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ABSTRACT 
The first part of this paper is presents a method for producing the composite which shows ferromagnetic, highly-elastic 
and electrically-conducting properties. This composite consists of ferromagnetic particles of the size 0.15-0.25 mm 
made of the chemically pure iron. The mentioned particles were dispersed in the elastic porous silicone the matrix with 
pores of the size 0.15-0.25 mm. Colloidal graphite particles of the size not exceeding 0.5 µm were added to the matrix 
to increase electrical conductivity. The production method consist in mixing particles of iron, graphite and sodium 
chloride with non-polymerized silicone and rinsing salt particles by water after the matrix polymerization. In its second 
part the paper provides a description of the measurement system for longitudinal magnetostriction and the Hall voltage. 
The magnetic field with the induction of ± 8 T produced by the Bitter type magnet was applied to the composite samples. 
The supplying voltage was applied to these samples and the Hall voltage was measured at the electrodes glued to them. 
The longitudinal magnetostriction was measured by means of the capacitor with a variable capacity placed at the upper 
surface of these samples. The linear magnetostriction exceeding ± 6 % and the Hall voltage reaching ± 5.5 nV were 
detected by the conducted measurements. Both the longitudinal magnetostriction and the Hall voltage show nonlinear 
changes and hysteresis lopes during the magnetic field application and the supplying current flow. The coupling of 
these changes and other regularities observed in the investigated composites and especially their non-linearity and 
hysteresis, are discussed in the final part of the paper. 
 
Keywords: Hall Effect, Magnetostriction, Non-linearity, Hysteresis, Composite, Porous, Elastic, Ferromagnetic 

 
1. Introduction 
The mechanism of magnetostriction involves the changes 
in the dimension of the magnetized body as a result of 
its magnetization when placed in the external magnetic 
field [1,2]. The Hall effect refers to the potential differ-
ence on the opposite sides of an electrical conductor 
through which an electric current is flowing, created by 
a magnetic field with induction perpendicular to the cur-
rent flow [3,4]. In normal conductors each of these phe-
nomena appears to occur independently and thus is dis-
cussed independently. The paper aims to present both 
the measurement results of the longitudinal magne-
tostriction and the Hall voltage. These measurements 
have been obtained using the samples of elastic porous 
ferromagnetic composite. 

2. The Preparation of Samples 
For the measurements, the samples in a cuboid shape, 
size: 35 mm long, 21 mm wide, and 21 mm high, were 
used. The sample dimensions in horizontal cross-section 

were restricted by the Bitter magnet aperture. The mag-
net with the 43 mm aperture was used to create a mag-
netic field. The width-to-length ratio of 5:3 of a sample 
measuring approximately 35 by 21 mm, was assumed. 
The structure of the samples produced is presented in the 
cross-section in Figure 1 [5]. Prior to the sample produc-
tion, the composites containing ferromagnetic particles of 
chemically pure iron, size 0.15-0.25 mm, as well as the 
particles of colloidal graphite of the size not exceeding 
0.5 µm, were produced first. The pores in the samples 
were produced through resolving and rinsing sodium 
chloride grains of the size 0.15-0.25 mm. The particles of 
iron and sodium chloride of desirable sizes were obtained 
as a result of grinding and sieving. 

In order to produce the composites, chemically pure 
particles of iron, sodium chloride particles and colloidal 
graphite particles were measured in appropriate propor-
tions. The quantity of the particles used for the mixture 
was determined by the filling factor ps [6,7]. The filling 
factor is defined as the ratio of the volume of a given  
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Figure 1. Structure of the elastic, porous, ferromagnetic com- 
posite presented in cross section: 1—particle of chemically 
pure iron with dimensions 0.15-0.20 mm, 2—particle ofcol-
loidal graphite with dimensions not exceeding 0.5μm, 3— 
pore with dimensions 0.15-0.20mm, 4—silicone matrix 

component Vs to the total composite volume Vk, which 
can be expressed by the general formula: 

s
s

k

Vp
V

=                    (1) 

The volumes of particles were mixed together for 15 
min. 

A bonding substance was added to the mixture which 
constituted the composite matrix. The substance con-
tained non-polymerized silicone available commercially 
as the adhesive/sealing mass. The silicone has a gel con-
sistency and is sold in hermetically sealed tubes as it 
contains polymerization initiator which is easily acti-
vated by atmospheric air. The particles were mixed with 
a measured quantity of silicone for 20 min. The mixture 
obtained in the process was formed into cuboid shape at 
the above mentioned sizes. 

The cuboids which were obtained from the mixture 
were left to remain at the temperature of 20 ºC for 48 
hours, during which time a complete polymerization of 
silicone occurred. Subsequently, pores were produced 
through resolving and rinsing sodium chloride. To obtain 
this effect, the cuboid was submitted to the water flux 
and was periodically kneaded with hands. The successive 
resolution and rinsing of sodium chloride were conducted 
for 3 hours. Following the process of pore formation the 
samples obtained in the process were dried up in the flux 
of hot air produced by the supercharger at the tempera-
ture of 35 ºC. 

3. The Measurement System 
The way of establishing connections between the com-
posite sample and the measurement process is outlined in 
Figure 2. In the centers of the two opposing walls which 
make squares at 21 mm at one side, the ends of wires a-a 

 
Figure 2. Preparation of the connections of sample to meas-
urements: a-a—ends of the supply Voltage wires, b-b—ends 
of wires for the Hall voltage measurement, c—pad made 
ofTeflon, d—movable capacitor plate, e—immovable ca-
pacitor plate, f-f—ends of capacitor plates 

were glued as a means for supplying voltage. Impacted 
by the voltage activity, an electric current flowed through 
the sample causing the Hall effect. To glue the ends, gra- 
phite glue composed of colloidal graphite and non-po-
lymerized silicone was applied for better contact and 
conductivity, with a volume filling factor for graphite of 
0.6. 

Then, in the centers of the two opposite sides making 
rectangles of 35 by 21 mm at the sides, the ends of wires 
b-b were glued for measuring the Hall voltage. The same 
graphite glue was applied to attach the ends. At the top of 
the sample, the pad c made of 1 mm thick Teflon, was 
applied to the sample with a pure non-polymerized sili-
cone. An electrode d in the form of a rectangular strip of 
copper foil was also glued with pure silicone. 

The electrode consisted of a movable plate of the con-
denser with a variable capacity, which was employed to 
measure magnetostriction [8]. Non-movable plate e of 
the condenser was a rectangular strip of copper foil of the 
identical size as the movable plate. Into the edge of each 
of the plates, the ends of wires f-f were soldered to con-
nect them to the capacity meter. The end of wire con-
nected to the movable pad was made of a flexible mate-
rial such as lice and supplied with a loop. Such a solution 
allowed for an easy adjustment of the necessary distance 
between the capacitor plates. 

The setup applied for the simultaneous measurements 
of the Hall voltage and longitudinal magnetostriction is 
presented in Figure 3. A sample of elastic porous ferro-
magnetic composite 1 of the dimensions provided above 
was placed on a horizontal insulation base plate 2 of tex-
tolite. The base plate was fastened into two vertical brass  
rods 3 and inserted into the aperture of the Bitter magnet 
coil 4. The ends of wires for the voltage supply a-a as  
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Figure 3. Construction of the measurement system: 1—sam- 
ple of elastic, porous, ferromagnetic composite, 2—basis, 3— 
brass rood, 4—winding of Bitter magnet coil, 5—insulating 
plate; the remaining letters have the same significance as in 
caption under Figure 2 

 
well as the ends for measuring the Hall voltage b-b were 
glued into the sample. The sample was fixed with a pad c 
of Teflon and a movable condenser plate d. Above the 
sample on the rods 3 an isolation plate 5 cut out from an 
electrical insulating material—textolite was placed, to 
which immovable capacitor plate e was attached. The ends 
f-f were soldered into each of the capacitor plates con-
necting them into the bridge specially designed for mea- 
suring capacitance. The sensitivity of the bridge amounted 
to 0.01 pF. 

The Bitter magnet at the International Laboratory of 
the High Magnetic Field and Low Temperatures in Wro-
claw was employed to generate the magnetic field in 
which the sample was placed. The magnet could practi-
cally create the magnetic fields with the maximum in-
duction 8 T, with an option to invert their direction. The 
supply voltage of 3000 V came from the constant current 
generator. To disperse the Joule heat produced by the cur- 
rent flow, the magnet coil was cooled with water flowing 
along axial direction. 

4. The Discussion of Results 
While using the setup described above, the measure-
ments of the Hall voltage UH and longitudinal magne-
tostriction—measured by the relative elongation Δl/l0 on 
dependence of the magnetic induction of B the applied 
magnetic field—were conducted. The magnetic field in- 
duction was changed from 0 T to + 8 T and to – 8 T, and 
eventually to 0 T. The measurements were carried out for 
the samples with varied filling factors for ferromagnetic 
particles of chemically pure iron pf, and for colloidal 

graphite particles pg, with the filling factor for ferromag-
netic particles amounting to 0.3, 0.2 or 0.1 and corre-
spondingly for graphite particles to 0.2 or 0.3. However, 
the porosity factor pp amounted to 0.2 and remained con-
stant for all the samples. In sum, five samples were in-
vestigated. The results of the Hall voltage dependencies 
UH and longitudinal magnetostriction Δl/l0 on the value 
of the magnetic induction B are presented in Figure 4-8. 
To obtain the curves as presented in the figures, the least 
square method was applied [9]. 

