such as P. emblica (with A. indica), T. grandis (with 
L. leucocephala), A. lebbeck (with A. catechu) and T. 
bellirica (with G. arborea), the AM colonization as well 
as spore number both were low. In a few plants, AM 

colonization as well as spore number was high. These 
were G. arborea and P. pinnata (grown together) and P. 
pinnata (grown along with T. bellirica). Two combina-
tions namely A. lebbeck + A. catechu and T. bellirica + 
G. arborea possessed low level of AM association. 
 
5. Discussion 
 
The present study involved various RMS models for as-
sessment of mycorrhizal status of the plants. AM coloni-
zation was poor in plants grown by seeding on overbur-
den both at flat surface and slopes. This may be attrib-
uted to poor emergence of roots, as a result of erosion, 
the detrimental factor affecting survival of plants and 
poor presence of AM as well. This is supported by the 
fact that at slopes, where soil erosion was severe, the 
AM-plant association in plants was poor. The nursery 
raised seedlings as monoculture favored mycorrhization 
than the direct seeding. High AM colonization was re-
corded in P. pinnata, L. leucocephala and D. strictus in 
two strata plantation. Seeding or planting of species not 
only controls erosion but also enhances species diversity 
and speeds up succession that meets the revegetation 
goal. Nicholasan and McGinnies [21] reported that es-
tablishment of good plant cover can stabilize mine spoil 
and consequently improve soil conditions to promote 
plant succession [22]. Direct seeding of plants has been 
recommended in many reports [23-25]. There are reports 
that seedling growth and survival of tree species is af-
fected by seeding of grasses and legumes [26]. The 
grasses are beneficial in checking erosion while legumes 
improve soil nutrient status. AM fungi benefit plant es-
tablishment and survival in many ways in degraded lands 
[27-30], and restoration programs with application my-
corrhizal technology have been successful [31-32]. 

Agroforestry is the collective term for land use system 
wherein woody perennials are grown in association with 
agricultural herbaceous plants, following spatial ar-
rangement or temporal sequence that facilitates both 
ecological and economic interactions between the tree 
and non-tree components. In mixed plantations, it ap-
peared that leguminous plants were more advantageous 
than non-leguminous trees except A. indica. Tree + crop 
plantation appeared to be the best model in terms of my-
corrhizal technology at least for the selected species. A. 
indica, P. pinnata, L. leucocephala and A. catechu were 
most effective in attracting luxuriant mycorrhizae (even 
when seeded directly), and thus can be used as the suit-
able rehabilitating species in such degraded ecosystems. 
It seems that seeding with grasses and leguminous forbes 
increased AM inoculums, as these grew luxuriantly with 
fibrous roots that favored mycorrhizal association. Le-
guminous shade trees contribute substantial N to the un-
derstory crop growth and also favors N uptake by tropi-    
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Figure 5. VAM association in plant species grown in two strata plantation at revegetating model site. Abbreviationa: Ac, A. 
catechu; Al, A. lebbeck; Ai, A. indica; Ds D. sissoo; Des, D. strictus; Ga, G. arborea; Li, L lencocephala; Pe, P. emblicar; Pp, P. 
pinnata; Tg, T. grandis, Tb, T. bellerica. 
 
cal grasses [33-34]. Further, the results confirm the fact 
that mycorrhizae also help the plant-soil-plant system by 
inter-bridging between the roots of different plants [35- 
37]. 

Most legumes are fairly responsive to and extensively 
colonized by mycorrhizae especially in soils where an 
insufficiency of available P limits plant growth. Hence, 
the influence of mycorrhizae on legumes is potentially 
greater over any other group because of alleviation of 
P-stress by symbiotic fungi and indirectly by enhancing 
N status soil contributed by the legumes. Since plants do 
not contain their own polyphosphate hydrolase, they rely 
on the activity of soil microorganisms to release free 
phosphate from minerals or organic P resources. My-
corrhizal plants can utilize more phosphorus than the 
non-mycorrhizal ones, mainly from the same soluble 
phosphate pool as AM fungi harbor phosphate transfer 
[38]. Davies and Call [39] reported that AM significantly 
enhance the nutritional status in perennial grasses grow-
ing at lignite overburden. The successful restoration de-
pends on the capacity of the plants to capture resources 
at an early stage. On degraded lands, which may be 
droughty, nutritionally poor or otherwise stressed, there 
exists only a brief period favorable period for plant 
growth and the plants which do not establish within that 
time window fail to survive. 

Jeffries et al. [40] also supported the persistence of an 
acceptable amount of weeds within crops; providing a 
reservoir of mycorrhizal inoculum. Established my-
corrhizal vegetation can facilitate the probability or ex-
tent of mycorrhizal infection of seedlings and thus my-
corrhizal interaction among distantly related plants might 
be of particular ecological interest, as this may permit 
early succession of plants [41]. 
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Abstract 
 
Environment monitoring has become a necessity because of global warming and climate change. All across 
the globe researchers are trying to monitor the environmental parameters of temperature, humidity and pol-
lutants gases mere precisely in real time. Sensing system using sensor arrays has been developed to monitor 
indoor environment, however, these systems are costly and have not gained wide acceptance. Precise moni-
toring of building environment has a huge potential in terms of energy savings. In this paper, an effort has 
been made to develop a 4-channel energy efficient and low cost data logger for indoor environment. The 
Data logger is proposed to be developed with the use of PIC 18F4458. Real Time Clock and EEPROM are 
interfaced for sampled data with the instance of sampling time and month/date/year; these sampled data will 
be stored in the EEPROM to the note pad tabular form with the help of graphical user interface (GUI). 
 
Keywords: Gas Sensors, GUI, (Real Time Clock) RTC, ADC, Smart Transducer Interface 

1. Introduction 
 
Indoor environment and built-architecture are closely 
associated. The built environment affects indoor physical 
environments, and subsequently health and quality of life 
of occupants. There is evidence showing the pathways 
and mechanisms by which the built environment affects 
health and factor associated with specific aspects of 
physical and mental health. The problem has become 
acute in recent past because of the rapid industrial grow- 
th in last half century and has led to change in lifestyles 
(Become more dependent on indoor environment) [1]. 
The main factors of the environmental condition are the 
air quality and environmental parameter of the inside 
unconditioned environment. Across the world indoor air 
quality monitoring is gaining hotspot in present resear- 
ch works because recent study has put forth that 30 – 
40% of total natural resources are exploited by the build- 
ings and almost 50% of energy resources is used to con-
dition buildings in industrialized countries. The reality is 
that indoor air can be up to 10 times more polluted than 
outdoor air [2]. The major contaminants of indoor envi-
ronment pollution are CO2, CO, O3, SO2 and NO2. Many 
researchers are collect the data for different techniques, 

in different fields are facing similar difficulty in data 
collection i.e., needs a user friendly system is able to 
collect data from the work place and buildings environ-
ment. Pardo et al. developed a gas measurement system 
based on the IEEE 1451.2 standard. They have used the 
4-gas sensors (tin oxide), 1-temperature and 1-humidity 
sensor; this prototype system will be work as electronic 
nose [3]. Camara et al. developed a STIM (smart trans-
ducer interface module) based on the IEEE 1451 stan-
dard. This prototype system will be work with a lot of 
different transducers without the necessity of change of 
the control hardware and software [4]. 

Available technologies for sensing these environmen- 
tal parameters are developed by Onseat HOBO, Spec-
trum Technologies (Watch Dog weather conditions), 
TandD, Telaire (Wireless Monitoring Systems), Testo, 
Log Tag, Measurement Computing Corporation, Mon-
arch Instruments, MSR Electronics GmbH, P3 Interna-
tional, Quality Thermistor, S3 Crop, Sensaphone, Sansa-
tronics, Lascar, ICP, Graphtech, Extech Instruments, 
Dickson, Dent Instruments, Davis, ACR System Inc, 3M 
International, and Acumen [5]. 

But we found the developed system is not suitable for 
the real time monitoring of the indoor environment and 
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will be required to store the information and data collec-
tion for the long duration. 

To focus on this problem we are trying to develop a 
low cost and energy efficient multi channel data logger 
for indoor environment. We face only 4-parameter such 
as temperature, relative humidity, SO2, and NO2. It can 
be summarized as follows-interface of LCD (to display 
the output of various modules), RTC and EEPROM with 
microcontroller and interface of the data logger to the 
personal computer by using the serial (RS-232) port, 
minimization of power consumption in order to enhance 
battery life and preparing the user friendly graphical user 
interface in visual language to operate the data logger.  
 
2. Sensors 
 
A sensor is a device that measures a physical quantity 
and converts it into an equivalent analog or digital signal 
which can be read by an observer or by an instrument. 
Monitoring of an indoor environment involves sensing 
the changes occurring inside it. The parameters which 
are of importance are the temperature, relative humidity, 
and concentration level of air pollutant SO2, and NO2 
inside the building [6,7]. In this paper we have used a p 
type or n type resistive based semiconductor gas sensor. 

A gas sensor detects particular gas molecules and pro-
duces an electrical signal whose magnitude is propor-
tional to the concentration of the gas [8]. No single type 
of gas sensor is 100% selective to a single gas. A good 
sensor is sensitive to the measured quantity but less sen-
sitive to other quantities. Available gas sensors are based 
on five basic principles. These can be electrochemical, 
infrared, catalytic bead, photo ionization and solid-state 
[9,10]. We have selected these sensors because they 
produce a strong signal for the selected variable espe-
cially at high gas concentrations with adequate sensitiv-
ity. They have a fast response time, high stability, long 
life, low cost, low dependency on humidity, low power 
consumption, and compact size [8]. Table 1 represents 
the Specifications of the Sensors Used in the Multi- 
Channel Data Logging System and Table 2 represents 
the measurement range of the developed system. 
 
3. Signal Processing of the Sensors 
 
Four sensors along with their signal conditioning circuit 
are used to sense the desired parameter. One is tempera-
ture, second is humidity, third is SO2, and fourth is NO2. 
Signal conditioning circuit for that sensor needs to be 
connected externally. In software we can select any of 
the analog channel and hence the sensor. Interfacing of 
temperature, humidity, SO2, and NO2 sensor with micro- 
controller PIC 18F4458 is as follows. 

Table 1. Specifications of the sensors used in the multi- 
channel data logging system [8-10]. 

Sl. 
No.

Sensor 
Name/ 

Manufac-
turer 

Range Sensitivity 
Re-
sponse 
Time 

1. 
LM35CZ 
Precision 
Temp. sensor

National 
semicon-
ductor, 
USA  

−40 to 
110°C 

10 mV/°C < 2 sec

2. 
HIH–4000 
Humidity 
sensor 

Honeywell, 
USA 

0 to 
100%  

0.60 pF/%RH 15 sec

3. SO2-BF 
Alphasense, 
UK 

0 to 
100 
ppm 

300 to 440 
nA/ppm (20 
ppm SO2) 

< 30 
sec 

4. NO2-A1 
Alphasense, 
UK 

0 to 20 
ppm 

−400 to −750 
nA/ppm 
(10ppm NO2)

< 40 
sec 

 
Table 2. Represents the measurement range of the develop- 
ed system. 

Sl. No. Measured Minimum Range Maximum Range

1. Temperature 0°C 70°C 

2. Relative Humidity 0% 100% 

3. SO2 0 ppm 3 ppm 

4. NO2 0 ppm 2.5 ppm 

 
3.1. Temperature Sensor 
 
National semiconductor’s LM 35 IC has been used for 
sensing the temperature. It is an integrated circuit sensor 
that can be used to measure temperature with an electri-
cal output proportional to the temperature (in °C). The 
temperature can be measured more accurately with it 
than using a thermistor. The operating circuit of tem-
perature sensor is shown in Figure 1. The output voltage 
of LM 35 is converted to temperature in °C is [10] as 
shown in Equation (1). 

 .( C) 100 / 7 CoutTemp V             (1) 

VOUT = output voltage of the sensor (volts) 
 

 

Figure 1. Operating circuit of temperature sensor (LM35 CZ). 
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3.2. Humidity Sensor 
 
The sensor circuit develops a linear voltage vs. RH out-
put that is ratio metric to the supply voltage. That is, 
when the supply voltage varies, the sensor output voltage 
follows in the same proportion. It can operate over a 
supply voltage range between 4.0 V to 5.8 V. At 5 V 
supply voltage (at room temperature) i.e., the output vol- 
tage ranges from 0.8 to 3.9 V as the humidity varies from 
0% to 100% (non-condensing). The humidity sensor 
functions with a resolution of up to 0.5% of relative hu-
midity (RH), with a typical current draw of only 200 μA, 
the HIH-4000 series is ideally suited for low drain, bat-
tery operated systems. The pin configuration of humidity 
sensor is shown in Figure 2. The change in the RH of the 
surroundings causes an equivalent change in the voltage 
output. The output is an analog voltage proportional to 
the supply voltage. Consequently, converting it to rela-
tive humidity (RH) requires that both the supply and 
sensor output voltages (At 25°C) [10] as shown in Equa-
tion (2). 

  / 0.16 / 0.0062out supplyRH V V        (2) 

RH = Relative humidity (%); Vsupply = Input voltage 
 
3.3. Operating Circuit of the SO2 and NO2  

Sensor 
 
The SO2 and NO2 sensor operating circuit is shown in 
Figure 3. In general the output of the IC1 is connected to 
the microcontroller pin AN2 and AN1 respectively [9]. 
 
4. Analog to Digital Conversion and  

Interfacing of LCD with Microcontroller 
 
We are using the on chip analog to digital converter  

which is on the microcontroller PIC 18F4458. This ana- 
log to digital converter is having the 12 bit resolution 
with programmable acquisition time. It is sensing the 
analog signal from the sensor at the variable sampling 
rate (1 sec - 1 hour), the sensed value is converted to its 
digital equivalent. This digital value is displayed on the 
LCD (liquid crystal display) which is interfaced to the 
microcontroller [11-18]. Circuit diagram of LCD inter-
facing to the microcontroller is shown Figure 6. 
 
5. Interfacing of Real Time Clock with  

Microcontroller 
 
The DS1307 operates as a slave device on the I2C bus. 
Access is obtained by implementing a START condition 
and providing a device identification code followed by a 
register addresses. Subsequent registers can be accessed 
sequentially until a STOP condition is executed. When 
VCC falls below 1.25 VBAT, the device terminates an ac-
cess in progress and resets the device address counter. 
 

 

Figure 2. Operating circuit of humidity sensor (HIH4000). 
 

 

Figure 3. Operating circuit of the SO2 and NO2 gas sensor [9].      
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Inputs to the device will not be recognized at this time to 
prevent erroneous data from being written to the device 
from an out of tolerance system. When VCC falls below 
VBAT, the device switches into a low-current battery- 
backup mode. Upon power-up, the device switches from 
battery to VCC when VCC is greater than VBAT +0.2 V and 
recognizes inputs when VCC is greater than 1.25 VBAT. 
Figure 6 shows the interfacing of real time clock (RTC). 
We are using the DS1307 real time clock which is hav-
ing the following features - real time clock counts Hours, 
Minutes, Seconds, of the Month, Day, Year with Leap- 
Year Compensation valid up to 2100, 56-Byte, Battery- 
Backed, Nonvolatile (NV) RAM for data storage, I2C 
serial interface, programmable square-wave output signal, 
automatic power fail detect and switch circuitry, con-
sumes less than 500 nA in battery-backup mode oscilla-
tor running, and temperature range −40°C to +85°C 
[14,15]. 
 
6. Interfacing of EEPROM with  

Microcontroller 
 
The EEPROM will store the digital value which is com-
ing from analog to digital converter. We will require the 
52.73 MB of EEPROM if we are sampling all analog 
channels at the rate of 1 sample/Second. We are using 
the EEPROM AT24C256 of ATMEL. This will store the 
sample data at different instants. This EEPROM having 
the following features - low voltage and standard voltage 
operation 5.0 (VCC = 4.5 V to 5.5 V), 2.7 (VCC = 2.7 V to 
5.5 V), and 1.8 (VCC = 1.8 V to 5.5 V); 1 MHZ (5 V), 
400 KHZ (2.7 V) and 100 KHZ (1.8 V) compatibility, 
and 64-Byte page write mode [15,17,18]. Figure 6 
shows the interfacing of EEPROM. We are using the I2C 
to interface the real time clock (RTC) and EEPROM to 
the microcontroller. The IC bus is the most popular of 
the 3 serial EEPROM protocols. Figure 6 shows the typ- 
ical pin out of an I2C device, showing pins 1-3 as address 
pins A0, A1 and A2. Pin 4 is VSS, or ground. Pin 5 is 
SDA, the data line. Pin 6 is SCL, the clock signal. Pin 7 
is write protect, and pin 8 is voltage, or VCC. Finally, 
many I2C chips include address pins as an easy way to 
have multiple chips on a single bus while still only using 
two connections to the microcontroller [14]. 
 
7. PC Interfacing with Microcontroller  

Using RS232 Serial Communication 
 
Personal computer is interfaced with PIC 18F4458 using 
MAX232. It is the IC used to convert the TTL logic level 
to the RS232 logic level. RS232 is the serial communica-
tion protocol that does not require the clock along with 
data lines. Two data lines are there one is TX and another 
is RX for serial communication. MAX432 has two re-

ceivers (converts RS-232 logic level to TTL logic) and 
two drivers (converts TTL logic to RS232 level). Fol-
lowing Figure 6 shows the hardware interface of PIC 
with personal computer. Separate power supply has been 
provided because minimum power supply needed is 5 V 
and MAX232 consumes a lot of current for operation. 
External capacitors are required for internal voltage push 
to convert TTL logic level to RS232 level. For battery 
operated application MAX232 can be used as level con-
verter instead of MAX232, it is low power consumption 
logic converter IC for RS232. It is pin compatible with 
MAX232 [14]. 
 
8. Graphical User Interface 
 
A program interfaced that takes advantage of the com-
puter graphics capabilities to make the program easier to 
use. In this paper, the GUI is one of the important parts it 
displays the data from microcontroller for data monitor-
ing and analysis. However, the main objective is to dis-
play data received in graphical form. As a transducer 
detects and translate an analog signal, the data will go 
through a conversion at the ADC and become a digital 
format. This digital data is converted in a 12 bit data. 
This data will be stored to the EEPROM chip with the 
help of Visual Basic 6.0 software. Since the data used the 
serial RS232 communication, therefore an initialization 
needs to be done which are the baud rate, data bits, parity, 
stop bit and the COM port at the PC. The baud rate is the 
number of signal changes per second or transition speed 
between Mark (negative) and Space (positive) which 
range from 110 to 19200, data bits is the length of data in 
bit which has one least significant bit (LSB) and one 
most significant bit (MSB), the parity bit is an optional 
bit mainly for bit error checking. It can be odd, even, 
none Mark and Space. Stop bit is used to frame up the 
data bits and usually combined with the start bit. These 
bits are always represented by a negative voltage and can 
be 1, 1.5 and 2 stop bits. The commonly used setting to 
establish a serial RS232 communication is 9600 baud 
rate, none parity, 8 data bits, and 1 stop bit. As this paper 
relates with data collection, thus the data obtained from 
the microcontroller needs to be collected and saved. This 
can be done by using the GUI monitoring system where 
it automatically saves the data received in a note pad. 
The data being saved is the date and time during the data 
collected and data value it self. Figures 4 and 5, repre-
sents the graphical user interface and logged data in file 
[17,18]. 
 
9. Schematic of the Data Logger 
 
Figure 6 shows, the full schematic diagram of the data 
logger for indoor environment. This data logger has four 
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embedded sensor module and other four channels are 
open to be used for the measurement of other environ-
mental parameters. 
 
10. Software Design of Data Logger 
 
This subsection includes the software design for all the 
modules interfaced with PIC 18F4458. It covers com-
plete software design for data logger. The programs have 
been written to the environmental parameters and con-
centration level of SO2 and NO2 gases are monitored for 
24 hours and save the data of EEPROM corresponding to 
the time and date. 
 
10.1. Programming Steps for I2C Interface 
 
I2C is also bi-directional. This is implemented by an 
“Acknowledge” system or “ACK” system allows data to  
 

 

Figure 4. GUI for the data logger. 
 

 

Figure 5. Representation of the logged data in file. 

be sent in one direction to one item on the I2C bus, than, 
that item will “ACK” to indicate the data was received. 
Normally, the master device controls the clock line, SCL. 
This line dictates the timing of all transfers on the I2C 
bus. Other devices can manipulate this line, but they can 
only force the line low. This action means that item on 
the bus cannot deal with more data in to any device. 
 
10.1.1. Writing to a I2C Chip 
The function of writing to the EEPROM is shown here as 
“Control IN”, which represents putting the EEPROM in 
an “input” mode. Since we are only sending data to the 
EEPROM, we use the “Control IN” byte. We will use 
“Control OUT” later. Figure 7 shows the display of data 
saver memory (data writing of the memory). 

Next, the EEPROM acknowledges this byte; this is 
shown by the “A” after the byte. It is put on the next line 
to indicate this is transmitted by the EEPROM. Next the 
PIC microcontroller sends the address byte. The address 
byte contains the address of the location of the EEPROM; 
we want to write data. Since the address is valid the data 
is acknowledged by the EEPROM. Finally, we send the 
data we want to write. The data is then acknowledged by 
the EEPROM. When that finishes, we send a stop condi-
tion to complete the transfer. Remember the “STOP” is 
represented as the “T” block on the end. Once the 
EEPROM gets the “STOP” condition it will begin writ-
ing to its memory. The write will not occur until it re-
ceives the “STOP” condition. 
 
10.1.2. Reading from an I2C Chip 
 
The transfer will use the “Control IN” byte to load the 
address into the EEPROM. This sends data to the 
EEPROM which is why we use the “Control IN” byte. 
Once the address is loaded, we want to retrieve the data. 
So, we send a “Control OUT” byte to indicate to the 
EEPROM that we want data from it. The EEPROM will 
acknowledge this and then send the data we requested. 
When we are done getting data, we send a “NACK” to 
tell the EEPROM that we do not want more data. If we 
were to send an ACK at this point, we could get the next 
byte of data from the EEPROM. Since we only want to 
read one byte, we send a “NACK”. This is detailed in the 
specifications for the EEPROM. Figure 8 shows the dis-
play of outcome data saver memory (data reading and 
save outcome data in note pad form). 
 
10.2. Programming Steps for LCD Interface 
 
10.2.1. LCD Module is Initialization and  

Configuration to Work in 4 Bit Module 
Set RS = 0 to send command; send 0b0010 to data lines         
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Figure 6. Full schematic of the data logger. 
 

 

Figure 7. Display of data saver memory. 
 
three times with a delay of 2 ms; to send a byte on 4 data 
line. Send higher nibble first and give a RE pulse of 100 
us at RE. Send a set of instruction one after another with 
a delay of 2 ms between each command to configure 
various setting as given in instruction set of LCD data-
sheet. Send instruction set again. 

 

Figure 8. Display of outcome data saver memory. 
 
10.2.2. Display a Character 
Set RS = 1; send higher nibble at 4 data lines. Send 
100uS RE pulse; send lower nibble at data lines. Send 
RE pulse; keep track of number of character already dis-
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played on display panel using LCD count up. Go to line 
2 or line 1 according to that. 
 
10.3. Programming Steps for Sensor Data  

Collection 
 
There are connected four sensors temperature, humidity, 
SO2, and NO2. Data is collected by the ADC inbuilt in 
PIC. ADC provides 10 bit of data after the conversion is 
completed. 
 
10.3.1. Data Collection of Temperature Sensor 
Select the analog channel AN0, alignment of bits for 
ADRESH and ADRESL, sampling frequency, Vref, 
power on the ADC module by setting ADCON0, AD-
CON1 and ADCON2 registers. Start A to D conversion 
by setting ADGO bit high and wait till ADIF flag will 
not indicate the completion of conversion and copy the 
results from ADRESH and ADRESL to variables. 
 
10.3.2. Data Collection of Humidity Sensor 
Select the AN3 and set other features of ADC as tem-
perature sensor and after completion of conversion cop-
ies the result in variable. 
 
10.3.3. Data Collection of NO2 and SO2 Sensor 
Data collection from the NO2 sensor needs following 
actions to be carried out 1) Selecting the analog channel 
AN1, sampling frequency, and alignment of bits for 
ADRESH and ADRESL, 2) Vref and power on the ADC 
module by setting ADCON0, ADCON1 and ADCON2 

registers, 3) starting analog to digital conversion by set-
ting ADGO bit high (wait till ADIF flag will not indicate 
the completion of conversion), and 4) copy of results 
from ADRESH and ADRESL to variables. 

Now repeat the same process to collect the SO2 data 
on the channel number AN2. 
 
11. Results and Discussion 
 
Sensors module, EEPROM, RTC, and LCD have been 
successfully interfaced to the microcontroller. EEPROM 
is successfully storing the logged data with time and date 
tag. The sensors data is being displayed on LCD module. 
A simple GUI has been designed to store a logged data to 
a text file, so that it can be analyzed further. The devel-
oped system is lowest cost and energy efficient system. 
The power consumption of the developed system is 
minimum (< 250 mA). 
 
12. Conclusions 
 
We have developed a low cost, 12 bit resolution data 

logger and successfully measured temperature, humidity, 
and concentration of SO2 and NO2 gases. The GUI de-
signed gives a lucratively look to the functioning of data 
logger. Initial results of the data logger are encouraging 
and we are working on to improve the GUI model as 
well as the accuracy of data logger. 
 
13. Future Scope 
 
We can improve the data logger by incorporating the 
wireless communication in it. There fore, by combining 
the term data acquisition and wireless communication, it 
becomes wireless data acquisition. This new innovation 
technology has become the trend for most industries and 
companies around the world to gather information due to 
its reliability and outstanding outcome. The advantage of 
this technology is that it did not use any physical com-
ponents or wires to transfer the data obtained from sensor 
at transmitter side to the receiver side. As a result, an 
effective system is developed where it is not only re-
moves all the conventional hardware and replace with a 
transceiver modem for data transfer but also a cost effec-
tive system as well. Moreover, the data transmission 
range can be extended into longer range depending on 
the transceiver modem capability. With this feature, in-
formation from the transducer could be transmitted faster 
and acts as an early alert in case of accident or disaster 
such as fire, food and earthquake. By modifying the GUI 
we can display the waveforms of the data on the com-
puter console where as presently we are logging the data 
to the file. We also can incorporate the USB communica-
tion so that we can transfer the data at high data rates. 
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Abstract 
 
In order to develop a general calculating rotor’s torsional stiffness based on stiffness influence coefficient for 
different rotor assembling, the calculation method of the torsional stiffness influence coefficient of equal 
thickness disc is researched in this paper at first. Then the torsional stiffness influence coefficient λ of equal 
thickness disc is fit to a binary curved face and a calculation equation is obtained based on a large quantity of 
calculating data, which lays the foundation for research on a general calculating method of rotor torsional 
stiffness. Thirdly a simplified calculation method for equivalent stiffness diameter of stepped equal thickness 
disc and cone disc in the steam turbine generators is suggested. Finally a general calculating program for 
calculating rotor’s torsional vibration features is developed, and the torsional vibration features of a verity of 
steam turbine rotors are calculated for verification. The calculating results show that stiffness influence coef-
ficient λ of equal-thickness disc depends on parameters of B and H, as well as the stiffness influence coeffi-
cient λ; and discs with complex structure can be simplified to equal-thickness discs with little error by using 
the method suggested in this paper; error can be controlled within 1% when equivalent diameter of stiffness 
is calculated by this method. 
 
Keywords: Rotor, Disc, General Calculating Method, Torsional Stiffness, Stiffness Influence Coefficient 

1. Introduction 
 
The rotor’s torsional vibration is one of the most impor-
tant issues for safety operation of steam turbine generator 
units. And the electromagnetic torque of the generator 
and the driving torque of steam turbine reach to a balance 
state when the turbo-generator is in normal operation with 
certain load. Then the torque is stably distributed along 
the rotor. But once there are any disturbances caused by 
driving torque or electromagnetic torque, the balance will 
be destroyed, and inducing the rotor torsional vibration [1, 
2]. Heavy torsional vibration will cause accidents and 
fatigue of the mechanical parts, so as to shorten the life 
span of the rotor, and even worse will cause the rotor 
broken. So the torsional vibration of rotor has aroused the 
attentions of the electricity production and the manage-
ment departments widely [3,4]. 

Calculating the characteristics of rotor torsional vibra-
tion is one of the most important jobs in the strength de-
sign stage of turbine rotor, its accuracy has a great influ-

ence on the structure design and fabrication of the rotor 
and affects the prevention and control of the torsional 
vibration [5]. In solving the characteristics of rotor tor-
sional vibration, one of the most important things is to 
define the torsional stiffness, because it will directly in-
fluence the results of the inherent frequency, vibration 
mode and critical speed and so on. 

The integral-disc rotors have been widely used on the 
large steam turbine units. In general, there are two ways to 
solve the rotor stiffness, one is to calculate the exact so-
lution with ANSYS software [6], and the other is to sim-
plify the related disc at first and then to solve it with the 
empirical equation [7]. However, when the ANSYS is 
used, only one specific structure of rotor can be calculated 
at one time. When the structure of the rotor is changed, 
new modeling is needed, and as the modeling is so com-
plex procedure that it wastes time. That is to say the ver-
satility of this method is not so good. And the weakness 
for the second method is low precision. The purpose of 
this paper is to develop a general method to calculate the 
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characteristics of rotor’s torsional vibration with a given 
data format for different kinds of rotor automatically, and 
with high accuracy. In this paper, the stiffness influence 
coefficient of single equal thickness disc is resolved at 
first. Then the torsional stiffness influence coefficient λ of 
equal thickness disc is fit to a binary curved face and 
calculation equation is corresponded with the curved face. 
Thirdly a simplified calculation method for calculating 
equivalent stiffness diameter of discs with complex 
structure as stepped equal thickness disc and cone disc in 
the steam turbine generators is researched. Finally the 
torsional vibration features of various steam turbine rotors 
are calculated for verification. 
 
2. Calculation of Torsional Stiffness  

Influence Coefficient of Equal Thickness 
Disc 

 
For the equal thickness disc in the integral-disc rotors 
(shown in the Figure 1), the disc and the shaft are inte-
grated as a whole, the influence of the bulged part (or 
other complex parts) to stiffness must be considered when 
the stiffness of every section of the shaft is defined. The 
influence of the disc on the shaft is related to the thickness 
and the distance between the discs [8]. 

For lateral vibration, the influence of the disc on the 
shaft is usually represented by the cross-section polar 
moment of inertia In of every section on the shaft, and In is 
calculated by using the following equation:  

1 (1 )
nI

I
b
L




 
                 (1) 

where, I is the cross-section polar moment of inertia of the 
section shaft whose diameter is D, b is the thickness of the 
juncture of the disc and shaft, L is the length of the shaft, 
and λ is the influence coefficient considering the disc 
bending stiffness. λ is of monotonic decreasing with the 
ratio of b/D, so the influence of disc on stiffness can be 
 

 

Figure 1. Longitudinal section of equal-thickness disc. 

ignored when the ratio of b/D is very small (< 0.1), only 
the weight of the disc is considered. 

To develop a general calculating method to calculate 
the characteristics of rotor’s torsional vibration, the in-
fluence factors of the torsional stiffness influence coeffi-
cient λ is analyzed from following aspects, in the same 
way as lateral vibration: 

1) In is supposed to be the cross-section polar moment 
of inertia of the shaft with the equivalent stiffness di-
ameter D’, and I, b, and L are calculated by using the disc 
physical dimension directly, so the torsional stiffness 
influence coefficient λ of a specific disc is solved ac-
cording to (1).  

2) As the stiffness influence coefficient λ of equal 
-thickness discs is mainly determined by the relative 
thickness B and the relative height H of the bulged part, 
where B = b/D, H = (h-D/2)/(D/2). A large quantity of 
discs with different sizes are calculated, then their regu-
larity is summarized and an equation about the λ is fit, 
which establishes the foundation of developing a general 
calculating method for calculating the rotor torsional 
stiffness of equal thickness discs. 
 

2.1. The Regularity of Torsional Stiffness Influence 
Coefficient of Equal-Thickness Discs 

 
The values of λ with different B (0~0.5), H (0.2, 0.4, 0.6, 
0.8) are calculated at a certain diameter D (10 diameters 
chosen, from 0.1 m ~ 1 m), and their relationship is es-
tablished. Figure 2 shows the stiffness influence co-effi- 
cient curves of different diameters (D = 0.1 m and D = 1 
m). 

From Figure 2, it can be seen that the two curves for 
the left one and for the right one are accordant in spite of 
the fact that one diameter is ten times of the other (in fact 
the values agree with these curves when the diameter 
changes from 0.2 m to 0.8 m). It indicates that the value 
of λ is not related to the D, but is related to the B and H. 
The longer the B or the H is, the smaller the λ is. But when 
the H is over the 0.8, the λ is no longer related to the H. In 
addition, the influence of B on the λ is usually bigger than 
that of H. 
 
2.2. The Binary Curved Face of Torsional Stiffness 

Influence Coefficient of Equal-Thickness Discs 
 
In order to get a general equation to calculate the λ di-
rectly, the torsional stiffness influence coefficient λ of the 
equal thickness disc is fit to a binary curved face (shown 
in the Figure 3) and a calculation equation is obtained 
(their correlation rate is 99.9%). 

2 2
1 3 5 7 9 11

2 2
2 4 6 8 101

P P B P H P B P H P BH

P B P H P B P H P BH
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D = 0.1 m 

 

 
D = 1 m 

Figure 2. Stiffness influence coefficient curves of different 
diameters. 
 

 

Figure 3. The binary curved face of torsional stiffness influ- 
ence coefficient of equal-thickness discs. 
 
where, P1 = 0.999903, P2 = 0.351506, P3 = 0.352325, 

  P4 = 30.34354, P5 = 30.51446, P6 = 14.73716, 

  P7 = 14.73629, P8 =7.060696, P9 = 6.831384,  
  P10 = 7.799944, P11 = −39.9495 

Then the equivalent stiffness diameter D’’ of the disc 
can be calculated by: 

''

4 1 (1 ) /

D
D

b L


 
               (3)  

So as to verify the precision of (3), groups of data in the 
numeric area of the different rotors are randomly chosen 
to calculate their D’’, which are compared to the exact 
value of D’ got by using ANSYS. And the error produced 
by these two methods is shown in the Table 1 (only five 
groups are listed here). From Table 1, it can be seen that 
the errors of the five groups are all less than 1% for any 
random disc geometric parameters. That is to say that the 
method proposed in this paper by using (3) can be used 
as a general calculating method for calculating the 
equivalent stiffness diameter D’’ for different dimen-
sional rotors with equal-thickness discs automatically 
and with high accuracy. 
 
3. Calculation of the Equivalent Stiffness  

Diameter of Discs with Complex Structure 
 
The types of the disc on large integral-disc rotors of the 
steam turbine differ from each other when the capability 
or the working principle of the units is diverse. The types 
of discs on most of steam turbine rotors calculated in this 
paper can be summed up as three kinds: the equal-thi- 
ckness disc, the stepped equal thickness disc and the cone 
disc, shown in Figures 1, 4 and 5 respectively. Actually, 
almost all of the discs of steam turbine rotor can be sim-
plified to this three. Obviously there must be some errors 
if the latter two are simplified as the equal-thickness discs 
to calculate the equivalent stiffness. So, the emphasis of 
the following paragraphs is placed on solving of the 
equivalent stiffness diameter of these two kinds of disc. 
 
3.1. Stepped Equal-Thickness Disc 
 
For the stepped equal-thickness disc, the equivalent 
stiffness diameter is calculated at first, by treating this 
kind disc as equal-thickness disc. Then the calculating 
results are compared with the accurate value (by ANSYS) 
to determine whether the error caused by such a simpli-
fication is permitted. Table 2 shows the correlation be-
tween equal-thickness disc and stepped equal-thickness 
disc. 
 
3.2. Cone-Shaped Disc  
 
The cone-shaped disc (shown in Figure 5) can be treated          
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Table 1. Equivalent diameters of stiffness calculated by two ways and their error for equal-thickness discs. 

SN b/m h/m D/m L/m λ D’’/m D’/m Error/% 

1 0.1191 0.8128 0.99 0.27 0.848546 1.007262 1.007325 0.00623 

2 0.102 0.63285 0.1142 0.125 0.902886 1.165816 1.172588 0.57751 

3 0.16 0.49315 0.92 0.22 0.846581 0.947617 0.94832 0.07409 

4 0.123 0.4445 0.711 0.216 0.793544 0.733582 0.732856 0.099185 

5 0.129 0.475 0.7305 0.18 0.785901 0.761562 0.761602 0.00516 

 
Table 2. Correlation between equal-thickness disc and stepped equal-thickness disc. 

 D/m b/m L/m b1/m D’/m Error/% 

equal-thickness  0.99 0.23 0.27 0 1.0639 - 

0.99 0.23 0.27 0.11 1.0650 0.10 
stepped  

0.99 0.23 0.27 0.17 1.0648 0.08 

 

 

Figure 4. Longitudinal section of stepped equal-thickness 
disc. 
 

 

Figure 5. Longitudinal section of cone-shaped disc. 
 
as a equal-thickness disc, from which two parts with 
right-angled triangles of 90-α degree angle are cut off. 
And the equivalent stiffness diameter of cone disc is re-
lated to the angle of inclination α according to the results 
of a large number of the calculations. Therefore, cone 
shaped disc is regarded as equal-thickness disc to get the 
equivalent stiffness diameter at first. Then the equivalent 
stiffness diameter is amended two times, by the angle of α 

and by the error with accurate solution respectively. 
Table 3 shows the calculation errors of the equivalent 

stiffness diameters (the variation range of the angle α  is 
limited from 60° to 90°). 