When analyzing the charts it is easy to observe that the 
dependences of both the Hall voltage UH and longitudinal 
magnetostriction Δl/l0 on the value of the magnetic field  
induction B have a non-linear character. A review of the 
hitherto known cases of the occurrence of the Hall effect 
in conductors and semiconductors, the Hall voltage re-
vealed a linear dependence on the value of the magnetic 
field induction B [7]. The evidence of non-linearity as-
certained in our investigation can be regarded as some-
thing of a novelty. Together with the increase in the mag- 
netic field induction B, there is an increase in the Hall vol- 
tage UH and longitudinal magnetostriction [10,11]. The 
extreme Hall voltage amounting to 5.5 nV in the mag-
netic field with the induction of 8 T was found in the sam- 
ple with the following filling factors: pf = 0.3, pg = 0.2, pp 
= 0.2 and in the sample with the filling factors: pf = 0.2, 
 

 
Figure 4. Dependences of longitudinal magnetostriction Δl/l0 
and the Hall voltage UH on the magnetic induction B for 
sample with filling factor for with ferromagnetic particles pf 
= 0.3, filling factor for graphite particles pg = 0.2, porosity 
factor pp = 0.2. The intensity of supply current I = 0.2 A 
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Figure 5. Dependences of longitudinal magnetostriction Δl/l0 
and the Hall voltage UH on the magnetic induction B for 
sample with filling factor for ferromagnetic particles pf = 
0.2, filling factor for graphite particles pg = 0.2, porosity 
factor pp = 0.2. The intensity of supply current I = 0.2 A 
 

 
Figure 7. Dependences of longitudinal magnetostriction Δl/l0 
and the Hall voltage UH on the magnetic induction B for 
sample with filling factor for ferromagnetic particles pf = 
0.2, filling factor with graphite particles pg = 0.3, porosity 
factor pp = 0.2. The intensity of supply current I = 0.2 A 

 
Figure 6. Dependences of longitudinal magnetostriction Δl/l0 
and the Hall voltage UH on themagnetic induction B for 
sample with filling factor for ferromagnetic particles pf = 
0.1, filling factor for graphite particles pg = 0.2, porosity 
factor pp = 0.2. Theintensity of supply current I = 0.2 A 
 

 
Figure 8. Dependences of longitudinal magnetostriction Δl/l0 
and the Hall voltage UH on the magnetic induction B for 
sample with filling factor for ferromagnetic particles pf = 
0.3, filling factor with graphite particles pg = 0.2, porosity 
factor pp = 0.2. The intensity of supply current I = 0.1 A 
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pg = 0.3, pp = 0.2. 
The extreme value of longitudinal magnetostriction 

Δl/l0 amounting to 6.1% was found in the  sample with 
the filling factors pf = 0.2, pg = 0.3, pp = 0.2 with the 
magnetic field induction 8 T. The ascertained value of 
magnetostriction may be compared with a gigantic mag-
netostriction which is found in the alloys of rare earth ele- 
ments such as dysprosium and terbium [1,2]. Yet, there is 
a real difference between these materials. The dyspro-
sium and terbium alloys have a significantly more meas-
ures of the Young’s modulus than the samples of the com- 
posite under investigation. For that reason, the potential 
energy of elasticity which has been accumulated in the 
deformed sample is far smaller than the energy of elas-
ticity in the alloys of rare earth elements or nanocompo-
site materials [12,13]. The difference may prove to be 
important in the case of application of the investigated 
composite, e.g. in the construction of electromechanical 
transductions and sensors. 

The dominant cause of a giant magnetostriction in the 
investigated composite is the deformation of porous sili-
cone matrix after it has been placed in the magnetic field. 
In a model way, it was presented in Figure 9. Ferromag-
netic particles undergo magnetization and tend to pitch in 
such a way that the directions of their easy magnetization 
follow the magnetic field lines. As a result of this, the 
magnetized particles act at the matrix causing its elonga-
tion. The porosity of the matrix is the factor which helps 
its elongation, as the fine walls of the matrix are apt to 
yield to bending and tension easier [14]. Some contribu-
tion to the sample magnetostriction is also made by the  
 

 
Figure 9. Structure of elastic, ferromagnetic porous com-
posite after elongation presented in cross section: l0—initial 
length, Δl—elongation, B—value of the magnetic field in-
duction decisive significance for creation of magnetostric-
tion in investigated composites the remaining symbols have 
the same significance as in caption under Figure 1 

magnetostriction of the particles and the matrix them-
selves. Yet, this contribution is insignificant.  

The maximal values of the Hall voltage UH and lon-
gitudinal magnetostriction Δl/l0 depend on the composi-
tion of the composite sample. When analyzing Figure 4-6, 
it is evident that a decrease in the content of the che- mi-
cally pure iron particles, measured by coefficient pf from 
0.3 to 0.1 has caused a reduction of the maximal value of 
the Hall voltage from 5.5 nV to 3 nV and reduction of the 
maximal value of magnetostriction from 1.27 % to 1.03 
%. In turn, an increase in the content of graphite particles 
measured by the increasing factor pf from 0.2 to 0.3 
caused an increase in the maximal Hall voltage from 3 
nV to 5.5 nV (see Figure 6 and 7). 

The increasing maximal value of magnetostriction with 
the increase in ferromagnetic particles content can be ex- 
plained by the fact that the samples with greater ferro-
magnetic particles content interact with the magnetic 
field more strongly. These samples undergo greater de-
formation in the same magnetic field, which signifies 
greater magnetostriction. Subsequently, an increase in the 
maximal Hall voltage value together with the growth of 
both ferromagnetic particles content and graphite parti-
cles content can be easily explained by the increase in the 
electrical conductivity of the samples [14]. 

Both the Hall voltage UH and longitudinal magne-
tostriction Δl/l0 show hysteresis, manifested in the decel-
erations of changes of their quantities in ratio to changes 
of the magnetic field induction. The hysteresis loop of 
magnetostriction shows a form which resembles an el-
lipse, however hysteresis loop of the Hall voltage has a 
form of an inclined number eight. 

5. Conclusions 
The conducted investigations of the porous magnetor-
heological composite enable to formulate the following 
conclusions: 

1) The measured longitudinal magnetostriction Δl/l0 
and the Hall voltage UH show a non-linear dependence 
on the induction of the applied magnetic field B. This 
non-linearity is characteristic of inhomogeneous media 
such as composites and mixtures, for example [15,16]. 

2) The maximal achieved values of the longitudinal 
magnetostriction Δl/l0 and the Hall voltage UH are de-
pendent on the filling factor of the composite by ferro-
magnetic particles, graphite particles and its porosity fac- 
tor. Influences of these factors are competitive. 

3) Both the longitudinal magnetostriction Δl/l0 and the 
Hall voltage UH show hysteresis lopes. The main differ-
ence between these lopes lies in the zero value of the 
Hall voltage UH for the zero value induction of the mag-
netic field B and the non-zero value of the longitudinal 
magnetostriction Δl/l0 for this B value. One possible case 
of this hysteresis appears to be the interaction at inter-
faces between particles and the matrix and the interrup-
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tion of their connection [14,17]. 
4) The magnetic interaction of iron particles with the 

magnetic field and the elastic susceptibility of silicone 
matrix are of decisive significance for creation of the 
magnetostriction in the investigated composites [18]. 

5) The detected values of the longitudinal magnetos- 
triction Δl/l0 in the investigated composite are compara-
ble with values of the giant magnetostriction in the al- 
loys of rare earth elements and nanocomposite materials 
[12,13], but this composite shows a significantly smaller 
Young modulus and accumulation of a smaller elastic 
energy during deformation. 
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ABSTRACT 
Clarke’s matrix has been applied as a phase-mode transformation matrix to three-phase transmission lines substituting 
the eigenvector matrices. Considering symmetrical untransposed three-phase lines, an actual symmetrical three-phase 
line on untransposed conditions is associated with Clarke’s matrix for error and frequency scan analyses in this paper. 
Error analyses are calculated for the eigenvalue diagonal elements obtained from Clarke’s matrix. The eigenvalue 
off-diagonal elements from the Clarke’s matrix application are compared to the correspondent exact eigenvalues. 
Based on the characteristic impedance and propagation function values, the frequency scan analyses show that there 
are great differences between the Clarke’s matrix results and the exact ones, considering frequency values from 10 kHz 
to 1 MHz. A correction procedure is applied obtaining two new transformation matrices. These matrices lead to good 
approximated results when compared to the exact ones. With the correction procedure applied to Clarke’s matrix, the 
relative values of the eigenvalue matrix off-diagonal element obtained from Clarke’s matrix are decreased while the 
frequency scan results are improved. The steps of correction procedure application are detailed, investigating the in-
fluence of each step on the obtained two new phase-mode transformation matrices. 
 
Keywords: Clarke’s Matrix, Eigenvector, Eigenvalue, Phase-Mode Transformation, Error Analysis, Non-Symmetrical 

Lines, Frequency Dependent Parameters 

 
1. Introduction 
Modal transformations are applied to transmission line 
analyses because, in mode domain, it is easier to repre-
sent the frequency influence on the line parameters. Us-
ing phase-mode transformation matrices, all electrical 
parameters and all line representative matrices are ob-
tained in mode domain [1–4]. The line represent- 
tative matrices become diagonal and the frequency in-
fluence can independently be introduced for every mode 
because the mutual phase couplings are independently 
included at every mode. Applying frequency dependent 
line parameters also leads to frequency dependent phase- 
mode transformation matrices. Because of this, to obtain 
voltages and currents in phase domain after signal mode 
propagation, it is necessary to use a convolution proce-
dure [5–10]. 

An alternative is to change the exact transformation 
matrices into single real ones. With these single real 
transformation matrices, any values can be determined in 

phase or mode domain using only a matricial multiplica-
tion [3,11]. The single real transformation matrices can 
obtain exact modes and diagonal line representative ma-
trices for ideally transposed lines [12–14]. For untrans-
posed lines, the results are not exact. The errors related to 
the eigenvalues (λ) can be considered negligible for 
some untransposed three-phase line analyses when 
Clarke’s matrix is applied as the transformation matrix. 
The data obtained with Clarke’s matrix are called 
quasi-modes. Increasing the asymmetrical geometrical 
line characteristics, even though the errors of quasi-mode 
matrix diagonal elements are negligible, the relative val-
ues of the quasi-mode matrix off-diagonal elements can 
be significant when compared to the correspondent ei-
genvalues (λ). 

Based on these hypotheses, Clarke’s matrix applica-
tion is analyzed considering a symmetrical three-phase 
line and a frequency range from 10 Hz to 1 MHz. The 
quasi-mode errors related to the eigenvalues (λ) are 
studied as well as the off-diagonal elements of the λ 
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quasi-mode matrix. Improving the analyses, frequency 
scans are also made using the characteristic impedance 
(ZC) and the propagation function (γ) calculated from the 
exact mode values and the quasi-mode ones. Searching 
for the off-diagonal element relative value minimization, 
a perturbation approach corrector matrix is applied to 
Clarke’s matrix. The errors and frequency scan analyses 
are carried out again and the new results are compared to 
the previous error values. So, with a first-order approxi-
mation procedure, the λ quasi-mode off-diagonal element 
relative values are highly decreased and the frequency 
spectrum of the processed signals is closer to that of the 
exact transformation. Neglecting the imaginary part of 
the new transformation matrix, frequency scan results 
similar to those from the first order matrix correction are 
obtained. 