From Table 3 it can be seen that, when the structure 
sizes are limited to the areas mentioned above, the cal-
culation errors of the equivalent diameters were less than 
5%. Although the errors are within the engineering per-
missible value, it is amended by an error fitting curve 
(shown in Figure 6), which is obtained by accurate solu-
tions (by ANSYS) to get high accuracy. 

Similarly, other discs as cone disc with bulge (shown in 
Figure 7) and stepped equal-thickness cone disc (shown 
in Figure 8) can be treated as equal-thickness disc, while 
the bulge part can be treated as additional rotary inertia. 

The error fitting curve (shown in Figure 6) can be fit-
ted as following equation: 

3 2( ) 0.0002117 0.05342 4.551 131.2f               (4) 

With (4), the equivalent stiffness diameters of all kinds 
of cone discs can be calculated. 
 

 

Figure 6. Error fitting curve. 
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Table 3. The calculation errors of the equivalent stiffness diameters between cone-shape disc and equal-thickness disc. 

SN b’/m α/° D’/m Error/% 

1 0 90 0.837561 0 

2 0.02 85.43 0.834684 0.3447 

3 0.05 78.69 0.831594 0.7175 

4 0.08 72.26 0.825677 1.4393 

5 0.11 66.256 0.816003 2.6419 

6 0.14 60.756 0.801958 4.4395 

 

 

Figure 7. Cone disc with bulge. 
 

 

Figure 8. Stepped equal-thickness cone disc. 
 

Table 4 shows the equivalent stiffness diameters ob-
tained by our simplified method and by the precise value, 
where D’’’ is value by the method used in this paper and 
D’ calculated by ANSYS. It can be seen that the errors of 
the two ways are all less than 0.5%. That proves this 
simplification method has a higher degree of accuracy. 
 
4. General Calculating Program and  

Verification Calculation Example 
 
A general calculating program for calculating rotor’s 

torsional vibration features is developed to calculate the 
characteristics of rotor’s torsional vibration with a given 
data format for different kinds of rotor based on the me-
thod mentioned above. To testify the correctness of the 
method proposed in this paper, the characteristics of the 
torsional vibration of different kinds of rotors are calcu-
lated in this paper, and the result of a 600 MW air-cooled 
steam turbine rotor is listed here. 
 
4.1. Modeling Method of Integral Rotor 
 
The rotor of a 600 MW air-cooled steam turbine rotor is 
divided into 173 segments along the axis, shown in Fig-
ure 9 [5]. 
 
4.2. Establishing the Disc’s Finite Element Model 
 
The disc’s finite element model is established by follow-
ing steps: 

1) Establishing a cross section in ANSYS. 
2) Generating the corresponding model by rotating the 

section along the axis [6]. 
3) Meshing the model by defining the element type as 

Solid 45. Mapping grid is used so as to get a better quality 
because it is of better orthogonality.  

Figure 10 shows the disc’s finite element model. 
 
4.3. Loading Model of the Disc (Torque and  

Constraint) 
 
For the sake of getting the torsional stiffness of the disc  
 

 

Figure 9. Rotor geometrical model.            
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Table 4. The equivalent stiffness diameters and errors by simplified method and by precise value. 

SN L/m b/m D/m h/m α/° f(α) D’’’/m D’/m Error/% 

1 0.216 0.123 0.3555 0.598 86.81363 0.205573 0.366427 0.366428 0.00031 

2 0.18 0.129 0.36525 0.598 86.43516 0.228928 0.380206 0.380801 0.15621 

3 0.498 0.4565 0.39 0.64 67.95205 2.191521 0.458577 0.456555 0.442767 

4 0.22 0.17527 0.4725 0.70 82.96241 0.432271 0.494731 0.49715 0.48673 

 

 

Figure 10. Disc modeling and meshing. 
 
under twisted state, the model established above is 
loaded in ANSYS by exerting a torque at one end of the 
disc and fix the other end. The specific steps in loading 
the torque are described as follows: 

1) Establishing a node in the center of the surface, de-
fined as mass 21 unit. 

2) Coupling the node with the other nodes to form a 
rigid region (using ‘cerig’ command). 

3) Loading the torque directly to the master node-the 
central node. 
 
4.4. Calculating Disc’s Equivalent Stiffness  

Diameter 
 
With the model above-mentioned, twist angle cloud of 
the disc model under a certain torque T can be obtained 
(shown in Figure 11), when the related material proper-
ties are defined in ANSYS. The largest twist angle φ of 
the disc can be found out in Figure 11. Then the tor-
sional stiffness k and the equivalent stiffness diameter D’ 
can be calculated by using (5) and (6). 

k T                     (5) 

' 4 ((2 ) / )kL GD                  (6) 

where L is the length of the disc and G is the shear 
modulus. 

4.5. Calculating Results 
 
Table 5 and Figure 12 show the values of the first four 
orders of torsional vibration frequencies and modes of 
this rotor obtained from the designed value, the measured 
value, and the calculated value of this paper (Holzer 
transfer matrix and Riccati transfer matrix are used). It 
can be seen that the results of method proposed in this 
paper are consistent with the measured values and can 
meet the requirement of accuracy. 
 

 

Figure 11. Twist angle cloud of the disc. 
 

 

Figure 12. The first four orders of the rotor’s torsional vi-
bration modes. 
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Table 5. The first four orders of the rotor’s torsional vibra- 
tion frequencies* /Hz. 

Order 1 2 3 4 

designed value 15.03 25.95 30.04 120.3 

Measured value 15.3 26.1 30.55 - 

Holzer 15.2 26.2 31.8 121.6 Calculated 

value Riccati  15.3 26.3 31.8 124.5 

 
5. Conclusions 
 
To develop a general method to calculate the characteris-
tics of rotor’s torsional vibration by using data under 
given format for different kinds of rotor automatically, 
the stiffness influence coefficient of single equal thick-
ness disc is resolved at first. Then the torsional stiffness 
influence coefficient λ of equal thickness disc is fit to a 
binary curved face and a calculation equation is obtained 
based on this curved face. In addition, a simplified cal-
culation method for calculating equivalent stiffness di-
ameter of discs with complex structure, such as stepped 
equal thickness disc and cone disc, is proposed. Follow-
ing conclusions can be drawn from this paper: 

1) The stiffness influence coefficient λ of equal-thi- 
ckness disc depends on relative thickness B and the rela-
tive height H, but not with b and h. And the influence of 
B on λ is greater than H. 

2) Discs with complex structure can be simplified to 
equal-thickness disc with little error by using the method 
suggested in this paper, and the error can be control 
within 1%.  

3) The general calculating program developed in this 
paper is verified to have a universal property and with a 
reasonable accuracy. 
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Abstract 
 
The problem of steady two-dimensional oblique stagnation-point flow of an incompressible viscous fluid 
towards a stretching surface is reexamined. Here the surface is stretched with a velocity proportional to the 
distance from a fixed point. Previous studies on this problem are reviewed and the errors in the boundary 
conditions at infinity are rectified. It is found that for a very small value of shear in the free stream, the flow 
has a boundary layer structure when / 1a c  , where ax  and cx are the free stream stagnation-point velocity 
and the stretching velocity of the sheet, respectively, x  being the distance along the surface from the stag-
nation-point. On the other hand, the flow has an inverted boundary layer structure when / 1a c  . It is also 
observed that for given values of /a c and free stream shear, the horizontal velocity at a point decreases with 
increase in the pressure gradient parameter. 
 
Keywords: Oblique Stagnation-Point Flow, Stretching Surface 

1. Introduction 
 
The study of the flow of an incompressible viscous fluid 
over a stretching surface has important bearing on sev-
eral technological and industrial processes. Problems 
such as the extrusion of polymers in melt-spinning, glass 
blowing, spinning of fibers a several metallurgical as 
well as metal-working processes involve certain aspects 
of flow over stretching sheets. Crane [1] obtained a simi-
larity solution in closed analytical form for steady two- 
dimensional flow of an incompressible viscous fluid 
caused solely by the stretching of an elastic sheet which 
moves in its own plane with a velocity varying linearly 
with distance from a fixed point. 

Chiam [2] investigated steady two-dimensional or-
thogonal and oblique stagnation-point flow of an incom-
pressible viscous fluid towards a stretching surface in the 
case when the parameter b representing the ratio of the 
strain rate of the stagnation-point flow to that of the 
stretching surface is equal to unity. By removing this 
highly restrictive assumption ( 1b  ), Mahapatra and 
Gupta [3] analyzed the steady two-dimensional orthogo-
nal stagnation-point flow of an incompressible viscous 
fluid to-wards a stretching surface in the general case 

1b  . They observed that the structure of the boundary 

layer depends crucially on the value of b . Reza and 
Gupta [4] generalized the problem of an oblique stagna-
tion-point flow over a stretching surface by Chiam [2] to 
include surface strain rate different from that of the 
stagnation flow. But since the displacement thickness 
arising out of the boundary layer on the surface was ig-
nored in their boundary condition at infinity, the analysis 
in [4] is of doubt full validity. This was rectified in a 
paper by Lok, Amin and Pop [5]. However, these authors 
[5] did not take into account the pressure gradient pa-
rameter in the boundary condition at infinity. This is a 
serious omission since the pressure gradient parameter is 
linked to the free stream shear in the oblique stagna-
tion-point flow (Drazin and Riley [6]). Hence the results 
of the paper in [5] are also of doubtful validity. 

It is noted that planar oblique stagnation-point flow of 
an incompressible viscous flow of an incompressible vis- 
cous fluid towards affixed rigid surface was first studied 
by Stuart [7]. This problem was later independently in-
vestigated by Tamada [8] and Dorrepaal [9]. The ana-
logue of the planar oblique stagnation-point flow to stag- 
nation flow obliquely impinging on a rigid circular cyl-
inder was discussed by Weidman and Putkaradze [10]. 
Exact similarity solutions for impingement of two vis-
cous immiscible oblique stagnation flows forming a flat 
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interface was given by Tilley and Weidman [11]. On the 
other hand heat transfer in oblique stagnation-point flow 
of an incompressible viscous fluid towards stretching 
surface was investigated by Mahapatra, Dholey and 
Gupta [12]. Further oblique stagnation-point flow of a 
viscoelastic fluid towards a stretching surface was stud-
ied by Mahapatra, Dholey and Gupta [13]. 

The objective of the present paper is to rectify the er-
rors in [4] and [5] and give a correct solution to the 
above problem. It is worth pointing out that an oblique 
stagnation-point flow occurs when a separated viscous 
flow reattaches to a surface. 
 
2. Flow Analysis 
 
Consider the steady two-dimensional flow near a stagna-
tion point when an incompressible viscous fluid im-
pinges obliquely on an elastic surface coinciding with the 
plane 0y  , the flow being confined to 0y  . Two 
equal and opposite forces are applied along the x-axis so 
that the surface is stretched keeping the origin fixed, as 
shown in Figure 1. The velocity components in the in-
viscid free stream along the x and y directions are 

0 1 0 22 ( ), ( )U ax b y V a y       ,     (1) 

respectively, where a  and b  are constants. Further 

2  is the displacement thickness arising out of the 
boundary layer on the stretching surface and 1  is the 
parameter which controls the horizontal pressure gradi-
ent that produces the shear flow. Note that the whole 
flow field given by (1) may be viewed as being com-
posed of an orthogonal stagnation-point flow combined 
with a horizontal shear flow. The corresponding stream 
function for the above velocity distribution is 

2
0 2 1( ) ( )ax y b y               (2) 

There appears a boundary layer on the surface at high 
Reynolds number. At the stretching surface, the no-slip 
condition gives 

u cx , 0v   at 0y  ,           (3) 

where c  is a positive constant and u  and v  are the 
velocity components along x  and y  directions, re-
spectively. In Reza & Gupta [4], stream function in the 
boundary layer was assumed in the form 

( ) ( ),F W
   


               (4) 

where   is the kinematic viscosity and 
1 1

2 2
,

c c
x y 
 
       
   

,           (5) 

This gives the dimensionless velocity components from 
(4) and (5) as 

( ) ( )U F W     , ( ),V F          (6) 

where  1 2
U u c and  1 2

.V v c  Using (6) in 
the Navier-Stokes equations it was shown in [4] that 

( )F   and ( )W   satisfy the following equations 

2
1 ,F FF F c                 (7) 

2 ,F W FW W c                (8) 

where 1c and 2c are constants. From (6), no-slip condi-
tions (3) become 

(0) 0, (0) 1,F F              (9) 

(0) 0, (0) 0.W W              (10) 

Further from (1) and (6), the boundary condition for 
( )F   and ( )W   at infinity are  

( )
a

F
c

  ; 2( ) ( )
a

F d
c

   as ,       (11) 

1( ) 2 ( )
b

W d
c

    as ,          (12) 

where  
1

2
2 2/d c    
 

is the dimensionless displace-

ment thickness parameter and  
1

2
1 1/d c    
 

 is the 

dimensionless pressure gradient parameter linked to the 
free stream shear flow. 

Reza and Gupta [4] ignored both the constants δ1 and 
δ2 in (1). While pointing out that δ2 should be taken into 
account (as mentioned in the Introduction), Lok, Amin & 
Pop [5] rectified this error in [4]. However, these authors 
in [5] lost sight of the constant δ1 in (1) and consequently 
arrived at governing equations for the velocity distribu-
tion one of which is incorrect. Hence their analysis is of 
doubtful validity. 

Using the boundary conditions (11) and (12) in (7) and 
(8), we get 
 

 

Figure 1. A sketch of the physical problem. 
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2

1 2 2 12 2
, 2 ( )

a ab
c c d d

c c
   .        (13) 

Thus the governing equations for F(η) and W(η) be-
come 

2
2

2
,

a
F FF F

c
                  (14) 

2 12
2 ( ).

ab
F W FW W d d

c
              (15) 

Note that Equation (15) derived by Lok et al. [5] does 
not include 1d . Further the boundary condition (12) in 
[5] is also erroneous due to the absence of 1d . Substitu-
tion of (14) and (15) in the x and y momentum equa-
tions followed by integration gives the pressure distribu-
tion ( , )p x y  in the flow as 

2
2 2

2 12 2

( , )

1
2 ( ) constant.

2

p x y

c

a ab
F F d d

c c



 
 

       
 

(16) 

which can be found once ( )F   is known. 
Equations (14) and (15) subject to the boundary condi-

tions (9)-(12) are solved numerically by finite difference 
method using Thomas algorithm (Fletcher [14]). 
 
3. Results and Discussion 
 
Figure 2 shows the variation of ( , )U    with η at a 
fixed value of ξ(= 0.5) for several values of /a c when 
the pressure gradient parameter 1 0.5d   and /  b c  

 1.0 . It can be seen that at a given value of  , U in-
creases with increase in /a c . Further when b/c is very 
small and equal to 0.05, say, the velocity profile at a 
fixed value of   0.5  for several values of 

/a c with 1 0.5d   shows a boundary layer structure 
(see Figure 3) and the thickness of the boundary layer 
decreases with increase in /a c . From a physical point 
of view, this stems from the fact that increase of straining 
motion in the free stream (e.g., increase in /a c  for a 
fixed value of c ) leads to increase in acceleration of the 
free stream. This results in thinning of boundary layer. 

Figure 3 shows that when the free stream shear is neg-
ligible ( / 0.05b c   for a given value of c), the flow has 
a boundary layer structure because in this case straining 
motion dominates over the shear. However, this bound-
ary layer structure is affected to a great extent in the 
presence of considerable shear in the free stream (see 
Figure 2). 

The dimensionless displacement thickness 2d  is com- 
puted for different values of /a c  from the solution of 
Equation (14) subject to the boundary conditions (9) and 
(11) and shown in the above Table 1. It may be noticed 

that for / 1a c  , displacement thickness is approxi-
mately zero (numerically). This is due to fact that when 

/ 1a c  , the stretching velocity of the plate is precisely 
equal to the irrotational straining velocity. From a physi-
cal point of view, the absence of boundary layer in this 
case arises from the fact that although the flow is not 
frictionless in a strict sense, the friction is uniformly dis-
tributed and does not therefore affect the motion. Stuart 
[7] and Tamada [8] showed that the value of the dimen-
sional displacement thickness is 0.6479 for oblique stag-
nation point flow over a rigid plate. This result can be 
compared with that of our problem by considering c = 0 
in the boundary condition (3) which gives F(0) = 0 and 

 0 0F   . We have found that the value of the dis-
placement thickness is 2  0.64788d  . It may be noted 
that in both the studies of Stuart [7] and Tamada [8], the 
pressure gradient parameter 1 0  . 
 

 

Figure 2. Variation of ( , )U    with   at 0.5   for se- 

veral values of /a c  when 1 0.5d   and /b c = 1.0. 

 

 

Figure 3. Variation of ( , )U    with   at 0.5   for 

several values of /a c  when 1 0.5d   and /b c  = 0.05. 
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Table 1. Values of the displacement thickness d2 for 
several values of /a c . 

/a c  3 2 1.5 1.0 

2d  0.235278 0.2082290 0.1548889 79.3602152 10

 
Figure 4 displays the variation of   ,  U    with   

at a fixed location ξ(= 0.5) for several values of the pres-
sure gradient parameter 1d when / 3a c   and /b c  

1.0 . It may be seen that at a given value of η, the 
horizontal velocity U decreases with increase in 1d . 

The streamline patterns for the oblique stagnation- 
point flow are shown in Figures 5(a) and 5(b) for very 
small value of the free stream shear /   0.05b c   and 

1  0.4d   in two cases 1) /   0.2a c  , 2) /   5.0a c  . 
It can be seen that for /  < 1a c , the stream lines are 
slightly tilted towards the left. but when /  a c is large (= 
5), the flow almost resembles that of an orthogonal stag-
nation-point flow as long as the free stream shear is very 
small (see Figure 5(b)). For moderate value of free 
stream shear ( / 1b c  ), the disposition of the streamlines 
is shown in Figures 6(a) and 6(b) for /  a c = 0.2, and 

/  a c = 2.0, respectively. It is observed from Figures 5(a) 
and 6(a) that for a given value of /  a c (= 0.2), with 
increase in the free stream shear, the streamlines become 
more tilted towards the left. We also find that with in-
crease in the straining motion in the free stream, the 
streamlines are less and less tilted to the left. This is 
plausible on physical grounds because with increase in 

/  a c for a given value of /b c , the flow tends to re-
semble an orthogonal stagnation-point flow. 
 
4. Summary 
 
An exact solution of the Navier-Stokes equations is 
given which represents steady two-dimensional oblique  
 

 
Figure 4. Variation of ( , )U    with   at 0.5   for 

several values 1d  when / 3.0a c   and /b c  = 1.0. 

 
(a) when /  a c = 0.2 

 
(b) when /  a c = 5.0 

Figure 5. Streamline patterns for /b c  = 0.05 and d1 = 0.4 
(a) when /  a c = 0.2 (b) when /  a c = 5.0. 
 
stagnation-point flow of an incompressible viscous fluid 
towards a surface stretched with velocity proportional to 
the distance from a fixed point. It is shown that when the 
free stream shear is negligible, the flow has a boundary 
layer behaviour when the stretching velocity is less than 
the free stream velocity ( / 1a c  ), and it has an inverted 
boundary layer structure when just the reverse is true 
( / 1a c  ). It is found that the obliquity of the flow to-
wards the surface increases with increase in /b c . This 
is consistent with the fact that increase in /b c  (for a 
fixed value of /  a c ) results in increase in the shearing 
motion which in turn leads to increased obliquity of the 
flow towards the surface. 