From the comparisons carried out using the 10 kHz 
frequency value, mode voltage and mode current vectors, 
it is suggested to extend the analyses shown in this paper 
considering one of the both modes that is not the ho-
mopolar reference of the system as the correction proce-
dure application base. Another suggestion is to apply 
twice the correction procedure where the both modes 
related to the modal coupling for symmetrical three- 
phase transmission lines are subsequently used. 

2. Mathematical Bases 
Searching for more simplicity for phase-mode transfor-
mation applied to transposed three-phase lines, single 
real transformation can be used. One sample of these 
matrices is Clarke’s matrix [3,11]. The exact differential 
equations that relate the transversal voltages and the lon-
gitudinal currents are described below. In this case, the 
phase-mode transformations (TV and TI), the per unit 
length longitudinal impedance (Z) and the per unit length 
transversal admittance (Y) matrices are included [1, 5, 7, 
10, 12–14]. 

1
1

1
1

( )

( )

V MD
I MD

I MD
V MD

d T u Z T i
dx

and
d T i Y T u

dx

−
−

−
−

⋅
− = ⋅ ⋅

⋅
− = ⋅ ⋅

          (1) 

uMD and iMD are the voltages and the currents in mode 
domain, respectively. For transposed three-phase lines, 
the TV and TI matrices are changed into Clarke’s matrix 
represented by TCL. So, the uMD and iMD values are: 

MD CL F MD CL Fu T u and i T i= ⋅ = ⋅          (2) 

For exact eigenvectors (TV and TI), the phase-mode 
relations of Equation (2) are described by: 

MD V F MD I MDu T u and i T i= ⋅ = ⋅        (3) 

Using Equations (2) and (3) for transposed three-phase 

lines, the following relations are obtained: 

V I CLT T T= =                 (4) 

The inverse Clarke’s matrix is equal to its transposed 
one and the initial differential equations are changed 
into: 

( )

( )

T
TCL MD

CL MD

T
TCL MD

CL MD

d T u Z T i
dx

and
d T i Y T u

dx

⋅
− = ⋅ ⋅

⋅
− = ⋅ ⋅

          (5) 

The Z and Y matrices in mode domain are: 
T T

CL CL CL CL CL CLZ T Z T and Y T Y T= ⋅ ⋅ = ⋅ ⋅    (6) 

The Clarke’s matrix structure is [3, 11]: 

















= −

−−

3
1

3
1

3
1

2
1

2
1

6
1

6
2

6
1

0CLT          (7) 

Based on Equations (4–7), the eigenvalues of a trans-
posed three-phase line are determined by: 

0

0 0

0 0

0 0

CL CL CL CL CLZ Y Y Z

α

β

λ

λ λ

λ

 
 
 
 = ⋅ = ⋅ =
 
 
  

    (8) 

In this case, the modes are called α, β and 0 (homopo-
lar). The λCL is described by: 

T T
CL CL CL CL CLT Z Y T T Y Z Tλ = ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅       (9) 

The impedance characteristic (ZC) is described by: 
1 1 T

C CL CL CL CL CLZ Z Y T Z Y T− −
− = ⋅ = ⋅ ⋅ ⋅     (10) 

The propagation function is described by: 
2

CL CL CL CL CL CLZ Y orγ λ γ λ= ⋅ = =    (11) 

Considering a symmetrical untransposed three-phase 
line, λCL is not diagonal. The results are called quasi- 
modes. There is a modal coupling between α and 0 
modes and the λCL matrix becomes the following [3]: 

0

0 0

0

0 0

0

N N

NCL N

N N

α α

β

α

λ λ

λ λ

λ λ

 
 
 
 =
 
 
  

          (12) 

For the exact λ matrix, the exact eigenvectors (TV and 
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TI) are applied, obtaining the following: 
1 1

V V I IT Z Y T T Y Z Tλ − −= ⋅ ⋅ ⋅ = ⋅ ⋅ ⋅        (13) 

The exact Z and Y matrices in mode domain are: 
1 1

MD V I MD I VZ T Z T and Y T Y T− −= ⋅ ⋅ = ⋅ ⋅   (14) 

The exact modal ZC matrix is: 
1

C MD MD MDZ Z Y −
− = ⋅           (15) 

The exact modal γ matrix is: 
2

MD MD MD MDZ Y orγ λ γ λ= ⋅ = =    (16) 

Applying Clarke’s matrix to an actual symmetrical un-
transposed three-phase line, the quasi-mode results are 
compared to the exact values through the following 
equations: 

(%) 100QUASI MODE EXACT

EXACT

x x
error

x
− −

= ⋅    (17) 

The relative values of the λCL off-diagonal elements 
are obtained with the following: 

( )(%) 100CL KJ
KJ RELATIVE

K Jor
λ

λ
λ λ− = ⋅      (18) 

Regarding the frequency scan, the modal couplings 
among the quasi-modes are neglected. Every mode or 
quasi-mode is analyzed as in Figure 1 [7]. 

The propagation wave in Figure 1 is solved by the fol-
lowing system of equations where d is the line length [7]. 

cosh( ) sinh( )

cosh( ) sinh( )

A B B C

B
A B

C

E E d I Z d
EI I d d
Z

γ γ

γ γ

= ⋅ ⋅ − ⋅ ⋅ ⋅

 = − ⋅ ⋅ + ⋅ ⋅


   (19) 

The system of Equations (19) is applied for every 
mode considering three situations in the line receiving 
terminal (the B terminal): opened line, short-circuit and 
infinite line. The infinite line is calculated using an im-
pedance with the ZC value connected to the line receiving 
terminal. For the frequency scan, the line sending termi-
nal is connected to a unitary step voltage source, consid- 
ering the frequency domain. This voltage source is 
described by the next equation. The unitary step voltage  

 

 
Figure 1. Frequency scan analyses 

is chosen because it includes all frequency values. In the 
case of this paper, the frequency scan analyses are per-
formed with a frequency range from 10 Hz to 1 MHz. 

1 1( )
2

E f j
fω π

= − = −
⋅ ⋅

          (20) 

3. The Actual Symmetrical Three-Phase Line 
The interactions between any transposed three-phase line 
and Clarke’s matrix produce exact mode results and the 
modal representative matrices are diagonal. In case of 
untransposed three-phase lines, the TCL results are not 
exact. These results are compared to the correspondent 
exact values using Equations (17) and (18) as well as the 
frequency scan. 

The actual three-phase line analyzed in this paper has a 
vertical symmetry and shown in Figure 2. 

The central phase conductor height is 27.67 m on the 
tower. The height of adjacent phase conductors is 24.07 
m. Every phase is composed of four conductors distrib-
uted in a square shape with 0.4 m side length. Every 
conductor is an ACSR type one (ACSR-26/7-636 MCM). 
The phase conductor resistivity is 0.089899 Ω/m and the 
sag at the midspan is 13.43 m. The earth resistivity is 
considered constant (1000 Ω.m). The ground wires are 
EHS 3/8 with the resistivity of 4.188042 Ω/m. The height 
of these cables on the tower is 36.00 m. The sag of the 
ground wires at the midspan is 6.40 m. 

4. The Error Analyses of the Clarke’s  
Matrix Application 

From the Equations (8), (9), (12) and (13), the λNCL 
quasi-modes are compared to the eigenvalues using Equa- 
tion (17). In this case, firstly, the eigenvectors are calcu-
lated applying the iterative Newton-Raphson’s method. 
The initial values for this method are frequency of 10 Hz 
and the Clarke’s matrix elements. For this first frequency 
 

GW 1

B

GW 2

CA

24.07 m

9.27 m
36.00 m

ACSR-26/7-636 MCM

Earth resistivity: 1000Ωm

Phases

sag at midspan: 13.43 m
0.089899 Ω/m

7.51 m
EHS 3/8"

Ground wires

sag at midspan:

4.188042 Ω/m
6.40 m

3.60 m

0.4 m

0.4 m

EACH PHASE

 
Figure 2. The actual symmetrical three-phase line of Brazil’s 
utilities 
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value, the iterative processing is started considering the 
eigenvectors equal to the Clarke’s elements. When the 
iterative processing converges to the exact values, it is 
restarted with the next frequency value and uses the exact 
values of the previous frequency value for the reinitiali-
zation of the new eigenvectors. After the determination 
of eigenvectors, the eigenvalues and the comparisons to 
the quasi-modes are performed for every frequency value 
[4]. 

The results of the comparisons between quasi-modes 
and the eigenvalues are shown in Figure 3. The β quasi- 
mode presents null errors because this is an exact mode. 
Also confirming the results of Equation (12), α and 0 
quasi-modes are not exact. The α quasi-mode presents 
the highest error peak among the three shown curves and 
this peak is about 10 kHz. The range of errors is from 
-0.3% to 0.2 %. There are inverse signals between the α 
and 0 quasi-mode error curves. The errors between the 
quasi-modes and eigenvalues can be considered negligi-
ble. These errors are determined using the modulus of the 
related values. Because of this, it is important to analyze 
the off-diagonal quasi-mode elements. 

It is shown in Equation (12) that there is a modal cou-
pling between the α and 0 quasi-modes. Because the line 
representative matrices are symmetrical independently of 
whether the line is symmetrical, or not, the off-diagonal 
element in the intersection between the matrix first line 
and the matrix third row is equal to the off-diagonal in 
the third line and the first row intersection. In Figure 4, 
this off-diagonal element is compared to the correspon-
dent eigenvalues (the α and 0 modes). If the Clarke’s 
matrix application does not obtain diagonal matrices, the 
modal coupling can interfere in the signal processing. It 
depends on the signal spectrum. 