M. REZA  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                 ENG 

709

 
(a) when /  a c = 0.2. 

 
(b) when /  a c = 2.0 

Figure 6. Streamline patterns for /b c  = 1.0 and d1 = 0.4 
(a) when /  a c = 0.2; (b) when /  a c = 2.0. 
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Abstract 
 
Many biodynamic models have been derived using trial and error curve-fitting technique, such that the error 
between the computed and measured biodynamic response functions is minimum. This study developed a 
biomechanical model of the human body in a sitting posture without backrest for evaluating the vibration 
transmissibility and dynamic response to vertical vibration direction. In describing the human body motion, a 
three biomechanical models are discussed (two models are 4-DOF and one model 7-DOF). Optimization 
software based on stochastic techniques search methods, Genetic Algorithms (GAs), is employed to deter-
mine the human model parameters imposing some limit constraints on the model parameters. In addition, an 
objective function is formulated comprising the sum of errors between the computed and actual values (ex-
perimental data). The studied functions are the driving-point mechanical impedance, apparent mass and seat- 
to-head transmissibility functions. The optimization process increased the average goodness of fit and the 
results of studied functions became much closer to the target values (Experimental data). From the optimized 
model, the resonant frequencies of the driver parts computed on the basis of biodynamic response functions 
are found to be within close bounds to that expected for the human body. 
 
Keywords: Biodynamic Response, Seated Human models, Simulation, Genetic algorithms 

1. Introduction 
 
Recently, many people have focused their attention on 
the ride quality of vehicle which is directly related to 
driver fatigue, discomfort, and safety. As traveling in-
creases, the driver is more exposed to vibration mostly 
originating from the interaction between the road and 
vehicle. Whole-body vibration occurs in transportation 
and when near heavy machinery [1]. The vibrations 
cause the operator’s whole body to vibrate, as opposed to 
just one part of their body, says their hand or foot. Harm- 
ful effects of whole-body vibration are experienced when 
the exposure time is longer than the recommended stan-
dard set by ISO 2631-1 [2]. 

Biodynamic responses of seated human occupant ex-
posed to vibration have been widely characterized to 

define frequency-weightings for assessment of exposure, 
to identify human sensitivity and perception of vibration, 
and to develop seated body models [3]. The biodynamic 
response of the human body exposed to vibration have 
been invariably characterized through measurement of 
force motion relationship at the point of entry of vibra-
tion “To-the-body response function”, and transmission 
of vibration to different body segments “Through-the- 
body response function”. Considering that the human 
body is a complex biological system, the “To-the-body” 
response function is conveniently characterized through 
non-invasive measurements at the driving point alone. 
The vast majority of the reported studies on biodynamic 
response to whole-body vibration have considered vibra-
tion along the vertical axis alone. 

The reported studies on biodynamic responses under 



W. ABBAS  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                 ENG 

711

vertical vibration are thoroughly reviewed, specifically 
their response characteristics, experimental conditions, 
and the measured data. The biodynamic response char-
acteristics reported in terms of either the driving-point me-
chanical impedance (DPMI) or apparent mass (APMS), 
and the seat-to-head transmissibility (STHT) are classi-
fied under different experimental conditions used in the 
study. 

In early studies, various biodynamic models have been 
developed to depict human motion from single-DOF to 
multi-DOF models. These models can be divided as dis-
tributed (finite element) models, lumped parameter mod-
els and multi-body models. The distributed model treats 
the spine as a layered structure of rigid elements, repre-
senting the vertebral bodies, and deformable elements 
representing the intervertebral discs by the finite element 
method. Multi-body human models are made of several 
rigid bodies interconnected by pin (two-dimensional) or 
ball and socket (three-dimensional) joints, and can be 
further separated into kinetic and kinematic models. 

The lumped parameter models consider the human 
body as several rigid bodies and spring-dampers. This 
type of model is simple to analyze and easy to validate 
with experiments. However, the disadvantage is the 
limitation to one-directional analysis. Coermann [4], 
measured the driving-point impedance of the human 
body and suggested 1-DOF model. Suggs et al. [5] de-
veloped a 2-DOF human body. It was modeled as a 
damped spring-mass system to build a standardized ve-
hicle seat testing procedure. A 3-DOF analytical model 
for a tractor seat suspension system is presented by Te-
wari et al. [6]. It was observed that the model could be 
employed as a tool in selection of optimal suspension 
parameters for any other type of vehicles. Boileau et al. 
[7] used an optimization procedure to establish a 4-DOF 
human model based on test data. In addition, Zong and 
Lam [8] validated a 4-DOF nonlinear model originating 
from Liu et al. [9]. 

Furthermore, Muksian and Nash [10] presented a 6- 
DOF nonlinear model dedicated to the analysis of vibra-
tion imposed on a seated human. This model was modi-
fied by Patil et al. [11], who suggested a 7-DOF model. 
This model was further incorporated with a tractor model 
to evaluate vibration responses of an occupant-tractor 
system. A complete study on lumped-parameter models 
for seated human under vertical vibration excitation has 
been carried out by Liang and Chiang [12], based on 
analytical study and experimental validation. 

On the other hand, GA optimization is used by Bau-
mal et al. [13] to determine both active control and pas-
sive mechanical parameters of a vehicle suspension sys-
tem, to minimize the extreme acceleration of the passen-

ger’s seat, subjected to constraints representing the re-
quired road holding ability and suspension working 
space. The GA is used to solve the problem and results 
were compared to those obtained by simulated annealing 
technique and found to yields similar performance mea- 
sures. 

It is clear that the lumped-parameter model is probably 
one of the most popular analytical methods in the study 
of biodynamic responses of seated human subjects, 
though it is limited to one-directional analysis. However, 
vertical vibration exposure of the driver is our main con-
cern. Therefore, this paper carries out a thorough survey 
of literature on the lumped-parameter models for seated 
human subjects exposed to vertical vibration. 

This work aims to develop a biomechanical model of 
the human body in a sitting posture without backrest for 
evaluating the vibration transmissibility and dynamic 
response to vertical vibration direction. 
 
2. Biodynamic Response of the Human Body 
 
The biodynamic response of a seated human body ex-
posed to whole-body vibration can be broadly catego-
rized into two types. The first category “To-the-body” 
force motion interrelation as a function of frequency at 
the human-seat interface, expressed as the driving-point 
mechanical impedance or the apparent mass. The second 
category “Through-the-body” response function, gener-
ally termed as seat-to-head transmissibility for the seated 
occupant. 

The DPMI relates the driving force and resulting ve-
locity response at the driving point (the seat-buttocks 
interface), and is given by [3]: 

( ) ( )
( )

( ) ( )

F j F j
Z j

V j X j

 
                  (1) 

where, ( )Z j  is the complex DPMI, ( )F j  and 
( )V j  or ( )X j  are the driving force and response 

velocity at the driving point, respectively.   is the an-
gular frequency in rad/s , and j = 1  is the complex 
phasor. 

In a similar manner, the apparent mass response re-
lates the driving force to the resulting acceleration re-
sponse, and is given by [14]: 

( )
( )

( )

F j
APMS j

a j




               (2) 

where, ( )a j  is the acceleration response at the driv-
ing point. The magnitude of APMS offers a simple 
physical interpretation as it is equal to the static mass of 
the human body supported by the seat at very low fre-
quencies, when the human body resembles that of a rigid 
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mass. The above two functions are frequently used in-
terchangeably, due to their direct relationship that given 
by: 

( )
( )

DPMI j
APMS j

j




             (3) 

The biodynamic response characteristics of seated oc-
cupants exposed to whole body vibration can also be 
expressed in terms of seat-to-head transmissibility, which 
is termed as “through-the-body” response function. Un- 
like the force-motion relationship at the driving-point, 
the STHT function describes the transmission of vibra-
tion through the seated body. The STHT response func-
tion is expressed as: 

( )
( )

( )
Ha j

H j
a j





                (4) 

where, ( )H j  is the complex STHT, ( )Ha j  is the 
response acceleration measured at the head of seated 
occupant, and ( )a j  is the acceleration response at the 
driving point. The above three functions have been 
widely used to characterize the biodynamic responses of 
the seated human subjects exposed to whole body vibra-
tion. 
 
3. Experimental Data 
 
Many mathematical models on the study of biodynamic 
responses of seated human subjects have been published 
based on individual test data over the years. However, 
significant variation is known to exist between various 
data sets. Such variation may be partly attributed to the 
differences associated with the methodology, experi-
mental conditions or subject population used by different 
investigators. 
 
3.1. Basic Assumptions on Experimental Data 
 
The biodynamic of seated human subjects exposed to 
vertical vibration has been widely assessed in terms of 
STHT, DPMI, and APMS. The first function refers to the 
transmission of motion through the body, while the other 
two relate the force and motion at the point of vibration 
input to the body. A variety of test data used to charac-
terize these response functions has been established us-
ing widely varied test conditions. This has resulted in 
considerable discrepancies among the data. To avoid 
these discrepancies, a preliminary conclusion was reach- 
ed that any attempt to define generalized values might 
not be appropriate unless it could be defined specifically 
for a particular application or within a limited and well- 
defined range of situations [12]. 

Data sets satisfying the following requirements are se-
lected for the synthesis of biodynamic characteristics of 
the seated human subjects [15-17]. 
 A human subject is considered to be sitting erect 

without backrest support, irrespective of the hands’ 
position. 

 Body masses will be limited within 49-94 kg. 
 Feet are supported and vibrated. 
 Analysis is constrained to the vertical direction. 
 Vibration excitation amplitudes are below 5 m/s2, 

with the nature of excitation specified as being si-
nusoidal wave. 

 Excitation frequency range is limited to 0.5-20 Hz. 
 
3.2. Experimental Results 
 
While vertical DPMI, APAS, and STHT characteristics 
were not measured as part of this study, applicable target 
values were defined on the basis of a synthesis of  pub-
lished data Boileau [14], Liang et al. [12,17] and Wu [18]. 
Figure 1 shows upper, lower, and target values of DPMI, 
APMS, and STHT magnitude established as target values 
within 0.5-20 Hz frequency range, respectively. 
 
4. Biomechanical Modeling 
 
The human body in a sitting posture can be modeled as a 
mechanical system that is composed of several rigid 
bodies interconnected by springs and dampers. In this 
study, three types of biomechanical models are discussed 
to describe the vertical response: 4-DOF Wan and 
Schimmels model, 4-DOF Boileau and Rakheja model, 
and 7-DOF Patil and Palanichamy model as shown in 
Figure 2. 
 
4.1. Wan and Schimmels 4-DOF Model 
 
In this model, the seated human body was constructed 
with four separate mass segments interconnected by five 
sets of springs and dampers, with a total human mass of 
60.67 kg [19]. The four masses represent the following 
body segments: head and neck (m1), upper torso (m2), 
lower torso (m3), and thighs and pelvis (m4). The arms 
and legs are combined with the upper torso and thigh, 
respectively. The stiffness and damping properties of 
thighs and pelvis are (k5) and (c5), the lower torso are (k4) 
and (c4), upper torso are (k2, k3) and (c2, c3), and head are 
(k1) and (c1). The schematic of the model is shown in 
Figure 2(a), and biomechanical parameters of the model 
are listed in Table 1. 

The equations of motion of the human-body can be 
obtained as follows: 
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Figure 1. Experimental data of (a) STHT; (b) DPMI; and (c) 
APMS. 

  
(a)                            (b) 

 

 
(c) 

Figure 2. Biomechanical models. (a) Wan and Schimmels 
4-DOF model; (b) Boileau and Rakheja 4-DOF model; and 
(c) Patil and Palanichamy 7-DOF model. 
 
4.2. Boileau and Rakheja 4-DOF Model 
 
The human-body consists of four mass segments inter-
connected by four sets of springs and dampers with a 
total mass of 55.2 kg [7], as shown in Figure 2(b). The 
four masses represent the following four body segments: 
the head and neck (m1), the chest and upper torso (m2), 
the lower torso (m3), and the thighs and pelvis in contact 
with the seat (m4). The mass due to lower legs and the 
feet is not included in this representation, assuming their 
negligible contributions to the biodynamic response of 
the seated body. The stiffness and damping properties of 
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thighs and pelvis are (k4) and (c4), the lower torso are (k3) 
and (c3), upper torsos are (k2) and (c2), and head are (k1) 
and (c1). The biomechanical parameters of the model are 
listed in Table 2. The equation of motion of the human 
body can be obtained as follows: 

1 1 1 1 2 1 1 2

2 2 1 1 2 1 1 2 2 2 3

2 2 3

3 3 2 2 3 2 2 3 3 3 4

3 3 4

4 4 3 2 4 3 2 4 4 4

4 4

( ) ( )

( ) ( ) ( )

( )

( ) ( ) ( )

( )

( ) ( ) ( )

( )
se

se

m x c x x k x x

m x c x x k x x c x x

k x x

m x c x x k x x c x x

k x x

m x c x x k x x c x x

k x x

  

    

    

    

     


     
       
 
      

 

    (6) 

 
4.3. Patil and Palanichamy 7-DOF Model 
 
Based on Muksian’s 6-DOF model, a 7-DOF nonlinear 
model was developed by Patil and Palanichamy [11]. In 
this model, the human body consists of seven mass seg-
ments interconnected by eight sets of springs and damp-
ers, with total mass of 80 kg. The seven masses represent 
the following body segments: head and neck (m1), back 
(m2), upper torso (m3), thorax (m4), diaphragm (m5), ab-
domen (m6) and thighs and pelvis (m7). The arms and 
legs are combined with the upper torso and thigh, respec-
tively. The stiffness and damping properties of thighs 
and pelvis are (k8) and (c8), abdomen are (k6) and (c6), 
the diaphragm are (k5) and (c5), the thorax are (k4) and 
(c4), the torso are (k2, k3) and (c2, c3), back are (k7) and 
(c7), and head are (k1) and (c1). The schematic of the 
model is shown in Figure 2(c), and biomechanical pa-
rameters of the model are listed in Table 3. 

The equation of motion of the human-body can be 
obtained as follows: 
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     (7) 

5. Estimation of Biodynamic Response  
Characteristics 

 
There are two methods to solve system equations of mo-
tion; time domain and frequency domain. Frequency 
domain solutions are often of more interest than the time 
history and can usually be performed more conveniently 
than in the time domain. However, for the solutions to be 
applicable, the equations must either be linear, or lin-
earized. Frequency domain analysis employs the Fourier 
transformation. 

The system equations of motion, Equations (5-7), for 
the model can be expressed in matrix form as follows: 

          M x C x K x f             (8) 

where,  M ,  C  and  K  are n × n mass, damping, 
and stiffness matrices, respectively;  f  is the force 
vector due to external excitation. 

By taking the Fourier transformation of equation (8), 
the following matrix form of equation can be obtained: 

         
12( ) ( )X j K M j C F j   


        (9) 

where,  ( )X j  and ( )F j are the complex Fourier 
transformation vectors of  x  and  f  respectively. 
ω is the excitation frequency. Vector  ( )X j  contains 
complex displacement responses of n mass segments as a 
function of ω  

( 1 2 3( ), ( ), ( ),...... ( )nx j x j x j x j    ). 

 ( )F j , consists of complex excitation forces on the 
mass segments as a function of ω as well. 

The driving-point mechanical impedance is defined as 
the ratio of driving force (summation of spring and 
damping forces between pelvis and seat) to the driving- 
point velocity (input velocity of the seat). Accordingly, 
DPMI can be represented as follows (e.g. Boileau and 
Rakheja, model): 

4 4 4
4 4

0

( )

( )
( ) ( )

( )

DPMI j

k x j k
c c

j x j




  



  
       (10)  

Seat-to-head transmissibility is defined as the ratio of 
output responses (head) to input excitation. 

1

0

( )
( )

( )

x j
STHT j

x j





            (11) 

Apparent mass, can be expressed in terms of DPMI, 
Equation (3), as follows (e.g. Boileau and Rakheja 
model): 

4 4 4 4 4
2 2

0

( )
( )

( )
( ) ( )

( )

DPMI j
APMS j

j

c k x j c k

j x j j
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Table 1. The biomechanical parameters of the Wan and 
Schimmels model (Before and after optimization). 

Damping coefficient 
(N.s/m) 

Spring constant (N/m) Mass 
(kg) 

Before After Before After 

m1  = 
4.17 

c1  = 250 c1  =310 
k1  = 
134400 

k1  =
166990 

m2  = 15 c2  = 200 c2  =200 
k2  = 
10000 

k2  =
10000 

m3  = 
5.5 

c3  = 909.1 
c3  =
909.1 

k3  = 
192000 

k3  =
144000 

m4  = 36 c4  = 330 c4  =330 
k4  = 
20000 

k4  =
20000 

- c5 = 2475 c5 =2475 k5 = 49340 k5 =49340

 
6. Development of Models 
 
Many biodynamic models have been derived using trial 
and error curve-fitting technique, such that the error be-
tween the computed and measured biodynamic response 
functions is minimum. Such curve-fitting methods may 
lead to a proper fit over a specific frequency range, but 
rarely provide good results when extended over a broad 
frequency range. Alternatively, nonlinear programming 
based optimization techniques may be effectively em-
ployed to determine the model parameters, involving the 
use of a constrained optimization algorithm in conjunc-
tion with well defined biodynamic response function [14]. 
A constrained objective function may be defined to 
minimize the error between the computed and the target 
values of specific biodynamic response function over a 
specific frequency range. 

Optimization software based on stochastic techniques 
search methods, Genetic algorithms (GAs), is employed 
to determine the human model parameters imposing 
some limit constraints on the model parameters. An ob-
jective function is formulated comprising the sum of 
errors between the computed and of the driving-point 
mechanical impedance, apparent mass and seat-to-head 
transmissibility functions. The model thus derived can 
provide reasonable correlation with the impedance, ap-
parent mass and transmissibility characteristics. 

Starting with an assumed set of model parameters, the 
differential equations of motion are solved for unit dis-
placement excitation to drive the driving-point mechani-
cal impedance using Equation (1), apparent mass using 
Equation (3), and seat-to-head transmissibility using 
Equation (4). At each iteration of search, the sum of 
square errors defined by an objective function over the 
entire frequency range is examined, and the procedure is 
re-initiated with modified parameter values when the 
error exceeds that from the previous search. The search 
is terminated when the computed error approaches the 
minimum value. 

6.1. Objective Function 
 
The objective function is selected to comprise the squar- 
ed sum errors associated with driving-point mechanical 
impedance 1( )U  apparent mass 2( )U and seat-to-head 
transmissibility functions 3( )U  to minimize the error 
between the computed and the target values. This study 
used the classical weighted sum approaches to solve a 
multi-objective optimization problem as follows: 

1 1 2 2 3 3.( ) .( ) .( )OBJ W U W U W U          (13) 

where, 

2

1
1

( ) ( ) ,
n

i t i
i

U DPMI j DPMI j 


     

2

2
1

( ) ( ) ,
n

i t i
i

U APMS j APMS j 


     

2

3
1

( ) ( )
n

i t i
i

U STHT j STHT j 


     

In the above equations ( )t iDPMI j , ( )t iAPMS j  
and ( )t iSTHT j  are the target values of driving-point 
mechanical impedance, apparent mass, and seat-to-head 
transmissibility, respectively. The target values of DPMI, 
APMS, and STHT are illustrated in Figure 1. 1W , 2W  
and 3W  are weighting factors to emphasize the relative 
importance of the terms. 

The limit constraints are calculated as ±25% variations 
about the biomechanical parameters of the three models. 
 
6.2. Evaluation of Biodynamic Seated Human 

Models 
 
To evaluate the prediction accuracy of each human mo- 
del in comparison with experimental results from litera-
ture, the ratio of the root-mean-square error to the mean 
value is calculated with the following equation: 

Goodness of fit (  )
2( ) / ( 2)

/
e c

e

N

N

 


 





    (14) 

where e  is the test datum, c  is the calculated result 
from each model, and N is the number of test data points 
used in the comparison. The fit of predicted results to test 
data is perfect when   is equal to 1. The predictions on 
seat-to-head transmissibility, the driving-point mechani-
cal impedance, and apparent mass for each lumped-pa-
rameter model will be compared using Equation (14) to 
obtain prediction accuracy. 
 
7. Results and Discussion 
 
1) Wan and Schimmels modified model 
The solution of the constrained optimization problem, 
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Equation (5), resulted in an optimized model parameters 
are listed in Table 1. Figure 3 presents a comparison of 
the driving-point mechanical impedance, apparent mass, 
and seat-to-head transmissibility with the target data, 
respectively. It is obvious that the developed model bet-
ter fits target values compared with Wan and Schimmels 
model. The calculated goodness of fit for seat-to-head 
transmissibility is 92% compared to 90.9% for Wan and 
Schimmels model. 

On the other hand, the developed model matches the 
target values better with a goodness of fit of 82.1% for  
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Figure 3. Comparison of biodynamic response characteris-
tics for Wan model, and optimized model with the target 
data. 

driving-point mechanical impedance and 87.1% apparent 
mass compared to 80.1% and 86.8%, for Wan and 
Schimmels model, respectively. 

In addition, the peak values of the Wan and Schim- 
mels model occur at 4 Hz for seat-to-head transmissibil-
ity, 3.7 Hz for apparent mass, and 7.2 Hz for driving- 
point mechanical impedance, whereas for the optimized 
model, they occur at 4.05, 3.8 and 6.9 Hz, respectively. 

2) Boileau and Rakheja modified model  
The solution of the constrained optimization problem, 

Equation (6), resulted in optimized model parameters 
which are listed in Table 2. 

Simulation results are illustrated in Figure 4. This fig-
ure presents a comparison of the driving-point mechani-
cal impedance, apparent mass and seat-to-head transmis-
sibility with the target data, respectively. It is obvious 
that the optimized model better fits target values than the 
Boileau and Rakheja model; with a goodness of fit for 
seat-to-head transmissibility is 80.6%, compared to 
76.8% for the Boileau and Rakheja model. 

In addition, the developed model matches the target 
values better with a goodness of fit of 84% for driv-
ing-point mechanical impedance compared to 80.1% for 
Boileau and Rakheja model. Optimized model matches 
the target values better with a goodness of fit of 87% for 
apparent mass compared to 86.7% for the Boileau and 
Rakheja model. 

On the other hand, the peak values of the Boileau and 
Rakheja model occur at 4.7 Hz for seat-to-head trans-
missibility, 4.6 Hz for apparent mass, and 5.5 Hz for 
driving-point mechanical impedance, whereas for the 
optimized model, they occur at 4.95, 4.55 and 5.9 Hz, 
respectively. 

3) Patil and Palanichamy modified model  
In a similar way, the solution of the constrained opti-

mization problem, Equation (7), resulted in an optimized 
of the following model parameters are listed in Table 3. 
Figure 5 presents a comparison of the driving-point me-
chanical impedance, apparent mass, and seat-to-head 
transmissibility with the target data, respectively. It was 
observed that the developed model better fits target val-
ues compared the Patil and Palanichamy model, with a 
goodness of fit for seat-to-head transmissibility is 35% 
compared to 22% for Patil and Palanichamy model. On 
the other hand, the developed model matches the target 
values better with a goodness of fit of 13% for driving- 
point mechanical impedance compared to 1% for Patil 
and Palanichamy model. The developed model matches 
the target values with a goodness of fit of 34% for appar-
ent mass compared to 0% for Patil and Palanichamy model. 
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Table 2. The biomechanical parameters of the Boileau and 
Rakheja model (Before and after optimization). 

Damping coefficient 
(N.s/m) 

Spring constant (N/m) 
Mass (kg) 

Before After Before After 

m1  = 
5.31 

c1   = 400 c 1  =460 
k1  = 
310000 

k1  =
356370 

m2  = 
28.49 

c2  = 4750 c 2  =5400 
k2  = 
183000 

k2  =
208570 

m3  = 
8.62 

c3  = 4585 c 3  =5190 
k3  = 
162800 

k3  =
187110 

m4  = 
12.78 

c4  = 2064 c 4  =2370 k4   = 90000 
k4  =
103480 
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Figure 4. Comparison of biodynamic response characteris-
tics for Boileau model, and optimized model with the target 
data. 
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Figure 5. Comparison of biodynamic response characteris-
tics for Patil model, and optimized model with the target 
data. 
 

In addition, the peak values of Patil and Palanichamy 
model occur at 2.5 Hz for seat-to-head transmissibility, 
2.5 Hz for apparent mass, and 2.6 Hz for driving-point 
mechanical impedance, whereas for the developed model, 
they occur at 2.1, 2.1 and 2.3 Hz, respectively. 

The simulations of the three lumped-parameter models 
listed in this study for seated human subjects exposed to 
vertical vibration exposure are listed in Table 4. It is 
observed that the 4-DOF optimization of Wan and 
Schimmels can give the best estimation on seat-to-head 
transmissibility with goodness of fit values of 92%. The  
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Table 3. The biomechanical parameters of the Patil and 
Palanichamy model (Before and after optimization). 

Damping coefficient 
(N.s/m) 

Spring constant (N/m) 
Mass (kg) 

Before After Before After 

m1  = 5.55 c1  =3651 c 1  =3542 
k1  =
53640 

k1  =
41978 

m2  = 6.94 c2  =3651 c 2  =2685 
k2  =
53640 

k2  =
40943 

m3  = 
33.33 

c3  =298 c 3  =351 k3  =8941 k3  =1001

m4  = 
1.389 

c4  =298 c 4  =237 k4  =8941 k4  =845 

m5 = 
0.4629 

c5 =298 c 5 =354 k5 =8941 k5 =1052 

m6 = 6.02 c6 =298 c 6 =225 k6 =8941 k6 =1035 

m7 = 27.7 c7 =3651 c 7 =2929 
k7 =
53640 

k7 =
39575 

 c8 =378 c 8 =463 
k8 =
25500 

k8 =
19325 

goodness of fit is 82.1% for driving-point mechanical 
impedance. On the other hand, the development model 
matches the target values better with a goodness of fit of 
87.1% for apparent mass compared to all models. 
 
8. Conclusions and Recommendations 
 
A study on the biodynamic models of seated human sub-
jects exposed to vertical vibration is carried out. A three 
lumped-parameter models from literature have also been 
analyzed and optimized using genetic algorithms to 
match an experimental data in terms of STH transmissi-
bility, DPM impedance, and AP mass. It is shown that 
the optimized 4-DOF Wan and Schimmels model can 
give the best estimation on STH transmissibility, DPM 
impedance, AP mass with goodness of fit values of 
91.2%, 82.1%, and 87.1%, respectively. In addition, it  

 
Table 4. Result of STHT, DPMI, and APMS for different models. 

STHT DPMI APMS 

Model Name Peak fre-
quency (Hz) 

Goodness of 
fit 

(%) 

Peak fre-
quency (Hz)

Goodness of 
fit 

(%) 

Peak fre-
quency (Hz) 

Goodness of 
fit 

(%) 

Goodness of 
fit average

(%) 
DOF 

 

Target values 5.1  4.8  4.4   

Wan model 4 90.9 7.2 80.1 3.7 86.8 85.8 
4 

Optimized Wan model 4.05 92 6.9 82.1 3.8 87.1 87 

Boileau model 4.7 76.8 5.5 80.1 4.6 86.7 81.2 
4 

Optimized Boileau 4.95 80.6 5.9 84 4.55 87 83.86 

Patil model  2.5 22 2.6 1 2.5 0 7.67 
7 

Optimized Patil model  2.1 35 2.3 13 2.1 34 27.7 

 
has the highest average of goodness of fit (87%). So, this 
model is recommended for the study of biodynamic re-
sponses of seated human subjects exposed to vertical 
whole body vibration. The biomechanical parameters of 
the Wan and Schimmels model that match the experi-
mental data was changed for the head as c1 = 310 N.s/m 
and k1 = 166990 N/m, respectively; and for upper torso 
stiffness as k3 = 144000 N/m. From the model, the main 
body resonant frequencies computed on the basis of both 
biodynamic response functions are found to be within 
close bounds to that expected for the human body. 

This research provides a comprehensive understanding 
of the aforementioned biodynamic responses. Future 
research may be extended to the following: 

1) Therefore, further research can be conducted on the 
other lumped-parameter models from literature. This 
work will be done after applying an optimization proc-
esses to determine the much closer one that match ex-
perimental data to STH transmissibility, DPM impedance, 
and AP mass values. 

2) Quarter, semi, and full car suspension system in-
cluding seat-human car suspension system should be 
analyzed and validated to find the actual frequency re-

sponses of driver parts. 
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Abstract 
 
Unrelieved pressure on load-bearing muscle tissues of humans can produce pressure ulcers. In a seated up-
right posture, the highest pressures occur inferior to the ischial tuberosities (ITs). Moreover, the vibration can 
initiate the development of pressure ulcer. Therefore, the seat cushion is not only used to lower the maximum 
seating pressure on buttocks but also minimize the transmission of vibration to human body. The purpose of 
this study was to investigate the effects of varying vertical vibration frequencies on seat-interface contact 
pressure during sitting on three different seat cushions by using a finite element modeling approach. A sim-
plified two-dimensional human buttock-thigh model was developed to simulate the mechanical response of 
the muscle of buttocks and thigh under vertical vibration. Static and vibrational loads with five different fre-
quencies of 0.1, 1, 10, 30 and 50 Hz and the same amplitude of 3 mm were applied to different seat cushions. 
The result showed that the “SAF 6060” seat cushion with both hyperelastic and viscoelastic behaviors could 
be effective in reducing the amplitude of varying maximum contact pressure, especially for the frequency of 
10-20 Hz. This method could help in design of seat cushions with appropriate material properties and shape 
so as to reduce vibrations transmitted to human body at a certain frequency range. 
 
Keywords: Finite Element Analysis, Seat Cushion, Vibration, Buttock-Thigh 

1. Introduction 
 
Static seating comfort is important for drivers and wheel- 
chair users. Seat-interface pressure distribution has been 
used as an objective measure for discomfort prediction 
[1]. Experimental methods could find the interface pres-
sure between human body and seat. However, it could 
not provide the information about subcutaneous stress 
and deformations of soft tissues. For drivers and wheel-
chair users who have sat for a long time, they could be 
associated with an increased risk of pressure ulcers [2]. 
Moreover, severe pressure ulcer initiates in muscle tissue 
overlying a bony prominence (ischial tuberosity) and 
progresses outwards through fat and skin, giving rise to 
the subcutaneous stress [3,4]. Many researchers con-
ducted two-dimensional (2D) and three-dimensional (3D) 
finite element analyses to investigate the subcutaneous 
stress [1,5-12]. Ragan et al. determined the effects of the 
thickness of polymer foam wheelchair cushions on sub-
cutaneous pressures during seating by using a finite ele-
ment approach [8]. It was found that seat-interface pres-

sures were a good indicator for reducing the subcutane-
ous stress. 

Shocks normal to the seat cushions and shear stresses 
could initiate the development of pressure ulcer [13,14]. 
Following the directive 2002/44/EC of the European 
Parliament, manufacturers of seat cushions were required 
to limit vibration exposure to users. Wu et al., [15] found 
that the maximum ischium pressure and the effective 
contact area on a soft seat occur near resonant frequency 
of the coupled human-seated system (2.5-3.0 Hz), and 
generally increased considerably with increase in the 
magnitude of vibration excitation. DiGiovine et al., [16] 
discussed that the application of the appropriate seating 
system may reduce the amount of whole-body vibration 
experienced by an individual during manual wheelchair 
propulsion, They also suggested the manufacturers should 
concentrate on designing seat cushions that shift the 
resonant frequency away from the range of frequencies 
most sensitive to humans during whole-body vibration 
(4-12.5 Hz) as defined in ISO 2631-1:1997 [17]. 

Owing to these reasons, many researchers developed a 
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biomechanical model of human body for investigating 
the dynamic response to vertical vibrations. Verver et al., 
[18] developed a finite element model for the human 
body using MADYMO while Siefert et al. [9] used 
CASIMIR for model creation. However, for their models, 
only hyperelastic behavior was used to describe the seat 
cushion and human soft tissue but their viscoelastic 
properties were not considered. Kitazaki and Griffin [19] 
used beam, spring and mass elements to model a 2D hu-
man model including the spine, viscera, head, pelvis and 
buttocks tissue. This model was good for estimating the 
transmission capability from vertical seat motion to ver-
tical spinal motion. Other methods such as lumped pa-
rameter model [20,21] and finite segment model [22] 
were also used to evaluate the whole-body vibration . 
However, these two methods could not present realistic 
human geometry. Other researchers experimentally de-
termined if seat cushions of a selected wheelchair could 
minimize the transmission of vibrations to users [16,23, 
24]. 

The main goal of our study was to investigate the ef-
fects of vertical vibration on subcutaneous stress of but-
tocks sitting on three different seat cushions by using a 
finite element modeling approach. The simplified but-
tock-thigh model was developed for the analysis. The 
hyperelastic and viscoelastic properties were used to de-
scribe the mechanical behaviors of the human soft tissue 
and seat cushion. 
 
2. Methodology 
 
2.1. Buttock-Thigh Model 
 
Figure 1 shows the buttock-thigh model consisting of a 
femur and ischial tuberosity (IT) for representing humans 
in a sitting posture. It was assumed that a human sit up-
rightly on the cushion and there was no support on the 
feet. The total length of the buttock-thigh model was 60 
cm for the male at the fifty-percentile [25]. A circle with 
a radius of 1cm represents the cross section of the IT 
where supports the body’s weight in a sitting position. 
The distance between the bottom of the IT and the skin 
was 4 cm [8]. The thickness of the cushion was set to 8 
cm because Chow and Odell [26] found that the cushion 
thickness beyond 8cm was ineffective in further reducing 
subcutaneous stress. The distance between the buttock- 
thigh model and the cushion was set to 1 cm at the be-
ginning step because the buttocks were assumed not to 
sit on the cushion initially. With the finite element tool – 
ABAQUS, the buttock-thigh model and seat cushion 
were meshed using 2D plane strain elements as shown in 
Figure 2. 

 
Figure 1. The buttock-thigh model and the cushion. 

 

 
Figure 2. Finite element model of the buttock-thigh model 
and the cushion. 
 
2.2. Material Models 
 
The muscle and seat cushions were assigned different 
material properties. All bones in the model were defined 
as rigid bodies, because their stiffness is very high as 
compared to the muscle and cushion. 
 
2.2.1. Seat Cushions 
Three different material properties of seat cushions were 
considered in this study. One of the seat cushions was 
assumed to be made of SAF 6060 polymer foam with 
rate-independent hyperelastic and viscoelastic behaviors, 
which was produced by Foam Partner Fritz Nauer AG. 
Another two seat cushions were similar to the above- 
mentioned SAF6060 cushion but with a linear elastic 
response instead of the hyperelastic behavior. The Young 
moduli of these two cushions were separately set to 15 
kPa (Elastic 15000) and 20 kPa (Elastic 20000), while 
their Poisson’s ratio was 0.3 [27]. 

The hyperealstic behavior of the seat cushion SAF6060 
was represented using a non-linear isotropic compressi-
ble hyperelastic soft foam material model or a so-called 
hyperfoam. The hyperelastic behavior of the foam mate-
rial is described by the strain energy potential, U in the 
following form: 

  N

1 2 321

2 1ˆ ˆ ˆ 3 1
i i

i i i eli
i

ii

U J
   

  






 
      

 
      (1) 

where N is the order of the strain energy potential, i , 

i and 
i  are the temperature-dependent material pa-

rameters; 
1
3ˆ ( )th

i iJ  , 
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ˆ ˆ ˆ elJ    and i are the prin-

cipal stretches. elJ is the ratio of elastic-deformation to 
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volume-change and thJ  is the ratio of the thermal-strain 
to volume-change. The coefficients 

i  are related to the 
initial shear modulus while the coefficient 

i  deter-
mines the degree of compressibility and is related to the 
Poisson’s ratio [28]. In the present work, polyurethane 
soft foam parameters determined by Schrodt et al. [29] 
from uniaxial compression tests were used to define the 
above-mentioned material parameters for SAF 6060 
cushion as listed in Table 1. Moreover, its density was 
set to 60 kg/m3 and a second order (N = 2) of the strain 
energy potential was used. 

The viscoelastic behavior of the SAF 6060 cushion 
was defined by using a time-based Prony-series model 
for the shear modulus only because the time-dependency 
of bulk modulus is generally not significant [5]. Time- 
dependent shear relaxation modulus G(t) is given by  

   0 1
1

G
i

N t
ii

G t G G e 


                (2) 

where
G

i is the relaxation time and N is the order of the 
Prony series. G0 and Gi are the instantaneous shear 
modulus and relative shear modulus, respectively. With 
reference to the findings by the work of Grujicic et al. 
[5], the viscoelastic material parameters for the SAF 
6060 cushion were defined such that N = 2, G1 = 0.3003 
and τ1 = 0.010014 s, and G2 = 0.1997 and τ2 = 0.1002 s. 
 
2.2.2. Muscle 
The muscular portion of the buttock-thigh model was 
modeled using a non-linear visco-hyperelastic isotropic 
material model to describe the human soft tissue. The 
density of soft tissue is 1000 kg/m3 [30] and hyperelastic 
portion of the soft tissue is expressed in the form of the 
polynomial strain energy potential, W:  

    2
1 21 1

1
3 3 ( 1)

i jN N el i
iji j i

i

W C I I J
D  

           (3) 

where ijC and 
iD  are the material parameters. A higher 

N value may provide a better fit to the exact solution. 
However, it may cause numerical difficulty in fitting the 
material constants and require enough data to cover the 
entire range of interest of deformation. Therefore a very 
higher N value is not usually recommended. In the pre-
sent study, N = 2 was chosen and the hyperelastic pa-
rameters for the muscle model obtained from a URL, 
http://lyle.smu.edu/~hyao/academics.html#Research are 
listed in Table 2. Referring to the work of Tang and Tsui 
[31], the viscoelastic parameters for the muscle model 
were set as G1 = 0.5, K1 = 0.5 and τ1 = 0.8 s. 
 