In Figure 4, the λNα0 off-diagonal element is compared 
to the correspondent eigenvalues from Equation (13). 
When it is compared to the λα eigenvalue, the λNα0 rela-
tive curve gets higher values than the curve obtained 
from the λ0 eigenvalue. The highest peak of the curve 
related to the λα eigenvalue is close to 18 % and it is as-
sociated to the initial frequency values of the considered-
frequency range. The curve related to the λ0 eigenvalue 
has softer variations than the other curve. Considering 
both curves presented in Figure 4, the λNα0 relative values 
decrease when the frequency increases. For low fre-
quency values, the λNα0 modal coupling is more signifi-
cant then for high frequency values. Based on these re-
sults, signal phase-mode transformation comparisons are 
carried out for analyzed frequency range using Clarke’s 
matrix and the eigenvectors (TV and TI). From phase 
vectors and with the Clarke’s matrix application, it is 
obtained mode vectors where only one mode has 
non-null value. It is shown in the following Equation: 

 
Figure 3. The λ error curves for an actual symmetrical three- 
phase line 
 

 
Figure 4. The quasi-mode off-diagonal element for the actual 
symmetrical three-phase line 
 

0 0

0 0

1 1
6

2 0
6

1 0
6

1 0
2

0 1

1 0
2

CL

CL CL

CL

CL CL

V I

V T I

V I

V I

V T I

V I

α α

β β

α α

α α

β β

β β

 −                       = ⋅ = =             −            
                        = ⋅ = =            −           

0 00 0

1 0
3

1 0
3

1 1
3

CL

CL CL

V I

V T I

V I

α α

β β




                        = ⋅ = =                              

(21)

 
The non-null values are compared to the results ob-

tained from the application of the eigenvectors: 
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0 0

0 0

1 1
6 6

2 2
6 6

1 1
6 6

1 1
2 2

0 0
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2 2

V I

V I

V I

V T and I T

V I

V I

V T and I T

V I

α α

β β

α α

α α

β β

β β

   − −                     = ⋅ = ⋅               − −            
                   = ⋅ = ⋅         − −         
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1 1
3 3

1 1
3 3
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3 3

V I

V I

V T and I T

V I

α α

β β





 
 
 
 
 


                        = ⋅ = ⋅                           

(22)

 
The results of comparisons between the non-null volt-

age values of Equation (21) and its correspondent values 
of Equation (22) are shown in Figure 5. The non-null 
current values of Equation (21) are compared to their cor- 
respondent eigenvector values in Figure 6. In these cases, 
the non-null values of the Clarke’s matrix application are 
compared to the results of the eigenvector application. 
The shown results are comparisons among modulus val-
ues. In Figure 7, it is shown the deviation angles related 
to the modal transformations using Clarke’s matrix and 
the TV eigenvector matrix. These are voltage vector trans- 
formations detailed in Equations (21) and (22). In case of 
Figure 8, the transformations are related to the current 
comparisons and also based on Equations (21) and (22). 

For modal transformations of Z and Y matrices as well 
as for obtaining of eigenvalues, a transformation matrix 
and an inverse transformation one are used. Applying the 
modal transformations to the voltage and current vectors, 
only one transformation matrix, or its inverse matrix, is 
necessary. In this case, the transformation could increase 
the errors related to the quasi-modes. On the other hand, 
based on mentioned results, the use of quasi mode Z and 
Y matrices for determining other variables in mode do-
main could increase the errors observed in Figure 3. In-
vestigating this supposition, the impedance characteristic 
and the propagation function are calculated from ZCL and 
YCL matrices and compared to the correspondent values 
obtained from ZMD and YMD matrices. The comparisons 
are made through Equation (17). 

Figure 9 is associated to the ZC modulus. The ZC angle 
is null because this variable is real. Figures 10 and 11 are  

 
Figure 5. Non-null modulus comparisons among mode volt-
ages (VCL/V) for the TCL matrix application 
 

 
Figure 6. Non-null modulus comparisons among mode cur-
rents (ICL/I) for the TCL matrix application 
 

 
Figure 7. Non-null angle comparisons among mode voltages 
(VCL/V) for the TCL matrix application 
 

 
Figure 8. Non-null angle comparisons among mode currents 
(ICL/I) for the TCL matrix application 
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Figure 9. The ZC modulus errors for the actual symmetrical line 

 

 
Figure 10. The γ modulus errors for the actual symmetrical line 

 

 
Figure 11. The γ angle errors for the actual symmetrical line 

 
associated to the γ modulus and the γ angle errors, re-
spectively. 

Considering the ZC modulus and the γ angle errors, 
there are curves with inverse signals (the α and 0 quasi- 
modes). This characteristic can also be observed in Fig-
ure 3. 

The range error for the ZC modulus (from -2 % to 2 %) 
is about 10 times higher than the γ modulus error range 
(from -0.05 % to 0.25 %) and it is about 100 times higher 
than the γ angle error range (from -0.015 % to 0.03 %). 
So, the ZC modulus is more sensitive to the errors intro-
duced by Clarke’s matrix. The relative values of the 
off-diagonal element (the Nα0 modal coupling) for ZC 
modulus are shown in Figure 12. Based on these results, 
the ZC-Nα0 off-diagonal element influence is significant on 
the correspondent ZC quasi-modes. 

In Figure 13 as much as in Figure 12, the curves have a 
crescent tendency from 10 kHz. In Figure 13, the relative 

values are in a much lower range than that of Figure 12. 
In Figure 14, the γNα0 angle relative values are in a simi-
lar range to the γNα0 modulus relative values. In this case, 
the values do not tend to be crescent ones. 

5. Frequency Scan Analyses 
Frequency scan analyses are based on Figure 1 and Equa- 
tions (19) and (20) are used [7]. The EA voltage is de-
scribed by Equation (20). Three situations of the line 
receiving terminal (the B terminal) are checked: open 
line (IB=0), short-circuit (EB=0) and infinite line. The 
infinite line is obtained with an impedance equal to the 
ZC value connected in the B terminal of Figure 1. For all 
these three situations, considering both line terminals, the 
modulus values of the voltages and the currents obtained 

 

 
Figure 12. The ZC-Nα0 modulus off-diagonal element relative values 

 

 
Figure 13. The γNα0 modulus off-diagonal element relative values 

 

 
Figure 14. The γNα0 angle off-diagonal element relative values 
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from quasi-modes are equal or very close to the exact 
values obtained from eigenvectors. The main differences 
are related to the angle values and the α mode. Showing 
the results related to the modulus values, Figure 15 pre-
sents the B terminal currents for the α mode when this 
terminal is open. Similar values are presented in Figure 
16 considering the 0 mode and the infinite line. 

Considering the short-circuit analyses in Figure 17, it 
is shown that the α quasi-mode and exact angle values 
are superimposed for frequency values up to 10 kHz. 
From 10 kHz to 1 MHz, there are great differences be-
tween quasi-mode and exact angle values. In this case, 
the differences are great because the curves present in-
verse signals related to the horizontal axis. 

When the infinite line is analyzed (Figure 18), the ob-
tained results are similar to those present in Figure 17. 
The quasi-mode and the exact angle values are superim-
posed for frequency values up to 10 kHz. Above 10 kHz, 
the differences are great and for some parts of the range, 
the curves are opposite and present inverse signals. Fig-
ure 18 shows results from 10 kHz to 1 MHz. 

Based on frequency scan analyses, Clarke’s matrix 
could be applied to transient simulations considering sym- 
metrical untransposed three-phase lines and phenomena 
with a frequency spectrum concentrated below 10 kHz. 
For general phenomena, there are classical solutions for  

 

 
Figure 15. The B terminal currents for the α mode and the 
opened line 
 

 
Figure 16. The B terminal currents for the 0 mode and the 
infinite line 

this problem based on eigenvector applications. An alter- 
native is to apply a perturbation approach corrector ma-
trix, improving the results of the Clarke’s matrix applica-
tion above 10 kHz. This alternative is described in the 
next item and based on the homopolar mode. 

6. The Perturbation Approach Corrector 
Matrix 

The procedure shown in this section is based on a 
first-order perturbation theory approach [3]. This proce-
dure is used to improve the quasi-mode results and obtain 
a better approximation to the exact values. Initializing 
this development, a normalization matrix is defined as: 
 

 
Figure 17. The current angle values for the B terminal with 
short-circuit (the α mode) 
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Figure 18. The current angle values for the B terminal with 
infinite line (the α mode) 
 

22 0

0 1

N
N

 
 =  
  

               (36) 

The N22 matrix is defined as: 

12

22

21

1

1

n
N

n

 
 =  
  

              (37) 

The normalization matrix is applied to the λNCL matrix: 

0

1
0

0 0 0

0

0T
V CL CL

a a

A A N T Z Y T N a a

a a a

α α

β β

α β

−

 
 
 
 = = ⋅ ⋅ ⋅ ⋅ ⋅ =
 
 
 
 

 (38) 

The described procedure is applied to the TV and the TI 
matrices. For the TI matrix, the procedure is similar to 
the TV one with a change in the position of the Z and Y 
matrices in Equation (38): 

0

1
0

0 0 0

0

0T
I CL CL

a a

A A N T Y Z T N a a

a a a

α α

β β

α β

−

 
 
 
 = = ⋅ ⋅ ⋅ ⋅ ⋅ =
 
 
 
 

 (39) 

The structure of the A matrix is determined from: 
( )CL CLA Q Qλ λ λ= + ⋅ − ⋅           (40) 

The last Equation leads to: 

0 ( ) ,
K KK

JK CL J CL K JK

a
a q J K

λ
λ λ− −

=
 = + − ⋅ ≠

  (41) 

The λCL-α element is equal to the λCL-β. Because of this, 
the a12, a21, q12 and q21 elements are null. Dividing the 
λNCL matrix into blocks, the portioned structure can be 
described by: 

0

22

0

0 0 0

P

P

PP

P P P

α

β

α β

λ

λ
λλ

λ λ λ

 
 
 
 =
 
 
 
 

          (42) 

The λP22 is: 

22

P P

P

P P

α αβ

βα β

λ λ

λ
λ λ

 
 =  
  

             (43) 

In this case, despite the symmetry of the line represen-
tative matrices, small numeric differences are considered 
between symmetrical elements of the λP matrix. The small 
numeric values of the λPαβ and λPβα are also considered. 
Using Equations (42) and (43), the aα and aβ elements are 
determined by: 

2
22 22 22)

2
22 22 22)

( ) ( ) 4 det(

2
( ) ( ) 4 det(

2

P P P

P P P

tr tr
a

tr tr
a

α

β

λ λ λ

λ λ λ

 + − ⋅
 =



− − ⋅
=



  (44) 

The N22 matrix elements are determined by: 

21 12
PP

P P

aan and n β βα α

αβ βα

λλ
λ λ

−−
= =      (45) 

In this case, only the Q matrix elements of the third 
line and the third row can not be null. These elements 
correspond to the 0 mode and are calculated by: 

0 0
0 0

0 0

K J
K J

CL K CL CL CL J

a aq and q
λ λ λ λ− − − −

= =
− −

(46) 

The perturbation approach corrector matrix is de-
scribed by: 

1 1 1( ) ( )W N I Q and W I Q N− − −= ⋅ + = + ⋅  (47) 

The corrected transformation matrix is described by: 
1 1 T

NV CL NV CLT W T and T T Wπ π
− −

− −= ⋅ = ⋅     (48) 
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7. Obtained Results 
Checking the changes into the Clarke’s matrix results 
carried out applying only the N matrix, it is used the 
flowchart shown in Figure 19. 