2.3. Simulation Set-Up 
 
In the present study, ABAQUS explicit dynamics analy-
sis has been performed to deal with the dynamic problem. 

As this type of analysis uses a consistent large-deforma-
tion theory, the cushion and the muscle model could un-
dergo large rotations and deformation. The analysis pro-
cedure was implemented by using an explicit integration 
rule and diagonal element mass matrices. The equations 
of motion for the body were integrated using the follow-
ing explicit central-difference integration rule: 

( 1)
1 1
2 2

( )2( ) ( )

i it tN N N
ii i

u u u 
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2 2
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N N N
i ii i

u u t u 
     

where Nu  is a degree of freedom (a displacement or 
rotation component) and the subscript i refers to the in-
crement number in an explicit dynamics step. The cen-
tral-difference integration operator is explicit such that 
the kinematic state is advanced using known values of 

( 1/2)
N
iu   and ( )

N
iu  from the previous increment [28]. 

 
2.4. Interaction between the Buttock-Thigh 

Model and Cushion 
 
In this work, it was assumed that the human sit on the 
cushion and then the vertical vibration was applied onto 
the bottom of the cushion. The loading was applied to the 
model due to the weight of the human, such that a grav-
ity-based body force was used to prescribe the loading. 
The interaction between the buttock-thigh model and the 
cushion was analyzed in ABAQUS/Explicit using a pen-
alty contact method with finite-sliding. Surface-to-sur- 
face contact with a coefficient of friction of 0.5 [5] was 
used to define the contact pair between the buttock-thigh 
model and cushion. The outer surface of the buttock- 
thigh model was defined as the “master surface” which 
has a larger surface and higher stiffness, while the sur-
face of the cushion was defined as the “slave surface” 
which is softer and has smaller surface than that of the 
buttock-thigh model. The surfaces between the bone and 
muscle were tied together so that there was no relative 
motion between them. 
 
Table 1. Hyperelastic material parameters for the SAF6060 
cushion. 

 

1 [MPa] 1 1 2 [MPa] 2 2 

0.481  
× 10-2 

0.198 
× 102

0.145 
× 10-1 0.36 × 10-2 0.198 × 102 0.65 × 10-2

 
Table 2. Hyperelastic material parameters for the muscle 
model (All values in MPa). 

 

C10 C01 C20 C11 C02 D1 D2 

0.08556 −0.05841 0.039 −0.02319 0.00851 3.65273 0 
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2.5. Loading and Boundary Conditions 
 
According to fifty-percentile male body segment masses 
[25], the total weight is 80.4 kg, including 54.5 kg of the 
upper body and 25.9 kg of the lower body. The current 
model represented only one side of the body so that the 
mass assigned to the model should be halved. Thus, the 
weight of the upper body on the iscahial tuberosity was 
set as 27.3 kg while the weight of lower leg on the femur 
was set as 4.5 kg. Figure 3 shows the positions of the 
assigned masses. It was assumed that the cushion was 
placed on a rigid surface so that the bottom surface of the 
cushion was restricted to move in all directions. More-
over, the upper surface of the buttock-thigh model was 
limited to move in X-direction only. 

The analyses were performed in two steps. In the first 
step, the buttock-thigh model moved to sit on the seat 
cushion due to the gravity load (9.81 ms-2). After 15  
seconds, there followed a second step in which a vertical 
vibration in the form of harmonic motion was applied 
onto the bottom of the cushion. The periodic definition 
method was used to define the amplitude. The frequen-
cies of the vibration were chosen to be 0.1, 1, 10, 20 and 
50 Hz which are the frequencies generated mostly in our 
life according to Table 3 [32]. A vibration amplitude of 
3 mm was applied to the bottom of the cushion. Each 
vibration case was conducted for 50 cycles (see Table 
4). 
 

 

Figure 3. Loading and boundary conditions on the buttock- 
thigh model and cushion. 
 

Table 3. Sensitivity of human systems to vibration. 
 

Frequency 
Level 

Frequency 
range 

Sensitivity 
Vibration  
Generator 

Low 0 to 1-2 Hz Vestibular system 
Ships, 
cranes, air-
crafts 

Middle 
2 to 20-30 
Hz 

Biomechanics: body 
resonances 

Vehicles, 
aircrafts 

High > 20 Hz 
Somesthetic recep-
tors in muscles, 
tendons, skins 

Tools, ma-
chinery 

Table 4. Different loading conditions for the simulation. 
 

Loading 

 Grav
ity

Vertical 
vibration
 of 0.1 

Hz 

Vertical 
vibration 
of 1 Hz 

Vertical 
vibration 
of 10 Hz 

Vertical 
vibration 
of 20 Hz

Vertical 
vibration 
of 50 Hz

Duration
(Second)

15 500 50 5 2.5 1 

 
3. Results and Discussions 
 
As the distribution of the contact pressure at the seated 
human/cushion contact interface is important for deter-
mining the seating comfort [5], the maximum contact 
pressure at three different locations of the three cushions 
at the frequency of 20 Hz have been identified as shown 
in Figure 4. Among them, the SAF 6060 cushion shows 
the lowest contact pressure at the locations of A and B. 
As the location B is under the ichial tuberosities (IT), 
minimizing the contact pressure at this location means 
minimizing the stress under IT. It can also be observed 
from Figure 5 that the maximum von Mises stress near 
IT using the SAF 6060 cushion is lower than the other 
two cushions by about 30~37% at the same frequency of 
20 Hz. Moreover, the SAF 6060 cushion shows lower 
stress within the buttock especially at the region near the 
cushion as shown in Figure 6. Therefore, the SAF 6060 
cushion is effective in reducing the stress below IT, and 
also has better pressure distributions at three distinct lo-
cations than the other two. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 4. Maximum contact pressure at the three different 
locations of the three cushions at the frequency of 20 Hz. (a) 
Elastic 15000; (b) Elastic 20000 and (c) SAF 6060. 
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(a) 

 
(b) 

 
(c) 

Figure 5. von Mises stresses distribution within the human 
body and cushion at the frequency of 20 Hz. (a) Elastic 
15000; (b) Elastic 20000 and (c) SAF 6060. 
 

 

Figure 6. Maximum contact pressure versus frequency. 
 

For a range of frequencies under study, the magnitude 
of maximum contact pressure in the SAF 6060 cushion is 
much lower than that of the other two cushions as shown 
in Figure 6. Figure 7 shows the variation of maximum 
contact pressure with time for the three different cush-
ions in response to five different frequencies. In Figure 7, 
the contact pressure generally increases rapidly to reach 
a maximum for all frequencies and cushions during the 

first step, because the buttock-thigh model fell quickly 
onto the cushion due to the gravity. 

During the second step, all the three cushions were 
subjected to a vertical vibration of different frequencies. 
At the frequency of 0.1 Hz, the responses of all three 
cushions are slow and do not vary sinusoidally after 15 
seconds as shown in Figure 7(a). It can be observed 
from Figure 7(a) that the maximum contact pressure at 
the location B for the Elastic 15000 and Elastic 20000 
cushions keep increasing with time while that for the 
SAF 6060 cushion increases with time up to 500 seconds. 
When the frequency is increased to 1 Hz, there is only a 
slight change in the maximum contact pressure around 
0.02 to 0.04 kPa as shown in Figure 7(b). When the fre-
quency is increased to 10Hz or above, the responses of 
all the cushions become significant after 15 seconds. It is 
apparent from Figures 7(c) and 7(d) that the amplitude 
of varying maximum contact pressure for the SAF 6060 
cushion at the frequency of 10 Hz and 20 Hz is only 
around 0.15 kPa, which is much lower than those of the 
other two cushions by 63~85%. At the frequency of 50 
Hz, the amplitude for the SAF 6060 cushion has sharply 
increased to 1.2 kPa, which is much higher than those of 
the other two cushions as shown in Figure 7(e). There-
fore, the SAF 6060 cushion is effective in reducing the 
amplitude of varying maximum contact pressure, espe-
cially for the frequency of 10-20 Hz, which belong to the 
frequency range of vibration generated mostly by vehi-
cles and aircrafts. 

For simplification and reducing the amount of CPU 
time for running the simulation, the 2D model of the but-
tock-thigh was firstly developed to study mechanical 
responses in bony prominence of IT and the vibration  
 

 
(a) 

 

 
(b) 
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(c) 

 

 
(d) 

 

 
(e) 

 

 

Figure 7. Variation of maximum contact pressure at loca-
tion B with time at various frequencies. (a) 0.1 Hz; (b) 1 Hz; 
(c) 10 Hz; (d) 20 Hz and (e) 50 Hz. 
 
transmissibility of different cushions under vertical vi-
bration at different frequencies. As 3D finite element 
model has the advantages of an accurate anatomical ge-
ometry and accuracy in performance, a 3D model repre-
senting more complicated geometry may be developed in 
future work. 
 
4. Conclusions 
 
This simplified simulation was designed to mimic the 
response of the human under the vertical vibration. Finite 
element analysis could evaluate the transmission of vi-
brations onto different seat cushions subjected to varying 
frequencies. From this analysis, the SAF 6060 seat cush-
ion was found to be effective in reducing the amplitude 
of varying maximum contact pressure, especially for the 

frequency of 10-20 Hz, belonging to the frequency range 
of vibration generated mostly by vehicles and aircraft. 
Thus, this method is useful for designing the material 
properties and the shape of the seat cushion for reducing 
the transmission of vibrations to users at a certain fre-
quency range. 
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Abstract 
 
Rolling path squeezes and rolling residual stresses of large diameter circular saw body for wood, generated 
by rolling pressure from 10 up to 120 bar were examined. X-ray diffraction, Barkhausen noise (BN) and Full 
Width of the peak at a Half Maximum (FWHM) (o) methods for evaluation of residual stresses were used. 
Dependencies of a tangential rolling residual stresses inside rolling paths upon rolling pressure p (bar) and 
rolling area A (mm2) were evaluated. The rolling pressure, as large as 60 bar, resulting in the rolling squeeze 
as high as 0.04 mm2, and, tangential residual compression stresses inside a rolling path, as large as TI = 
−822 MPa, was considered to be the largest for the practical application. 
 
Keywords: Circular Saw, Rolling Squeeze Area, Rolling Squeeze Width, Rolling Squeeze Depth, Rolling 

Pressure, Tangential Rolling Residual Stresses, Radial Rolling Residual Stresses, X-Ray  
Diffraction, Barkhausen Noise, FWHM. 

1. Introduction 
 
Circular saws rolling use to be widely applied method of 
initial tensioning, aiming at increase the dynamic stiff-
ness of saws for wood and secondary wood products 
machining. This method is not devoid of negative aspects. 
It has to be mentioned that the rolling may cause neces-
sity to correct flatness when stresses distribution inside a 
circular saw body is not correct. There are several ways 
of evaluation of rolling effects, like: - a depth d (mm), - 
an area A (mm2) of a rolling path, - a light gap between 
deformed blade and a straight edge rule [1], - a static 
stiffness [2], - a compression stresses inside a rolling 
path. However, as a final measure of effect of a saw 
blade rolling was recognized as a shift of natural frequ- 
encies and critical rotational speeds of several initial vi-
bration modes [3,4]. From available literature important 
facts concerning with amount of tensioning necessary to 
insert in a saw blades of different dimension and for dif-
ferent applications in order to get stable work are known 
[5-7]. However, from practical point of view there are 
lack of informations in published works, about rolling 
pressures used, plastic squeeze of circular saw body ma-
terial and rolling path shape [2]. The goals of actual work 

were: to exam the amount of squeeze in a circular saw 
body using different rolling pressures p (bar) and meas-
ure presence of residual stresses using three different 
techniques. 
 
2. Experimental 
 
The circular saw body, before cemented carbide tips 
soldering, by thickness of tS = 3 mm and by diameter of 
D = 620 mm, made of 75Cr1 low alloy steel, was rolled 
in industrial conditions, with use of rolling machine Arga 
T08 on 12 different paths. The pressure p (bar) in hy-
draulic cylinder, was from 10 bar (145.04 psi) up to 120 
bar (1740.456 psi) with of 10 bar (145.04 psi) increment. 
The depth d (mm) and width w (mm) of a rolling paths 
were measured with use of profilografometer type ME10. 
X-ray residual stress measurements contained totally 25 
points from the blade using modified d(sin2) [8] me- 
thod. X-ray measurements were performed using XS- 
TRESS3000 diffractometer manufactured by Stresstech 
OY, by following conditions: 

Device: G2R (#7147) 
Radiation source: CrKa 
Diffraction line angular position,  
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according to Bragg’s law 2q: 156.4° (211) 
Spot size: 1 mm and 2 mm  
Exposure time: 20 s and 8 s 
Tilt angles: 4/4 tilts, <−40°/40°>; oscillation ±5°  
Young’s modulus: 211 000 MPa 
Poisson ratio: 0.3 
Calculation: Cross correlation, constant background [8]. 
Measurement method: Modified d(sin2) [8] 
The measurement directions can be seen in Figure 1. 

The angle of  = 0° corresponds to tangential direction 
and of  = 90° to radial direction.  

The FWHM (°) values were calculated from the x-ray 
diffraction peaks in order to get indirect information for 
the presence of the residual stresses through micro hard-
ness and plastic deformation (dislocation density) layer. 
The FWHM (°) values are average ones from (°) an-
gles examined.  

The BN measurements were performed in the same ra-
dial path, like during the X-ray diffraction ones, using 
following conditions: 

Device: Rollscan 300 
Sensor: S1-138 
Magnetizing voltage: 4.0 Vpp 
Magnetizing frequency: 100 Hz 
Analyzing frequency: 70-200 kHz 
Higher hardness and/or compressive stresses decrease 

the BN and vice versa [9]. It has to be mentioned that 
using the BN itself was not possible to evaluate absolute 
values of residual stresses. 

Outside rolling paths Rockwell hardness was meas-
ured (according to PN-EN ISO 6508 standard) with pre-
liminary load of 98 N and total load of 1471 N, in places 
shown in Figure 2, by 5 repetitions. For every place out-
side rolling paths an average value and standard devia-
tion were calculated. 
 
3. Results and Discussion 
 
The rolling squeeze cross section shape for the largest 
rolling pressure, shown in Figure 3, was approximated 
with use of a second order polynomial function d = f(a1 + 
a2 · wi + a3 · wi

2). It was evaluated by a Formula (1) with 
correlation coefficient R and standard deviation SD(mm), 
as large as 0.91 and 0.0067 mm respectively. 

d = 0.010209 − 0.037531 · wi + 0.00709 · wi
2 (mm)  (1) 

In the rolling squeeze cross section shape, several up- 
casts can be seen, what indicated possible wear of rolls 
and/or bearings in the rolling machine. The depth and 
width of the largest up-cast were as large as 11.4 m and 
590 m respectively. Results of measurements of rolling 
squeeze depth d (mm) and width w (mm) were collected 
in Table 1 and illustrated in Figure 4 and Figure 5, 

re-spectively. 
From Figure 4 it can be seen that rolling squeeze 

depth d (mm) increased with growth of the rolling pres-
sure p (bar) with rather large dispersion. The width w 
(mm) of the rolling squeezes, shown in Figure 5 in-
creased with a growth of the rolling pressure p (bar) until 
50 bar. For larger pressure opposite tendency can be no-
ticed with large dispersion. The area of the rolling 
squeeze A (mm2), shown in Figure 6 was evaluated by 
integrating the surface limited from the bottom by the 
squeeze shape and from the top by d = 0. Large disper-
sion in the dependency A = f(p) can also be seen espe-
cially for rolling pressure larger than p = 60 bar, namely 
p = 70 bar, 100 bar and 110 bar. The reason of large dis-
persion of rolling depth d (mm), rolling width w (mm) 
and rolling squeeze A (mm2) was probably the wear of 
rolls or bearings in the rolling machine used. According 
to the work [6], the rolling squeeze area of 0.04 mm2, 
applied for a circular saw diameter D = 400 mm, saw 
blade thickness tS = 2 mm and collar diameter of dC = 
100 mm, resulted in 2.4, 29.4 and 14.5 times increased  

 

 

Figure 1. Direction of X-ray diffraction measurements. 
 

 

Figure 2. Places for Rockwell hardness measurements: - 
outside rolling paths nos. 1-25, t - tooth area, rp - rolling 
paths. 
 

 
Figure 3. The observed (red) and predicted (blue) shape of 
cross section of the rolling path for maximum rolling pres-
sure p = 120 bar. 
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Table 1. Rolling pressure p (bar), rolling depth d (mm), 
rolling width w(mm), rolling area A (mm2). 

p d w A 

(MPa) (mm) (mm) (mm2) 

10 2.02 3.24 0.0027 

20 1 3.95 0.0015 

30 3.4 3.9 0.0075 

40 5.6 5.48 0.0176 

50 9.3 6.33 0.029 

60 15.3 6.11 0.0443 

70 9.1 5.03 0.0318 

80 23.2 4.21 0.0463 

90 21.6 5.59 0.0642 

100 18.8 4.99 0.0312 

110 17.7 4.69 0.0312 

120 49 4.95 0.123 

 

 

Figure 4. The average rolling path depth d (mm) in depen- 
dence from rolling pressure p (bar). 
 

 

Figure 5. The average rolling path width w (mm) in depen- 
dence from rolling pressure p (bar). 
 

 

Figure 6. The average rolling path area A (mm2) in depen- 
dence from rolling pressure p (bar). 
 
natural frequencies of (0,4), (0,3) and (0,2) vibration 
modes respectively, while the vibration modes (0,1) and 
(0,0) natural frequencies were dropped down as much as 
18% and 23% respectively by rotating speed of 3600 

min-1 (the first digit in the brackets ‘0’ is the number of 
nodal circles, the second digit ‘4’, ‘3’ and ‘2’ is the 
number of nodal diameters). However, in the work 
quoted above, no information on used rolling pressure 
and rolling squeeze cross section profile were given. 

The residual stresses evaluated with use of the X-ray 
XSTRESS3000 diffractometer, inside and outside rolling 
paths, in both tangential TI (MPa) and radial directions 
RI (MPa) were shown in Figure 7. From Figure 7 it can 
be seen that tangential residual stresses inside rolling 
path TI (MPa) did not change their values smoothly ac-
cording to an enlargement of the rolling pressure p (bar), 
what was clearly seen for points nos.: 4, 8, 16 and 22. 
The dispersion can also be seen for tangential residual 
stresses outside rolling path TI (MPa) (points nos. 5, 11, 
12, 17 and 21). The reason of that might be a rather large 
dispersion of the residual stresses in the saw blade before 
rolling and/or large dispersion of rolling squeeze profile. 
A saw in which body are present such a large, and highly 
differentiated residual stresses generated during manu-
facturing process, has small chance for a smooth and 
effective work in future even if using hammering will be 
exactly flattened. 

From Figure 7 it can be seen decreasing tendency of 
the tangential residual stresses outside rolling paths TO 
(MPa), with an increase of the rolling pressure p (bar). 
Starting from point no. 11 up to point no. 25, the tangen-
tial residual stresses outside rolling paths TO (MPa) did 
change from compression to tensile. This was due to the 
total influence of rolling effect on tangential residual 
stresses (MPa) along saw body radius. It was also 
assumed that in the saw blade examined before rolling, 
there were average tangential residual stresses distribu-
tion (MPa) with randomly distributed dispersion. 
The average total rolling effect, as a function of distance 
T = f(L) was approximated with statistical Formula (2) 
by correlation coefficient R and standard deviation SD 

(MPa) as large as 0.85 and 43.6 MPa, respectively. 

T = −79.861196 + 3.278002·L − 0.0141832 · L2 (MPa) (2) 

The tangential compression stresses inside rolling 
paths after correction TIK (MPa) were calculated as dif-
ference between the tangential compression stresses in-
side rolling paths TI (MPa) and the average rolling effect 
on the tangential residual stresses outside rolling paths 
T (MPa), described by Formula (2), and approximated 
by statistical Formula (3) in dependence upon rolling 
pressure p (bar), by R = 0.96, SD = 40.8 MPa and upon 
rolling squeeze area A (mm2) by statistical Formula (4), 
by R = 0.89 and SD = 68.7 MPa. 
 =161639.174 -161769.431 · p0.001152 (MPa)    (3) 
 = 54277.706 -55542.535 · A0.00184 (MPa)    (4) 

It has to be mentioned that the dispersion of the resid-
ual tangential residual stresses in the examined saw blade 
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before rolling (outside rolling paths TO (MPa)) oversha- 
dowed examined relation. 

Looking at Figure 8 it can be concluded that an in-
crease of rolling pressure above p > 70 bar stops the in-
crease in tangential compression stresses inside rolling 
path. One can conclude that in analyzed case, the maxi-
mum rolling squeeze, giving increase tangential com-
pression stresses inside rolling path was A = 0.04 mm2. 
In the published papers [1,2,5-7], there was no informa-
tion about dispersion of residual stresses inside saw 
blades before rolling. 

In examined case, after correction, the tensile stress 
inside saw blade before rolling, at point no. 5 was evi-
denced, as large as +1.9 MPa (Figure 8). The compres-
sion stress in point no. 21 was also very low, as small as 
−5.7 MPa. 

The radial residual stresses inside rolling paths RI 
(MPa) were smaller (Figure 7). They oscillated on level 
of about <−332, −484> MPa. From Figure 7 it can also 
be seen the presence of a residual radial tensile stresses 
RO (MPa) for all points outside rolling paths. No sig-
nificant correlation between residual radial tensile 
stresses outside rolling paths RO (MPa) and distance L 
(mm) along saw body radius, according to increasing 
rolling pressure p(bar) was recognized. The residual ra-
dial stresses outside rolling paths RO (MPa) did oscillate 
in the range of <+4, +266> MPa with an error of < 35, 46 
> MPa. 

It can be seen from Figure 9 that the BN measure-
ments followed general shape of stresses distribution 
showed in Figure 7, excluding total rolling effect  
(MPa). The BN measurements allow recognizing places 
with large and small values of compression stresses. 
Places outside rolling paths shown in Figure 9 on posi-
tions L = 108 mm, L = 114 mm, L = 134 mm, and L = 
144 mm were having the largest of all the BN values, 
what effect was not seen in Figure 7 and Figure 8. The 
reason of that was lower Rockwell hardness of the saw 
body material closer to the rim, what show Figure 10, 
for points nos. 17, 19, 21 and 25. According to Figure 9, 
the hardness in point no. 23 was too large, however, not 
the same measuring path for the BN and the Rockwell 
hardness as well as large dispersion of the saw body 
hardness resulted in such a difference. For places outside 
rolling paths on positions L = 0-4 mm and L = 12-18 mm, 
shown in Figure 9, low BN values can be associated with 
large saw body hardness. For places inside rolling paths, 
on positions L = 6 mm and L = 22 mm, shown in Figure 
9, slightly higher the BN values, can be associated with 
small rolling residual compression stresses. The BN 
measurements results for places outside rolling paths 
shown in Figure 9 were characterized with large disper-
sion. The BN measurements technique would be useful in 

manufacturing conditions, to control residual stresses 
distribution in saw blades after different operations. This 
conclusion can also be supported by the fact of many 
times lower price of the Rollscan 300 device in com-
parison to the X-ray XSTRESS3000 diffractometer. Still 
the priority benefit is in the time consumed in performing 
the measurements. The whole X-ray measurement pro-
cedure can easily last hour or two, but the BN measure-
ment is usually done in few seconds. 

Results of measurements of the FWHM (o) outside and 
inside rolling, were collected in Table 2 and illustrated 
in Figure 11. From the plot shown in Figure 11 it can be  

 

 

Figure 7. The plot of residual stresses (MPa) along saw 
blade radius, in tangential and radial directions, * - inside 
and ¤ - outside rolling paths. 
 

 

Figure 8. The plot of residual stresses in tangential direc-
tion after correction, along the saw blade radius, * - inside 
TI (MPa), and ¤ - outside TO (MPa) rolling paths. 
 

 

Figure 9. The plot of the Barkhausen noise along saw blade 
radius, * inside and ¤ outside rolling paths. 
 

 

Figure 10. The plot of the Rockwell hardness of the saw-
body, along saw blade radius, in points number No., outside 
rolling paths, t - tooth area. 
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Figure 11. The plot of FWHM (o) along saw blade radius in 
tangential and radial directions, * - inside and ¤ - outside 
rolling paths. 
 
seen that the FWHM (o) values were larger for places 
inside rolling paths than for places outside rolling paths, 
what was opposite in comparison to the BN measure-
ments results shown in Figure 9. The difference between 
small and large residual compression stresses inside roll- 
ing paths can not be recognized using Figure 11, what 
indicates that the shape of the plots from Figure 7 and 
Figure 11 was not followed each other. The FWHM (o) 
measurements allow recognizing places with large and 
small residual stresses, but with much lower precision if 
compare to the BN measurements. The increase of the 
FWMH (o) values inside rolling paths might also be oc-
curred by work hardening effect of the rolling process. 
 
4. Conclusions 
 
The experiment and measurements of rolling effects and 
analysis of results obtained allow concluding that: 

1) It is recommended to apply the rolling pressure up 
to 60MPa by use rolling machine Arga T08, giving roll-
ing squeeze as large as A = 0.04 mm2 and tangential re-
sidual compression stresses inside rolling paths as large 
as TI = −822 MPa. 

2) For rolling pressure p (bar) from 70 to 120 bar, no 
increase of the tangential compression residual stresses 
increase inside the rolling paths was observed. 

3) For rolling pressure p (bar) from 70 to 120 bar large 
variation of rolling squeeze depth d (mm) and width 
w(mm) was seen. By the largest rolling pressure (d = 
0.049 mm, w = 4.95 mm, A = 0.123 mm2) significant up- 
cast of 11.4 µm in depth and 590 µm in the width was 
evidenced, indicating possible wear of rolls and/or bear-
ings in the rolling machine. 

4) Large dispersion of tangential TO (MPa) and radial 
RO (MPa) residual stresses outside rolling paths, added 
to the saw blade before rolling, with maximum value of 
155 MPa and 274 MPa respectively was evidenced. 

5) The BN measurements allow recognizing the pres-
ence of small and large compression stresses inside and 
outside rolling paths, but this information is mixed with 
effect of hardness change distribution. 

6) In one measuring point, outside rolling path after 
correction positive, residual tensile tangential stress of + 
1.9 MPa was recognized. 

Table 2. Stress and FWHM (o) values, evaluated with use of 
X-ray diffractometer. 

Position 
No  

Stress Tangential 
 = 0o 

Stress Radial  
 = 90o 

FWHM 
 = 0o 

FWHM 
 = 90o 

 (MPa) (MPa) (MPa) ( MP)　  (o) (o) 

1 −64 10 225 46 3.33 3.28 

2 −533 8 −332 13 3.56 3.46 

3 −60 11 190 41 3.35 3.30 

4 −625 7 −424 8 3.56 3.49 

5 51 13 274 39 3.31 3.27 

6 −626 8 −458 18 3.53 3.45 

7 −26 11 215 42 3.29 3.25 

8 −645 7 −484 15 3.55 3.50 

9 −19 12 189 46 3.33 3.26 

10 −681 10 −483 11 3.52 3.43 

11 77 17 266 40 3.33 3.29 

12 −683 10 −477 18 3.53 3.48 

13 113 12 217 40 3.28 3.25 

14 −678 6 −464 15 3.54 3.45 

15 81 18 175 41 3.28 3.25 

16 −660 17 −462 19 3.52 3.43 

17 144 20 181 40 3.29 3.26 

18 −674 9 −453 20 3.50 3.43 

19 69 15 86 36 3.29 3.27 

20 −671 9 −435 21 3.52 3.44 

21 155 21 115 35 3.23 3.22 

22 −631 11 −392 25 3.43 3.37 

23 67 22 30 36 3.26 3.22 

24 −687 11 −377 34 3.48 3.42 

25 59 26 4 28 3.22 3.24 

 
7) No significant rolling effect on radial residual 

stresses inside RI (MPa) and outside RI (MPa) rolling 
paths was seen. 
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Abstract 
 
Thermal stresses in the combustor of gas-turbines are computed using non-dimensional parameters. Buck-
ingham pi theorem was used to arrange the listed relevant parameters into non-dimensional groups. In testing 
the validity of the functional relation of the non-dimensional independent parameters, use is made of the 
prevailing temperatures of the combustor in operation. A computer program was used to enhance computa-
tions. The results showed an interesting way of influencing the axial stresses. To reduce stresses in gas-tur-
bine combustors, a method of varying the independent parameter that is of radius ratio oriented and thickness 
dependent was adopted. This showed a reduction of the axial stresses to minimal levels using the parameters. 
Plots were made and a point of inflection that manifested itself in the presentation of the axial stress function 
was further investigated upon. It turned out to be a point of abnormal stress level and out-of-trend tempera-
ture profile. The use of non-dimensional consideration proved adequate in the computation of axial stresses. 
The results showed a 2 percent difference from existing values of stresses got from a transient thermal load-
ing of a combustor. 
 
Keywords: Thermal, Stresses, Combustor, Gas-Turbine 

1. Introduction 
 
Thermally induced axial stresses or shocks occur in ma-
terials when they are heated or cooled. It affects the op-
erations of gas-turbines due to the large components sub- 
jected to stresses. Many structural elements of hollow 
cylinders subjected to rapid internal heating crack or 
deform due to thermally induced axial stresses produced 
in them. Tret’yachenko, et al. [1] carried out investiga-
tions on thermal stresses of hollow cylinders drum of 
unilateral internal heating. The main aim of their inves-
tigations was to obtain graphs that could be used to esti-
mate the stress level in cylindrical structural elements. 
Kumar and Rajgopalan, [2] performed non-dimensional 
stress analysis on cylindrical objects. They obtained plots 
of non-dimensional tangential stress against non-dimen- 
sional length of cylinder. Their presentations showed the 
differences in the values of functions from various radial 
positions. 

The analytical solution for computing the radial and 
circumferential stresses in a functionally graded material 
(FGM) thick cylindrical vessel under influence of inter-

nal pressure and temperature was presented by Abrinia  
et al. [3]. FGMs are fabricated by continuously changing 
the volume fraction of two basic materials (usually ce-
ramics and metals) in one or more directions. 
 
Nomenclature 
 
Ax.Str.Funct   Axial stress function-σzth/E 
C            Non-dimensional axial stress parameter 

for average temperature 
C1            Non-dimensional axial stress parameter 

as ratio of radius dependent 
C2            Non-dimensional axial stress parameter 

as ratio of temperature to 
              average temperature 
E             Young’s modulus of elasticity 
T             Temperature in Kelvin 
Ti            Temperature of the bulk airstream of 

combustion products  
Tm            Average temperature in combustor 
Tma           Maximum average temperature in com-

bustor 
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Twa          Combustor outer wall temperature 
Twi          Combustor internal wall temperature 
Tsurr         Temperature of the surroundings 
r            Radial distance from centre of cylinder 
ra           Radius to outer wall 
ri           Radius to inner wall 
 
Greek letters 
α          Coefficient of thermal expansion 
σ          Axial stress 
ν          Poisson’s ratio 
 
Suffixes 
r          radial stress 
φ         tangential stress 
zth        Thermal stress in axial (z) direction 
 

In the analysis, the effect of non-homogeneity in FGM 
thick cylinder could be implemented by choosing a di-
mensionless parameter, β, which could be assigned an 
arbitrary value affecting the stresses in the cylinder. 
Various values of  were used to demonstrate the effect 
of in-homogeneity on the stress distribution. They con-
cluded that by changing the values of , the properties of 
FGM could be so modified that the lowest stress levels 
were reached. 

Kubo et al. [4] investigated a multidisciplinary prob-
lem of heat conduction, elastic deformation, heat transfer, 
liquid flow. They used inverse method for determining 
the optimum thermal load history which reduced tran-
sient thermal stress. Temperature history functions were 
introduced to ensure the continuity of the temperature 
increasing rate. The multidisciplinary complex problem 
was decomposed into heat transfer and thermal stress 
problems. Ootoa et al. [5] determined the temperature 
and thermal stress distribution in the cross-section of a 
non-homogenous hollow circular cylinder due to a mov-
ing heat source in the axial direction, and found that; the 
maximum temperature occurs at the region through 
which the moving heat source passed. All of the above 
used non-dimensional functions of stress and found that 

it very conveniently influenced the stresses so computed. 
Principal axes that could be considered in thermal stress- 
es in hollow cylinders are axial, radial and the tangential. 
In this work only axial stresses will be considered. A 
non-dimensional approach of expression of the pertinent 
parameters has been adopted. This makes the expressions 
more compact and allows a wider understanding of the 
properties in further considerations. Dimensional analy-
sis using the Buckingham  theorem has been applied in 
analyzing the stress problems. This therefore presents the 
axial stresses in few independent non-dimensional pa-
rameters. Thus it has enhanced the establishment of in-
fluencing factors to reduce stresses in materials. The in-
volvement of a computer code has enabled fast computa-
tion of the axial stresses. 
 
2. Materials and Methods 
 
From the equation of thermally induced axial stress [6] 
one can re-work it to the required expression 

Axial Stress, σzth = ν(σrth + σφth) - EαthT(r)      (1) 

where σrth and σφth are given as: 
Radial Stress, 

2 2 2

2 2 2
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Turning Axial Stress Equation to a Non-Dimen- 
sional Equation: 

From Equation (1) above, 
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Hence, from Equation (2) above, some functional rela-
tion must exist in the form of  

 , ( ), , , ,Zth Zth th a i ma rE r r T T     (5) 

Dimensionless Consideration on Axial Stress. 
Sorting out the inherent parameters: 
Forming a table of parameters: Table 1. 
The Buckingham  theorem proves that in a physical 

problem including n quantities in which there are m di-
mensions, the quantities can be arranged into n – m in-
dependent dimensionless parameters. 

Hence some functional relation must exist in the form 
as expressed in Equation (5)  

 ( ), , , ,zth zth th a i ma rE r r T T    

Applying the Buckingham   theorem, there are 
three   groups to be found, so Axial Stress, Z th  
can be more compactly stated as a function of these three 
non-dimensional parameters [7]. Thus from Equation (5) 

1. Z as a non dimensional parameter
E


  (Axial 

Stress Function) 
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Actually, the main three independent dimensionless 
parameters can be seen as: 

0 1 0 2, * *Z C C and C CE
  

But Equation (3) can be written as: 

0 1 2( ) ( )Zth C C r C r
E

              (6) 

 
3. Results and Discussions 
 
The results of the non-dimensional axial stress computa-
tions are shown as program results below, and the corre-
sponding wall thickness values are given in Table 2. The 
non-dimensional consideration gave a wider view of the 
axial stress. In Figure 1 and Figure 2, the values were 
plotted against a non-dimensional temperature parameter,  

 
EU402-AXIAL STRESS FUNCTION_PROGRAM RESULTS 

VarNr,   ra,        Twa,            Twi 
1       38        2549.6          2584.1 
 
T(0),          T(1),            T(2),              T(3),              T(4) 
2549.6          2558.2          2566.9             2575.5             2584.1 
 
Tm(0),        Tm(1),        Tm(2),       Tm(3),         Tm(4) 
194.8           176.5          130.2         80.7              27.8 
 
VarNr         C1             C2           C0          AxialStress    AxialStressFunct:Ax-Str/E 
  1           3.96          13.09         0                   .00                   .000000 
  1           3.96          13.09         0.00345           −6618.35          −.031516 
  1           3.96          13.14         0                   .00                   .000000 
  1           3.96          13.14         0.00345           −6650.44          −.031669 
  1           3.96          13.18         0                   .00                   .000000 
  1           3.96          13.18         0.00345           −6682.52        −.031822 
  1           3.96          13.22         0                   .00                   .000000 
  1           3.96          13.22         0.00345           −6714.61         −.031974 
  1           3.96          13.27         0                   .00                   .000000 
  1           3.96          13.27         0.00345          −6746.69        −.032127     



E. UFOT  ET  AL. 
 

Copyright © 2010 SciRes.                                                                                 ENG 

736 

-0.03214

-0.03212

-0.0321

-0.03208

-0.03206

0 0.0005 0.001 0.0015 0.002 0.0025 0.003 0.0035 0.004

C0-Values[-]

N
o

n
-d

im
en

si
o

n
al

 
A

xi
al

 S
tr

es
s[

-]
σz/E

 

Figure 1. Non-dimensional axial stress versus C0-values. 
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Figure 2. Axial stress/C0 (Tangent) versus wall thickness showing a point of inflection at a thickness of 1.44 cm. 
 

Table 1. Dimensions of independent parameters for axial stress. 

S/N Input parameters Dimensions 

1 Axial stress, 22
2

1*
1th

N
m mm kg

s


 
 
  
 

 M L-1 T-2  

2 E,            
2

2
1

*

N
kgm

s m

 
 
 

 
 

 M L-1 T-2  

3 th            1
K     K-1 

4 Tma                                   [ K ]    K 

5 T(r)                                       [ K ]    K 

6 ra                        [m]  L   

7 ri                  [m]  L   

n   -    m   = 3 

 
Table 2. Axial stress function versus wall thickness. 