The changes obtained from the N matrix application 
are mainly related to the mode coupling relative values. 
The peak value is decreased from 18 % to 2 %. It is 
about a 10 time reduction. The off-diagonal relative ob-
tained after applying the N matrix are shown in Figure 20. 
On the other hand, there are no expressive changes for 
the λ relative errors. These values are shown in Figure 21. 

Completing the analysis of the influence of N matrix, 
the results of Figures 22–25 show that the application of 
this matrix balances equally the phase-mode transforma-
tion results obtained from Equation (26) where the TCL 
matrix is changed into the AV and AI matrices. 

Another analysis about the correction procedure ap- 
 

 
Figure 19. Flowchart for checking of AN and AI applications 

 

 
Figure 20. The quasi-mode off-diagonal relative values after 
the N matrix application 

plication to Clarke’s matrix is about the Q matrix appli-
cation. In this case, Figure 26 shows the flowchart related 
to this matrix application. Figure 27 shows the off-diagonal 
relative values after the Q matrix application and Figure 
28 shows the λ errors for the same case. 

In Figures 27 and 28, the shown values decrease when 
compared to the values presented in Figures 20 and 21. 
The peak value shown in Figure 27 is about 150 times 
lower than the correspondent values shown in Figure 4. 
Comparing Figures 27 and 20, the reduction is about 15 
times for the peak values. 
 

 
Figure 21. The λ error curves after the N matrix application 

 

 
Figure 22. Non-null modulus comparisons among mode vol- 
tages (VCL/V) for the N matrix application 
 

 
Figure 23. Non-null angle comparisons among mode volt-
ages (VCL/V) for the N matrix application 
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Figure 24. Non-null modulus comparisons among mode 
currents (ICL/I) for the N matrix application 
 

 
Figure 25. Non-null angle comparisons among mode cur-
rents (ICL/I) for the N matrix application 
 

For the λ errors, comparing Figures 3, 21 and 28, the 
reduction is about 150 times considering the negative 
peak values shown in these cases. 

Applying the Q matrix, the off-relative and the λ er-
rors become negligible. Analyzing the results of both 
matrices applications, N and Q, it can be concluded that 
the N matrix mainly acts on the off-diagonal relative 
values, decreasing them. On the other hand, the Q matrix 
acts on the λ error and the off-diagonal relative value 
decreasing. 

Analyzing the results shown in Figures 27 and 28, 
these values can be considered negligible because they 
are in a very low range of relative values. The peak val-
ues reach 0.12 % and -0.002 % in mentioned figures. The 
shown curves also present some oscillations which, 
probably, are introduced by the used numeric method.  
Based, on the results of Figure 29, where it is shown the 
B terminal α mode current angles for with the short-cir-
cuit in the line end, the influence of these numeric oscil-
lations on the propagation wave results is not significant. 
On the other hand, for future development, if it is possi-
ble, these oscillations could be minimized, avoiding the 
numeric oscillation influence on the determination of ZC, 
γ and other electrical variables. 

 
Figure 26. Flowchart for checking of Q matrix applications 

 

 
Figure 27. The quasi-mode off-diagonal relative values after 
the Q matrix application 
 

 
Figure 28. The λ error curves after the Q matrix application 
 

8. Conclusions 
Changing eigenvector matrices into Clarke’s matrix for 
untransposed symmetrical three-phase lines leads to 
small errors related to the exact modulus eigenvalues.  
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Figure 29. The current angle values for the B terminal with 
short-circuit (the α mode), considering the TNV and TNI 
transformation matrices 
 
The off-diagonal element of the matrix obtained from the 
Clarke’s matrix application, the quasi-mode eigenvalue  
matrix, has high relative values when compared to the 
correspondent exact eigenvalues. Based on these element 
results, the frequency scan analyses are carried out, show- 
ing that there are great differences between the quasi- 
mode current angles and the exact ones for frequency 
values above 10 kHz. In this casse, three situations of the 
line receiving terminal are checked: open line, short-cir- 
cuit and infinite line. 

A correction procedure is applied and new phase-mode 
transformation matrices are determined: one matrix for 
voltages and another one for currents. 

It is detailed the steps of the correction procedure ap-
plication, describing the influence of each step on the de- 
creasing of the off-diagonal quasi-mode relative value 
elements and the quasi-mode matrix ones. One of these 
steps is the normalization matrix application that carries 
out balanced voltage and current vectors, obtaining a 150 
time reduction of the off-diagonal quasi-mode eigenvalue 
matrix relative values when compared to the Clarke’s 
matrix application. After this step, the final one reduces 
about 150 times the λ errors when compared to the 
Clarke’s matrix results. Using the new phase-mode 
transformation matrices, obtained from the applied cor-
rection procedure, the off-diagonal element relative val-
ues and the λ errors are highly decreased and could be 
considered negligible. 
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ABSTRACT 

The Scott transformer is widely used in electric railway systems when there are two unbalanced single-phase loads as 
this transformer can reduce unbalance currents. This paper investigates whether or not the Scott transformer can also 
reduce harmonic current. Our study shows that it can reduce the harmonic current when single-phase loads have iden-
tical harmonic characteristics. This harmonic reduction occurs through the cancellation of harmonic currents of sin-
gle-phase loads in the transformer windings. Our studies also show that there is some degree of cancelation even when 
the loads do not have identical harmonic characteristics. The cancellation depends on load balance factor and har-
monic order. 
 
Keywords: Terms-Harmonics, Harmonic Cancellation, Scott Transformer, Probabilistic, Power Quality 
 
1. Introduction 

Supplying electrical traction loads presents some power 
quality challenges to power system. Electric trains are 
fed by a single-phase AC catenary line (Figure 1), pre-
senting an unbalanced load to the three-phase power sys-
tem. In an electric train, the single-phase AC power is 
rectified into DC power. This leads to the generation of 
harmonic currents. As a result, an electric railway load is 
a large unbalanced and harmonic-generating load. 

Dividing the catenary line to the in-coming and out- 
going sides makes it possible to present each side as a 
separate single-phase load. The Scott transformer is a 
widely used transformer that converts the three-phase 
supply into two single-phase power supplies. Scott trans- 
formers have been used in many electric railway systems, 
(for instance in the Tokaido-Shinkansen electric railway 
[1]), to reduce the aforementioned unbalance problem. If 
two loads are equal, the Scott transformer presents them 
as one balanced three-phase load to the three-phase sup-
ply system. This solves the imbalance problem. In reality, 
however, these two single-phase loads are rarely equal 
and the transformer still draws unbalanced power from 
the system. In this case, the degree of unbalance is, at 
least, reduced in comparison with the case in which loads 
are directly connected the system. References [2–4] in-
vestigated the degree of load unbalance seen from the 
three-phase system when two single-phase loads have 
different sizes. 

A recent study by the author [5] showed that Scott 
transformer can also reduce the harmonic current when 
single-phase loads have identical harmonic characteris-
tics. The results showed that the Scott transformer re-
duces the injected harmonic currents into the system by 
cancelling out the harmonic currents generated by sin-
gle-phase harmonic loads. 

Intuitively, this leads to the question of whether the 
Scott transformer is also able to reduce the generated 
harmonics by two single-phase loads when loads are not 
identical. The purpose of this paper is to study the 
amount of this harmonic cancellation when single-phase 
loads do not have identical harmonic characteristics. 

This paper is organized as follows. Section 2 presents 
the problem definition and study model. Section 3 inves- 

 

 

Figure 1. Single-phase AC catenary line supplies the electric 
train 
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tigates the harmonic reduction when single-phase loads 
have the same size. Section 4 presents the results when 
the single-phase loads do not have the same size, and 
Section 5 summarizes the findings. 

2. Problem Description and Study Model 

The model under investigation is illustrated by (Figure 2) 
and can be described as follows: Two single-phase non- 
linear loads are supplied using a Scott transformer. The 
non-linear loads inject harmonic currents into the secon-
dary side of the transformer. The aim is to find out the 
amount of these injected harmonic currents observed 
form the primary side of the transformer. These values 
are compared with the injected harmonic currents when 
two single-phase loads are directly connected to the util-
ity side. In the direct connection case, the two non-linear 
loads are connected between phase A and B of the utility 
side. 

Our study investigates the impact of Scott transformers 
on the reduction of harmonic currents observed from the 
utility side. To study this characteristic, we need to de-
velop a study model for the non-linear loads, Scott trans- 
former and power system. In our study, the power system 
is simply modeled by ideal sinusoidal voltage sources. 
Also, for this work, the power system impedance and 
voltage background harmonics in the power system are 
neglected. 

2.1 Traction Load Model 

The harmonic current source model is the most com-
monly used model to represent power-electronic based 
loads [4]. In this paper, this model is utilized to model 
traction loads. A traction load is modeled by a harmonic 
current source in each harmonic order (Figure 2). Since 
this paper is investigating the harmonic cancellation ef-
fects of Scott transformers, not the performance of the 
traction load, this model is sufficient. In this study, accu- 
rate inclusion of the phase angle information (θha and θhb) 
is essential to estimate harmonic cancellation effects. To 
study the cases where single-phase loads have identical 
harmonic characteristics, these phase angles are calcu-
lated as shown in Equations (1) and (2). For the Scott 
transformer case, 

2hb hah
                  (1) 

where h is the harmonic order. For direct connection 
case,  

hb ha                   (2). 