Var.Nr ra ri 
Wall 

Thickness 
Tsurr Ti Twa Twi 

Ax.Str.Fct. 
σzth(max) 

1 38 35 3 620 2620 2549.6 2584.1 −0.032127 

5 37 35 2 620 2620 2561.9 2584.7 −0.032106 

7 36 35 1 620 2620 2574.0 2585.4 −0.032086 

10 35.5 35 0.5 620 2620 2580.0 2585.7 −0.032075 

18 35.25 35 0.25 620 2620 2586.0 2586.5 −0.032073 
16 
(AFAM) 

75 74.5 0.25 605 2578 2535.5 2536.0 −0.031447 
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CO and against the wall thickness, respectively. In Fig-
ure 3 the axial stress function is plotted against the radial 
nodal positions. All the presentations show an increasing 
tendency with increased wall thickness. 

The Figure 4 above shows a method of influencing 
the stress levels in materials: 

By increasing the independent parameter, C1, the 
stress levels can be reduced 

where            C1
2

2
.

1 i

a

r

r




 
  
 

 

In other words, the radial ratio, ri/ra should be increas- 
ed. 

In Equation (4), 
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If C1 is to be high, 
Then the ratio ri/ra must be high 
 

i.e.,                   a ir r  

i.e., ra should be reduced to the lowest value applicable. 
A table of values can be formed for ri = 35 cm: 
See Table 3, above. The results for internal wall tem-

peratures are presented in Table 4. 
 
Table 3. A non-dimensional parameter, C1 by various ex-
ternal wall radius of model. 

ra 
[cm] 

ri/ra 
2

1 i

a

r

r

 
  
 

 

2

2 / 1 i

a

r

r


      
   

 

38 0.92 0.1536 3.96 

37 0.946 0.1052 5.70 

36 0.97 0.055 10.95 

35.5 0.986 0.028 21.42 

35.25 0.993 0.014 42.86 

 
Table 4. Axial stress function versus internal wall tempera-
tures. 

Time
[secs]

Twi 
[K] 

Axial Stress 
σzth 
[MPa] (Ufot, 
2010) 

Axial Stress 
Function 
(σzth/E) [-] 

Axial Stress 
Function  
(Present 
model) 

70 2027.8 −5820.0 −0.027714 −0.027113 

140 2298.2 −6351.0 −0.030243 −0.029990 

210 2392.4 −6531.0 −0.031100 −0.031005 

350 2429.9 −6601.0 −0.031433 −0.031413 

490 2433.0 −6607.0 −0.031462 −0.031447 

630 2433.3 −6608.0 −0.031467 −0.031450 

922.1 2584.1 −6746.7 −0.032127 −0.032127 
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Figure 3. Axial stress function (Max) versus radial nodal positions radial nodal positions r = ri/ra. 
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Figure 4. Non-dimensional axial stress versus C1. 
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Figure 5. Axial stress function versus wall thickness - showing value position of point of inflection: σmax13. 
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Figure 6. Axial stress function versus internal wall temperatures. 
 

Figure 1 is a presentation of a non-dimensional axial 
stress against C0-values. The non-dimensional tempera-
ture parameter, C0, is the maximum average temperature 
dependent parameter. The stress shows a tendency of 
increasing with the C0. That means to reduce the stress in 
the material, the maximum average temperature in the 
material must be reduced. And this maximum tempera-
ture is noted to be increasing with wall thickness. There-
fore, in the final analysis, the wall thickness for minimal 
thermal stresses should be as small as applicable. 

Figure 2 shows a point of Inflection in the presenta-
tion of axial stress/C0 with wall thickness. Further con-
sideration of this point of Inflection occurring at a wall 
thickness of 1.44 cm, shows an abnormal trends of tem-
peratures and stresses in the material. In a cross-sectional 
view of the non-dimensional stress profile in the material 
shows linear relationship with the non-dimensional radial 
positions. In Figure 4, a non-dimensional axial stress is 
shown varying against C1-values. The indicated C1-value 
on the trend is showing that with very high values of C1 
the stress tends minimal. It is a definite method of influ- 
encing the stress levels in materials. It can be shown with 
Figure 5 that to obtain very minimal axial stresses in 
material, the wall thickness should be reduced. As is 
shown in the figure, the stress values are reducing as the 
wall thickness is reduced. Figure 6 shows that the Axial 
Stress Function increases with increased internal wall 
temperatures. 

4. Conclusions 
 
The work is very adequate in computing the thermal ax-
ial stress in combustors and cylindrical pipes at the in-
stance of known wall surface temperatures. With the 
Non-dimensional consideration in the combustor axial 
Stress computation it is possible to indicate ways of mi-
nimizing the thermal axial stress in the material. 
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Abstract 
 
This paper examines the tooth failure in spur gears. Corrective measures are taken to avoid tooth damage by 
introducing profile modification in root fillet. In general, spur gear with less than 17 numbers of teeth had the 
problem of undercutting during gear manufacturing process which minimizes the strength of gear at root. In 
this study, a novel design method, namely circular root fillet instead of the standard trochoidal root fillet is 
introduced in spur gear and analyzed using ANSYS version 11.0 software. The strength of these modified 
teeth is studied in comparison with the standard design. The analysis demonstrates that the novel design ex-
hibit higher bending strength over the standard trochoidal root fillet gear. The result reveals that the circular 
root fillet design is particularly suitable for lesser number of teeth in pinion and where as the trochoidal root 
fillet gear is more opt for higher number of teeth. 
 
Keywords: Bending Stress, Circular Root Fillet, Deflection, Profile Modification, Spur Gear, Trochoidal 

Root Fillet 

1. Introduction 
 
The objective of the gear drive is to transmit power with 
comparatively smaller dimensions, runs reasonably free 
of noise and vibration with least manufacturing and 
maintenance cost. There is a growing need for higher 
load carrying capacity and increased fatigue life in the 
field of gear transmissions. Spitas and Costopoulos [1] 
have introduced one–sided involute asymmetric spur 
gear teeth to increase load carrying capacity and combine 
the meshing properties. Tesfahunegn and Rosa [2] inves-
tigated the influence of the shape of profile modifications 
on transmission error, root stress and contact pressure 
through non linear finite element approach. Spitas and 
Costopoulos [3] expressed that the circular fillet design 
is particularly suitable in gears with small number of 
teeth (pinion). Fredette and Brown [4] discussed the pos-
sibility of reducing gear tooth root stresses by adding 
internal stress relief features. Ciavarella and Demeliio [5] 
concluded that the fatigue life is lower on gears with a 
lesser number of teeth. Hebbal and Math [6] have re-
duced the root fillet stress in spur gear using internal 
stress relieving feature of different shapes. Senthilvelan 
and gnanamoorthy [7] studied the effect of gear tooth 

fillet radius on the performance of injection moulded 
nylon 6/6 gears. Tae Hyong Chong and Jae Hyong 
Myong [8] conducted a study to calculate simultaneously 
the optimum amounts of tooth profile modification for 
minimization of vibration and noise. 

Beghini et al. [9] proposed a simple method to reduce 
the transmission error for a given spur gear at the nomi-
nal torque by means of the profile modification parame-
ters. Researchers focused either on the development of 
advanced materials or new heat treatment methods or 
designing the gears with stronger tooth profiles. Gears 
having standard involute with smaller number of teeth 
(i.e., less than 17 teeth) had the problem of undercutting. 
In gear manufacturing process the tooth root fillet is 
generated as the tip of the cutter removes material from 
the involute profile resulting teeth that have less thick-
ness at root. This reduces the tooth strength and leads to 
the crack initiation and propagation at root fillet area. To 
improve the gear tooth strength many works have been 
done but all mostly employed positive profile shifting 
[10-13]. These contributions exhibit lower pitting and 
scoring resistance with lesser contact ratio resulting in 
more noise and vibration during the power transmission 
[14]. 
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2. Gear Geometry 
 
The involute spur gear with circular root fillet is illus-
trated in Figure 1. The point ´O´ is the center of the gear, 
‘Oy’ is the axis of symmetry of the tooth and ‘B’ is the 
point where the involute profile starts from the form cir-
cle rs. 

‘A’ is the point of tangency of the circular fillet with 
the root circle rf. ‘D’ laying on (ε2) = ‘OA’ represents the 
center of the circular fillet. Line (ε3) is tangent to the root 
circle at A and intersects with line (ε1) at C. The fillet is 
tangent to the line (ε1) at point E. Since it is always rs > rf, 
the proposed circular fillet can be implemented without 
exceptions on all spur gears irrelevant of number of teeth 
or other manufacturing parameters. A comparison of the 
geometrical shape of a tooth of circular fillet with that of 
standard fillet is presented in Figure 2. 

The geometry of the circular fillet coordinates (points 
A and B) in Figure 1 is obtained using the following 
formulas; 

XA = rf sin(ζ + Ωs), YA = rf cos(ζ + Ωs) 
XB = rf sinΩs, YB = rf cosΩs 

XD = (rf + AD) sin(ζ + Ωs), YD = (rf + AD cos(ζ + Ωs) 
XE = (OC + CE) sinΩs , YE = (OC + CE) cosΩs 

 
2.1. Part Modeling 
 
In actual practice, trochoidal root fillet is present in spur 
gear having large number of teeth (more than 17) and 
exhibits less bending stress for higher number of teeth. 

The circular root fillet is preferable for gears with 
smaller number of teeth (less than 17) depending on the 
tip radius of the hob. The proposed teeth are composed 
of a standard involute working profile from the outer to 
the form circle of the gear and of a circular fillet profile 
from the form circle to the root circle of the gear replac-
ing the conventional trochoidal fillet profile. 

Table 1 gives the parametric specification of 15 teeth 
and 16 teeth spur gear. These design specifications have 
been arrived from KISS soft an application software for 
the given centre distance. The virtual model of the spur 
gear with 15 teeth and 16 teeth having Circular and Tro-
choidal root fillet are modeled in Pro-E wildfire version 
3.0 software and are presented in the following Figure 3 
and Figure 4. 
 
3. Force Analysis 
 
The load transmitting capability of gear tooth is analyzed 
and checked for designing a gear system. The effective 
circumferential force on the tooth at the pitch circle of 
the gear while in meshing is estimated. Two kinds of 
stresses are induced in gear pair during the power trans-

mission from one shaft to another shaft. They are: 1) 
Bending stress – Induced on gear teeth due to tangential 
force developed by the power and 2) Surface contact 
stress or Compressive stress. The load is assumed to be 
uniformly distributed along the face width of the tooth. 
 
3.1. Components of Forces 
 
When the mating gears are engaged the line of contact 
starts from bottom of the tooth to tip of the tooth along 
 

 

Figure 1. Geometry of the circular fillet. 
 

 

Figure 2. Superposition of circular fillet on a standard tooth. 
 

Table 1. Specification of gear. 

Gear tooth type : Standard involute full depth 

Number of teeth ( Z) : 15 and 16 

Normal module (mn) : 4 mm 

Pressure angle (α) : 20 

Helix angle (β) : 0° 

Tooth root fillet : Trochoidal and Circular (proposed)
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Circular fillet                 Trochoidal fillet 

Figure 3. Gear with 15 teeth. 
 

  
Circular fillet                Trochoidal fillet 

Figure 4. Gear with 16 teeth. 
 
tooth-profile for the pinion and tip to bottom for the gear. 
While the force is acting at the tip of tooth, the long dis-
tance of action from root cause maximum bending stress 
at the bottom of tooth. Hence the force at this position 
(i.e., at tip) is considered for analysis. 

The normal force (Fn) to the tip of the gear is depicted 
in Figure 5. This force (Fn) is at an angle with the com-
mon tangent to pitch circle (i.e., pressure angle) is re-
solved into two components: 

1) Tangential Force (Ft) 
2) RadialForce (Fr). 
The tangential force ‘Ft’ or transmitting load can be 

derived from the following standard equation; 
Ft = [2000T]/d 

where, T = 9550 P/n 
Irrespective of the value of the contact ratio, the gear 

forces are effective on a single pair of teeth in mesh. Re-
ferring to Figure 5, the normal force (Fn) acts along the 
pressure line. The normal force produces an equal and 
opposite reaction at the gear tooth. Since the gear is 
mounted on the shaft, the radial force Fr acts at the centre 
of the shaft and is equal in magnitude but opposite in 
direction to the normal force Fn. 

As far as the transmission power is concerned, the 
component of forces ′Fn′ and ′Fr′ plays no role and the 
driving component is tangential force ′Ft′. The tangential 
force ′Ft′ constitutes a couple which produces the torque 
on the pinion which in turn drives the mating gears. The 
tangential force bends the tooth and the radial force 

compresses it. The magnitudes of the components of the 
normal force′ Fn′ are given by: 

Ft = Fn.cosα 
Fr = Fn.sinα  
Forces are calculated based on power transmission 

(power is equal to 20 kW), the speed of the gear are 1000 
rpm,1500 rpm and 2000 rpm respectively for which the 
components of forces are calculated for 15 teeth and 16 
teeth and are given in Table 2 and Table 3. 
 
4. Finite Element Analysis 
 
A finite element model with a single tooth is considered 
for analysis. Gear material strength is a major considera-
tion for the operational loading and environment. Gener-
ally, cast iron is used in normal loading and higher wear 
resisting conditions. In modern practice, the heat treated 
alloy steels are used to overcome the wear resistance. 
ANSYS version 11.0 software is used for analysis. In 
this work, heat treated alloy is taken for analysis. The 
gear tooth is meshed in 3-dimensional (3-D) solid 20 
nodes 92 elements with fine mesh. SOLID92 has a 
quadratic displacement behavior and is well suited to 
model irregular meshes. The material properties chosen 
for analysis are presented in Table 4. 

Figure 6 illustrates a single tooth of 2-dimensional 
(2-D) Circular fillet roots and Figure 7 shows a single 
tooth of 2-dimensional Trochoidal fillet roots. Figure 8 
shows the FEM meshed model of single tooth of Circular 
fillet roots. Similarly, Figure 9 shows the FEM meshed 
model of single tooth Trochoidal fillet roots. 

 

 

Figure 5. Tooth forces in spur gear. 
 

Table 2. Force components for 15 teeth. 

Force Components (Newton) Speed 
(rpm) 

Torque 
(N-mm) Ft Fn Fr 

1000 191000 6366.67 6775.27 2317.28 

1500 127330 4244.44 4516.84 1544.85 

2000 95500 3638.10 3871.58 1324.16 
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Table 3. Force components for 16 teeth. 

Force Components  
(Newton) Speed 

(rpm) 
Torque 
(N-mm) 

Ft Fn Fr 

1000 191000 5968.75 6351.81 2172.45 

1500 127330 3979.17 4234.54 1448.30 

2000 95500 3410.71 3629.61 1241.40 

 
Table 4. Material properties. 

Gear material : Alloy structural steel 

Density : 7870 kg/m3 

Young’s modulus : 206 GPa 

Poisons ratio : 0.3 

Yield strength : 637 MPa 

 

 

Figure 6. 2-D Circular root fillet tooth. 
 

 

Figure 7. 2-D Trochidal root fillet tooth. 
 
4.1. Displacement and Loading 
 
In order to facilitate the finite element analysis, the gear 
tooth was considered as a cantilever beam. All the de-  

 
Figure 8. Meshed model of circular root fillet tooth. 

 

 

Figure 9. Meshed model of trochidal root fillet tooth. 
 
grees of freedom were constrained at the root circle but 
for analysis purpose the constrained degrees of freedoms 
are transferred to gear hub surface. The revolutions of 
the gears are limited to 2000 rpm. In nonlinear contact 
analysis the tooth forces are applied on tip of the tooth 
profile. 
 
5. Results and Discussion 
 
The deflection and bending stress analysis were carried 
out for the spur gear with 15 teeth and 16 teeth. The in-
duced bending stress and obtained deflection values are 
presented in Table 5. 

The investigation reveals that the deflection value of 
both circular and trochoidal root fillet gears are identical. 
But, looking in to bending stress the 15T gear generated 
with circular root fillet have lesser stress (609.654 N/ 
mm2) at 1000 rpm when compared with trochoidal fillet 
gear (626.699 N/mm2). 

Correspondingly, the induced bending stress for 16 T 
circular root fillet gear at 2000 rpm was 348.374 N/mm2 
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where as it was noticed as 358.114 N/mm2 for 16 T tro-
choidal root fillet gear. The bending stress and deflection 
values taken from FEA results for 15 teeth gear with 
circular and trochoidal root fillet are depicted in Figure 
10. 

Similarly, the bending stress and deflection values 

taken from FEA results for 16 teeth gear with circular 
and trochoidal root fillet are depicted in Figure 11. It is 
observed from ANSYS study that the 16T gear generated 
with circular root fillet have lesser stress (328.381 
N/mm2) at 1000 rpm when compared with trochoidal 
fillet gear (558.287 N/mm2). Also, the bending stress  

 
Table 5. Deflection and bending stress result. 

Deflection(mm) Bending Stress (N/mm2) 

15 Teeth 16 Teeth 15 Teeth 16 Teeth Speed 

Trochoidal Circular Trochoidal Circular Trochoidal Circular Trochoidal Circular 

1000 0.013343 0.013747 0.013909 0.012407 626.699 609.654 558.287 328.381 

1500 0.008895 0.009164 0.009272 0.008271 417.798 406.435 372.192 218.921 

2000 0.007624 0.007855 0.007948 0.007090 358.114 348.374 319.021 187.646 

 
15 Teeth - Deflection 

Trochoidal Fillet Circular Fillet 

at 1000 rpm 
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at 1500 rpm 
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at 2000 rpm 

Figure 10. FEA results for 15 teeth gear. 
 

16 Teeth - Deflection  

Trochoidal root fillet Circular root fillet 
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at 1000 rpm 

at 1500 rpm 
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at 2000 rpm 

Figure 11. FEA results for 16 teeth gear. 
 
(187.646 N/mm2) was least for 16 T circular root fillet 
gear at 2000 rpm when compared with trochoidal root 
fillet gear (319.021 N/mm2). In sort, the results obtained 
from ANSYS result shows that the bending stress and 
deflection values are lesser for Circular root fillet gear 
irrespective of speed than Trochoidal root fillet gear. 
 
6. Conclusions 
 
The investigation result infers that the deflection in cir-
cular root fillet is almost same comparing to the trochoi-
dal root fillet gear tooth. However, there is appreciable 
reduction in bending stress value for circular root fillet 
design in comparison to that of bending stress value in 
trochoidal root fillet design. 

From the foregoing analysis it is also found that the 
circular fillet design is more opt for lesser number of 
teeth in pinion and trochoidal fillet design is more suit-
able for higher number of teeth in gear (more than 17 
teeth) and whatever may be the pinion speed. In addition 
to that the ANSYS results indicates that the gears with 
circular root fillet design will result in better strength, 
reduced bending stress and also improve the fatigue life 
of gear material. Further work shall be done to ascertain 
the stiffness and rigidity of gear tooth in the circular root 
fillet design so that the feasibility of this particular de-
sign can be useful to put in practical application in fu-
ture. 
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Nomenclature 

Fn  –  Normal force 
P  –  Rated power 
Ft  –  Tangential force 
d  –  PCD of gear 
R  –  Reaction of shaft 
n  –  Speed of the gear in rpm 
rf –  Root Circle of gear 
T –  Transmitted Torque 
Ss  –  Arc length at BCD 
rs –  Form Circle of gear 
FEA  –  Finite Element Analysis 
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