In both cases, θha is assumed as the reference angle 
and set to zero. To study cases where single-phase loads 
do not have identical harmonic characteristics, a random 
variable with uniform distribution is added to the phase 

angles [6]. Phase angles are then calculated as shown in 
Equations (3) and (4). For the Scott transformer case, 

2hb ha randh
                (3) 

For the direct connection case, 

hb ha rand                  (4) 

where θrand is a random variable. 

2.2 Transformer Modeling 

A diagram illustrating the connection of windings for the 
Scott transformer is shown in Figure 3. A Scott trans-
former consists of one two-winding transformer (T1) and 
one three-winding transformer (T2). Neglecting the mag-
netization current, we get the following equation from 
the MMF Equations 
 

 

Figure 2. Supplying two single-phase harmonic-generating 
loads by Scott transformer 
 

 

Figure 3. A diagram showing the connection of windings for 
the Scott transformer 
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From Kirchhoff’s current law, we know that, 

0A B CI I I                 (6) 

Finally using Equations (5) and (6), the following 
equation is derived that relates the secondary-side cur-
rents to the primary-side currents. 
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      (7) 

Similarly for the direct connection of the load to the 
system (See Figure 4), we get 

2

1

1 1

1 1

0 0

A
a

B
b

C

I
IN

I
IN

I

    
                

       (8) 

In our study, we set 1 2N N  

3. Study Case 1: Equal Single-Phase Loads 

In this case, both haI  and hbI  have the same magni-

tude. Two scenarios are studied; 1) when single-phase 
loads have identical harmonic characteristics, and 2) 
when single-phase loads do not have identical harmonic 
characteristics. 

3.1 Identical Harmonic Characteristic 

When two single-phase loads are identical, the Scott 
transformer presents these loads as a balanced three- 
phase load to the power system. In this study case, we 
investigate the impact of the Scott transformer on the 
 

 

Figure 4. Connection diagram of windings for the direct 
connection case 

harmonic current measured in the power system. For each 
harmonic order, we set |Iha|=|Ihb|=0.5pu. The harmonic 
currents observed in the primary side are calculated using 
Equations (5) and (6) and are shown in Table 1. 

When loads are directly connected to the power sys-
tem, there is no current in phase C and the harmonic cur-
rent is uniformly distributed between Phase A and B. The 
Scott transformer distributes generated harmonics among 
three phases resulting in less harmonic currents in each 
phase. In this regard, the maximum magnitude current 
through the Scott transformer is reduced by 42.4% in 
comparison to the direct connection case. 

Another analysis to be performed is the symmetrical 
component analysis of the results. Although the magni-
tude of harmonic currents in each phases with the Scott 
transformer connection are equal, triple-order harmonics 
are not necessarily zero sequence. Similarly, non-triple- 
order harmonics are not necessarily negative and positive 
sequences. 

The analysis of the symmetrical components of har-
monic currents permits the study of harmonic cancellation 
from another perspective. The three-phase primary-side 
harmonic currents are decomposed into symmetrical 

components, hI  , hI   and 0
hI  as shown in Table 2. 

 
Table 1. The magnitude of harmonic currents (per-unit) in 
phases measured in the primary side for direct and scott 
connections 

Direct Scott 

H-order 
hAI  hBI  hCI  hAI  hBI  hCI

3 1 1 0 0.576 0.576 0.576

5 1 1 0 0.576 0.576 0.576

7 1 1 0 0.576 0.576 0.576

9 1 1 0 0.576 0.576 0.576

11 1 1 0 0.576 0.576 0.576

13 1 1 0 0.576 0.576 0.576

 

Table 2. The symmetrical components of harmonic currents 
(per-unit) measured from the primary side for direct and 
Scott connections 

Direct connection Scott connection 

H-order 
hI   hI   0

hI  hI   hI   0
hI  

3 1 1 0 0 1 0 

5 1 1 0 1 0 0 

7 1 1 0 0 1 0 

9 1 1 0 1 0 0 

11 1 1 0 0 1 0 

13 1 1 0 1 0 0 
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Both the direct connection and Scott transformer do 
not generate zero sequence harmonic current. The results 
also reveal that the Scott transformer cancels out the 
positive-sequence component of (4k-1) order harmonics 
completely (i.e. 3, 7, and 11), while it does not affect the 
negative-sequence component of these harmonic orders 
at all. The reverse phenomenon happens for the (4k+1) 
order harmonics (i.e. 5, 9, and 13). These results can be 
verified through Equation (1). For (4k-1) order harmon-

ics, we have that, 
2hb ha
    , and for (4k+1) order 

harmonics we have that, 
2hb ha
   . 

3.2 Non-Identical Harmonic Characteristic 

In this case, we set |Iha|=|Ihb|=0.5pu. θha is assumed to be 
the reference angle and set to zero. θhb is calculated by 
using Equations (3) and (4). Since θhb is a function of a 
random variable, IhA, IhB, and IhC are not deterministic. In 
this regard, the cumulative density function (CDF) of the 
maximum harmonic current observed from the primary 
side can be evaluated as follows: 

 ( ) ( max , , ( )A B C rand randF z I I I z f d       

where f  is the distribution function of the random 
variable.  

Figure 5 shows CDF of the maximum harmonic cur-
rent observed at the primary side for odd harmonic orders, 
when θrand has uniform distribution over [-10º,10º]. In 
this case, the amount of harmonic cancellation by the 
Scott transformer is reduced in comparison to the case 
where loads are not identical (see Table 1). However, the 
Scott transformer still has better performance when com- 
pared with the direct connection approach. Interestingly, 
this predominance is not continual, and increasing the 
range of the random variable (θrand) decreases this pre-
dominance. For example, Figure 6 shows the CDFs when 
θrand is uniformly distributed over [-90º,90º]. In the most 
severe case when the range is [-180º,180º] the cancella-
tion performance is reduced dramatically (see Figure 7). 

4. Study Case 2: Unequal Single-Phase 
Loads 

In this study case, we study the harmonic reduction 
characteristics of the Scott transformer when single- 
phase loads do not have the same magnitude. To express 
the load balance of this distribution, we define the load 
balance factor as follows: 

Load balance factor
ha

ha hb
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Figure 5. CDFs of maximum harmonic currents where θrand 
is uniformly distributed over [-10º,10º] 
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Figure 6. CDFs of maximum harmonic currents where θrand 
is uniformly distributed over [-90º,90º] 
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Figure 7. CDFs of maximum harmonic currents where θrand 
is uniformly distributed over [-180º,180º] 

 
where k varies from 0 to 1. The summation of |Iha| and 
|Ihb| is to be 1 per-unit, so we have 
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4.1 Identical Harmonic Characteristic 

In this case, although loads do not necessarily have the 
same size, they have the same harmonic characteristics 
(i.e. identical locomotives). For instance when seven 
loads (trains) are fed by side a and three loads (trains) are 
fed by side b, the load balance factor is 0.7. In direct con- 
nection, both side a and b are supplied from the same 
place, so the variation of load balance factor does not 
affect the primary side harmonic currents. Magnitude of 
the third-order harmonic current in the primary-side of 
the Scott transformer versus load balance factor is shown 
in Figure 8. 

When load balance equals zero (all loads are fed by 
side b), the magnitude of IhA is zero and the magnitude of 
IhB and IhC are maximum. Increasing the load balance 
factor results in increase of harmonic currents in Phase A 
and decrease of harmonic currents in other phases. When  
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Figure 8. Magnitude of the third order harmonic current 
seen from the primary-side of the Scott transformer 
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Figure 9. Angle of the third order harmonic current seen 
from the primary-side of the Scott transformer versus load 
balance factor 

load balance factor equals 0.5, the harmonic currents in 
all phases become equal. 

An examination of the effect of harmonic current an-
gle is also relevant to this study. This is apparent when 
considering the angle of the third order harmonic current 
measured from the primary-side of the Scott transformer 
versus load balance factor as shown in Figure 9. Varia-
tion of the load balance factor does not affect the phase 
angle of the harmonic current in phase A and it is always 
180 degrees. Conversely, the phase angles in phases B 
and C are sensitive to the variation of the load balance 
factor. 

4.1.1 Maximum-Magnitude Index 
Maximum magnitude among the utility side injected 
harmonic currents, |IhA|, |IhB|, and |IhC|, is defined as the 
maximum-magnitude index. Our study shows that maxi- 
mum-magnitude indices of the Scott transformer obey 
the same pattern for all of the studied harmonic orders 
(odd harmonic orders). The maximum-magnitude index 
for the Scott and direct connections versus load balance 
factor are shown in Figure 10. 

While the direct connection’s maximum-magnitude 
index does not depend on the load balance factor, the 
Scott transformer connection’s index does. For load bal-
ance factors less than 0.82, the Scott transformer cancels 
out the injected harmonic currents resulting in less har-
monic currents in the primary side. The maximum can-
cellation occurs when |Iha| and |Ihb| are equal, yielding a 
reduction of 42.3%. For highly unbalanced single-phase 
loads (when the load balance factor is greater than 0.82) 
the Scott transformer amplifies the injected harmonic. 
The maximum amplification (roughly 15%) occurs when 
|Iha| is supplying the entire load. 

4.1.2 Symmetrical Components of the Harmonic 
In this part, the impact of the Scott transformer on the 
reduction of symmetrical components of harmonic cur-
rents is investigated. The Scott transformer cancels the 
negative sequence of the (4k+1) order harmonics de-
pending on the load balance factor as seen in Figure 11. 
Maximum cancellation occurs when the load balance 
factor is equal to 0.5. The Scott transformer does not 
affect the negative sequence of these harmonic orders.  
The reverse situation happens for the (4k-1) harmonic 
orders as shown in Figure 12. 

4.2 Non-Identical Harmonic Characteristic 

The harmonic cancellation performance of the Scott 
transformer when loads are not identical is studied in this 
section. In this case, a similar study to that which was 
performed in Subsection 3.2 can also be performed for 
each load balance factor. Figure 13 shows the contour plot 
for CDF of the maximum harmonic current observed at 
the primary side of the Scott transformer versus each load 
balance factor when θrand is a random variable uniformly 
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Figure 10. The maximum-magnitude harmonic index for 
the Scott and Direct connections versus load balance factor 
 

 

Figure 11. The symmetrical components of the (4k+1) order 
harmonic currents as seen from the primary side of the 
Scott transformer 
 

 

Figure 12. The symmetrical components of the (4k-1) order 
harmonic currents as seen from the primary side of the 
Scott transformer 
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Figure 13. Contour plot for CDF of the maximum harmonic 
current for Scott transformer where θrand is uniformly dis-
tributed over [-10º,10º] 
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Figure 14. Contour plot for CDF of the maximum harmonic 
current for direct connection where θrand is uniformly dis-
tributed over [-90º,90º] 
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Figure 15. Contour plot for CDF of the maximum harmonic 
current for Scott transformer where θrand is uniformly dis-
tributed over [-90º,90º] 
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distributed over [-10º,10º]. Compared with Figure 6, the 
harmonic cancellation performance is very similar to the 
case where the load has identical harmonic characteris-
tics. It should be noted however, that changing the range 
of variation of θrand causes more change in this perform-
ance. Figure 15 shows the contour plot for CDF of the 
maximum harmonic current for the Scott transformer 
when θrand is [-90º,90º]. Observing the contour plot for 
the direct connection case (Figure 14), one can see that 
the predominance of the Scott transformer in harmonic 
cancellation is highly reduced in this range. 

5. Conclusions 

The paper has investigated the harmonic cancellation 
characteristics of the Scott transformer. The main find-
ings are summarized as follows: 

1) When single-phase loads have identical harmonic 
characteristics the Scott transformer reduces the maxi-
mum harmonic current observed at the primary side for 
load balance factors less than 0.82. 

2) The Scott transformer completely cancels out the 
positive sequence components of the (4k-1) harmonic 
orders. The same happens to the negative sequence com- 
ponents of the (4k+1) harmonic orders. 

3) When single-phase loads do not have identical har-
monic characteristics, there is still some degree of can-
cellation. The level of cancellation varies from 42.3% to 
0% depending on the degree of harmonic characteristics 
difference. 
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ABSTRACT 

The principle and design method of the large gap magnetic drive system is studied in this work. The calculation model 
of the torque-angle characteristic in the large gap magnetic drive system driven by traveling wave magnetic field is 
established. The calculation model is computed by using MATLAB software, and the pattern of the system’s 
torque-angle characteristic is obtained by analyzing study results. These results indicate that: torque-angle character-
istic and the driving torque of the system can be adjusted by changing the electric current of coil, the magnetization of 
permanent magnetic gear, the inner diameter of permanent magnetic gear, the coupling distance between electromag-
net and permanent magnetic gear, the outer diameter of permanent magnetic gear, and the axial length of permanent 
magnetic gear. 
 
Keywords: Magnetic Drive, Large Gap, Torque-Angle Characteristic, Permanent Magnetic Gear (Permanent Magnet) 

1. Introduction 

Magnetic drive technology is used to realize a non-con-
tact transmission of forces and moments by using mag-
netic force produced by permanent magnetic material or 
electro-magnetic mechanism. It has become a study hot-
spot in the field of mechanical drive [1]. 

Pan Zheng and Yousef Haik [2] presented two models 
of a magnetically driven screw pumps that were devel-
oped for blood pump designing. The magnetic character-
istics for the coupling force and torque were investigated. 
The power was transmitted to the pump from an outside 
motor through magnetic coupling without physical con-
nection. 

Karel F [3] used the rotary field to drive fluid in the 
square vessel, and established the magnetic force com-
putation model of system. 

ZHAO Han [4] established and simulated the physics 
mathematical model and the dynamic property model of 
the rare earth permanent magnetic gear drive system. The 
torque calculation formula of system was derived. 

Michael Schreiner [5] made a permanent magnet be 
levitated. A mathematical model for the described effect 
was presented. 

On the characteristic of the non-bearing magnetic re-
sistance motor, MASATSUGU TAKEMOTO [6] estab-
lished the torque computation equation of the rotor. 

Kwang Suk Jung and Yoon Su Baek [7] made a mover 
be levitated by magnetic force between iron-core elec-
tromagnets attached under the upper-side of a stator and 
ferromagnetic plates belonging to the mover. 

Nowadays, in the application of magnetic drive tech-
nology, the gap between the system magnetic poles is 
small. But when the gap between active and passive 
magnetic pole increases, the driving force cannot ensure 
the system reliability. Currently, literatures about appli-
cation of magnetic drive technology on the axial flow 
type blood pump driving are few. In order to enhance the 
reliability of magnetic drive system with a large gap, a 
certain magnetic drive system driven by traveling wave 
magnetic field whose air gap reaches 60mm is studied [8]. 
In this paper, the torque-angle characteristic of the sys-
tem is studied, and a theoretical basis for the design of 
the large gap magnetic drive system can be deduced from 
the study result. 

2. Structure of the Large Gap Magnetic 
Drive System 

2.1 Principle of the Passive Permanent Magnet’s 
Rotation 

The principle of rotation of the passive permanent mag-
net is shown in Figure 1. Working state of the system 
depends on the magnetic force which is produced by 
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Figure 1. Principle of rotation of the passive permanent 
magnet 
 
permanent magnet and the electromagnet. In Figure 1(a), 
the electromagnet produces N pole on both sides of the 
permanent magnet called the state NN. It also adjusts the 
top pole of the permanent magnet to N, the bottom pole 
to S. In Figure 1(b), the electromagnet produces the state 
SN and makes the permanent magnet to rotate anti-
clockwise. In Figure 1(c) to Figure 1(f), when the per-
manent magnet rotates for one cycle, the electromagnet 
completes the state variation of SS→NS→NN→SN. We 
can adjust the permanent magnet’s speed by modifying 
the electromagnet’s magnetic poles state switching fre-
quency; furthermore by modifying the timing of the elec-
tromagnet’s magnetic poles state switching we can obtain 
a clockwise rotation of the permanent magnet. 

Therefore, the designing of a large gap magnetic drive 
system can be realized according to the transmission 
principle mentioned above. 

2.2 Design of the Large Gap Magnetic Drive 
System 

As shown in Figure 2, the iron core is circled by 4 groups 
of coils. These coils output pulse through the MCU as 
shown in Figure 3. P1.0 causes coil #1 to produce N 
pole on the left side of the permanent magnet, P1.1 
causes coil #2 to produce S pole on the left side of the 
permanent magnet, P1.2 causes coil #3 to produce S 
pole on the right side of the permanent magnet, and 
P1.3 causes coil #4 to produce N pole on the right side 
of the permanent magnet. So all kinds of electromagnet 
magnetic poles state as shown in Figure 1 can be real-
ized and the permanent magnet can be driven by the 
control software. 

The large gap magnetic drive system can be used to 
drive axial flow type blood pump. The pump is com- 
posed of bearings, impeller and permanent magnet, as 
shown in Figure 4 and Figure 5. 
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Figure 2. Structure of the large gap magnetic drive system 
 
 
 
 

 
 
 
 
 

Figure 3. Output pulse succession of electromagnet’s coils 

 
 
 
 
 
 
 

Figure 4. Schematic of an axial flow type blood pump 
 

 

 

Figure 5. Prototype of an axial flow type blood pump 

3. Establishment of Torque-Angle  
Characteristic’s Calculation Model  
of the System 

3.1 Research Foundation 

The mathematical model of the system’s spatial magnetic 
field can be obtained from [9]: 
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In Formulas (1)-(3), 

xB , 
yB , 

zB  are the spatial 

magnetic field component in the x , y  and z  direc-
tions respectively. The coordinate system is shown in 
Figure 2. N  is the number of windings of coil, R  is 
the radius of coil. I  is the electric current of coil, S  is 
the area of coil, and u  is the magnetic conductivity in 
the 4 electromagnet magnetic poles states (NS, SS, SN 
and NN). 

The mathematical model of the system’s driving 
torque can be obtained from [10]: 
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In Formula (4), 1r , 2r , l ,   and M  are the outer 
radius, the inner radius, the axial length, the corner, the 
magnetization of the permanent magnet respectively. 
Establishment of torque-angle characteristic’s calculation 
model of the system for example, the system’s electro-
magnet is Electromagnet C57 (In the coordinate system 
of Figure 2, the electromagnet is named by the iron core-
size in the y direction. If the size along the y direction is  

57mm, it is called Electromagnet C57). The distance in 
the z direction between electromagnet and the permanent 
magnet is 60mm. 

According to Formula (4) and the principle of the pas-
sive permanent magnet’s rotation shown in Figure 3, the 
rotation process of the permanent magnet in one cycle 
can be divided into 4 stages. So the Formula (4) can be 
decomposed into 4 piecewise functions: 

In the vicinity of the state NS of the system’s elec-
tromagnet magnetic poles, the permanent magnet’s 
corner range is     360342180 . In the 

vicinity of the state SS of the system’s electromagnet 
magnetic poles, the permanent magnet’s corner range is 

  16218 . In the vicinity of the state SN of the 
system’s electromagnet magnetic poles, the permanent 
magnet’s corner range is   198162 . In the vi-
cinity of the state NN of the system’s electromagnet 
magnetic poles, the permanent magnet’s corner range is 

  342198 . 
So the calculation model of the system’s torque-angle 

characteristic can be established as follows: 
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In Formulas (5)-(8), T1 is the system’s driving torque 
when electromagnet’s magnetic poles are in the state 
NS. T2 is the system’s driving torque when electro-
magnet’s magnetic poles are in the state SS. T3 is the 
system’s driving torque when electromagnet’s magnetic 
poles are in the state SN. T4 is the system’s driving 
torque when electromagnet’s magnetic poles are in the 
state NN. By1, Bz1 are the magnet field component in the 
y and z directions respectively when the electromag-
net’s magnetic poles are in the state NS and can be ob-
tained by Formulas (2) and (3). 22 , zy BB  are the mag-
net field component in the y and z directions respec-
tively when the electromagnet’s magnetic poles are in 
the state SS and can be obtained by Formulas (2) and 
(3). 33 , zy BB  are the magnet field component in the y 
and z directions respectively when the electromagnet’s 
magnetic poles are in the state SN and can be obtained 
by Formulas (2) and (3). 44 , zy BB  are the magnet field 
component in the y and z directions respectively when 
the electromagnet’s magnetic poles are in the state NN 
and can be obtained by Formulas (2) and (3). 

4. Computation of Torque-Angle  
Characteristic’s Calculation Model  
of the System 

In view of the Formulas (5)-(8), the system’s driving 
torque under each kind of permanent magnet’s corner can 
be obtained using MATLAB software. So the calculation 
model of the system’s torque-angle characteristic was 
computed. 

4.1 Basic Parameter Conditions of the System 

Electromagnet C57; the number of windings of 4 coils 
is 400; the electric current of the coil is 1A; the outer 
diameter of the permanent magnet is 12mm; the inner 
diameter of the permanent magnet is 2mm; the mag-
netization of the permanent magnet is 900KA/m; the 
area of the coil is 33mm2; the axial length of the per-
manent magnet is 15mm; the distance in the z direction 
between the electromagnet and the permanent magnet 
is 60mm. 

4.2 The Result of Computation 

In Figures 6-11, the x-axis is the permanents corner (ra-
dian). The y-axis is the system’s driving torque (Nmm). 

1) The electric current of the coil is changed to 0.9A, 
1.2A, and 1.7A respectively. Other parameters of the 
basic conditions keep constant. The influence of the 
coil’s electric current on the system’s torque-angle char-
acteristic is studied and shown in Figure 6. 

2) The distance along the z direction between electro-
magnet and the permanent magnet is changed to 40mm, 
50mm, 60mm and 65mm respectively. Other parameters 
of the basic conditions keep constant. The influence of 

the couple distance on the system’s torque-angle charac-
teristic is studied and shown in Figure 7. 

3) The magnetization of the permanent magnet is 
changed to 800 KA/m, 900 KA/m and 955 KA/m respec-
tively. Other parameters of the basic conditions keep con-
stant. The influence of the permanent magnet’s magneti-
zation on the system’s torque-angle characteristic is stud-
ied and shown in Figure 8. 

4) The inner diameter of the permanent magnet is 
changed to 2mm and 3mm respectively. Other parame-
ters of the basic conditions keep constant. The influence 
of the inner diameter of the permanent magnet on the 
system’s torque-angle characteristic is studied and 
shown in Figure 9. 

5) The outer diameter of the permanent magnet is 
changed to 12mm, 15mm and 8.2mm respectively. Other 
parameters of the basic conditions keep constant. The 
influence of the outer diameter of the permanent magnet 
on the system’s torque-angle characteristic is studied and 
shown in Figure 10. 

6) The axial length of the permanent magnet is 
changed to 15mm, 25mm and 20mm respectively. Other 
parameters of the basic conditions keep constant. The 
influence of the axial length of the permanent magnet on 
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Figure 6. The influence of the coil’s electric current on the 
system’s torque-angle characteristic 

 
Figure 7. The influence of the couple distance on the sys-
tem’s torque-angle characteristic 
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the system’s torque-angle characteristic is studied and 
shown in Figure 11. 

4.3 Analysis 

1) In the permanent magnet’s rotation cycle, the magnetic 
poles state of the electromagnet pass through NS→SS→ 
SN→NN, so the system’s torque-angle characteristic is 
periodic. When the permanent magnet’s corner is located 
in     360342180 , the corresponding mag-
netic poles of the electromagnet are in the state NS. When the 
permanent magnet’s corner is located in   16218 , 
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Figure 8. The influence of the permanent magnet’s mag-
netization on the system’s torque-angle characteristic 
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Figure 9. The influence of the inner diameter of the perma-
nent magnet on the system’s torque-angle characteristic 
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Figure 10. The influence of the outer diameter of the per-
manent magnet on the system’s torque-angle characteristic 
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Figure 11. The influence of the axial length of the perma-
nent magnet on the system’s torque-angle characteristic 

 
the corresponding magnetic poles of the electromagnet 
are in the state SS. When the permanent magnet’s corner 
is located in   198162 , the corresponding mag-
netic poles of the electromagnet are in the state SN. 
When the permanent magnet’s corner is located in 

  342198 , the corresponding magnetic poles of 
the electromagnet are in the state NN. 

2) In the vicinity of the 4 states of the electromagnet, 
because of the interaction between the permanent magnet 
and the electromagnet, the system’s driving torque pre-
sent a maximum value. This maximum value’s position is 
determined by the relative spatial position between the 
permanent magnet and the electromagnet’s coil. 

In the vicinity of the state NS, the system’s driving 
torque is symmetric about )360(0  . It decreases in 

the interval   180  and increases in the interval 

  360342 . The maximum value of the system’s 

driving torque appears about )360(0   because the 

size and direction of the driving torque, which is acted on 
the permanent magnet by the electromagnet’s 2 magnetic 
poles, are the same. 

In the vicinity of the state SS, the system’s driving 
torque is symmetric about  90 . It decreases in the 
interval   9018  and increases in the interval 

  16290 . The maximum value of the system’s 

driving torque appears about  90  because the size 
and direction of the driving torque, which is acted on the 
permanent magnet by the electromagnet’s 2 magnetic 
poles, are the same. 

In the vicinity of the state SN, the system’s driving 
torque is symmetric about 180 . It decreases in the 
interval   180162  and increases in the interval 

  198180 . The maximum value of the system’s 

driving torque appears about 180  because the size 
and direction of the driving torque, which is acted on the 
permanent magnet by the electromagnet’s 2 magnetic 
poles, are the same. 

In the vicinity of the state NN, the system’s driving 
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torque is symmetric about  027 . It decreases in the 
interval   270198  and increases in the interval 

  342270 . The maximum value of the system’s 

driving torque appears about  270  because the size 
and direction of the driving torque, which is acted on the 
permanent magnet by the electromagnet’s 2 magnetic 
poles, are the same. 

3) The magnetic pole state NN of the electromagnet is 
produced by coils #1 and #4, and SS is produced by #2 
and #3 coil. In states NN and SS, the spatial magnetic 
field’s intensity is the same, directions are opposite, and 
the system’s driving torque is equal. 

4) The magnetic pole state NS of the electromagnet is 
produced by coils #1 and #3, and SN is produced by coils 
#2 and #4. In states NS and SN, the spatial magnetic 
field’s directions are opposite. Because the distance from 
coils #2 and #4 to permanent magnet is bigger than the 
distance from coils #1 and #3 to permanent magnet, the 
spatial magnetic field’s intensity and the system’s driving 
torque are greater in the state NS than in the state SN. 

5) Because the magnetic pole’s distance between the 
permanent magnet and the electromagnet are bigger in 
states NS and SN than in states SS and NN, the spatial 
magnetic field’s intensity and the system’s driving torque 
are lower in states NS and SN than in states SS and NN. 

6) The system’s driving torque can be improved by in-
creasing the electric current of the coil and the magneti-
zation of permanent magnetic gear, decreasing the inner 
diameter of permanent magnetic gear and the coupling 
distance between the system’s magnet poles, and in-
creasing the outer diameter of permanent magnetic gear 
and the axial length of permanent magnetic gear. 

5. Conclusions 

Through this paper, principle of the passive permanent 
magnet’s rotation is analyzed, and the design method of 
the large gap magnetic drive system is ascertained. Based 
on the spatial magnetic field and the driving torque’s 
mathematical model in the large gap magnetic drive sys-
tem, the calculation model of the system’s torque-angle 
characteristic is established. 

Using MATLAB software, the calculation model of 
the system’s torque-angle characteristic is computed and 
by analyzing the study results, the change pattern of the 
system’s torque-angle characteristic is obtained. 

By this, we can know that the system’s driving torque 
can be adjusted by changing the electric current of the 
coil, the magnetization of permanent magnetic gear, the 
inner diameter of permanent magnetic gear, the coupling 
distance between system magnet pole, the outer diameter 
of permanent magnetic gear, and the axial length of per-
manent magnetic gear. 

These study results provide a theoretical basis for de-
signing the large gap magnetic drive system with stronger 
driving ability. 
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ABSTRACT 
In order to take advantage of the merits of WPT and HHT in feature extraction from vibration signals of power trans-
former, a time-scale-frequency analysis method is developed based on the combination of these two techniques. This 
method consists of two steps. First, the desirable wavelet packet nodes corresponding to characteristic frequency bands 
of power transformer are selected through a Correlation Degree Threshold Screening (CDTS) technique for recon-
structing a time-domain signal that contains useful information of power transformer. Second, the HHT is then con-
ducted on the reconstructed signal to track the instantaneous frequencies corresponding to natural characteristics of 
power transformer. Experimental results are provided by analyzing a real power transformer vibration signal. Com-
pared with the features extracted by directly using HHT, the features obtained by the proposed method reveal clearer 
condition pattern of the transformer, which shows the potential of this method in condition monitoring of power trans-
former. 
 
Keywords: Power Transformer, Wavelet Packet Transform, Hilbert-Huang Transform, Mother Wavelet Selection,  
Frequency Bands Screening 

1. Introduction 
Power transformer is one of the most significant equip-
ments in power system. Failures of power transformer, 
especially those caused by core and winding vibration, 
can lead to worse defects or even severe accident, which 
will disturb regular production and cause huge economic 
losses [1]. Therefore, it is necessary to carry out preven-
tive tests and online monitoring. 

Moreover, core and winding vibration resulting from 
core magnetostriction and electrodynamic forces will 
induce body vibration of transformer. As a result, vibra-
tion signals from transformer tank have been widely used 
to analyze and extract the features which are very impor-
tant in condition monitoring and health diagnosis of 
power transformer [2–4]. Early research on vibration 
analysis methods focused on building power transformer 
model, and developing the relations between vibration 
parameters and load current, temperature, etc, while ne-
glecting the rich information hidden in vibration signa-
ture. Until the early of this century, research focus has 
been established that the conditions of winding and core 
are diagnosed by monitoring and analyzing the vibration 

signals obtained from the surface of power transformer 
tank. 

Advanced signal processing methods, including Wave-
let Transform (WT) and Hilbert Huang Transformation 
(HHT), have been presented to extract vibration features 
in recent years [5–9]. WT, which can realize separation 
of feature information from noises, represents the vibra-
tion signals of power transformer in terms of wavelet 
functions at different scales in the time domain, and then 
calculates the energy percentages of each signal compo-
nents in different scale domain and tracks their changes 
to diagnose if there is any fault. However it should be 
noted that WT can’t provide frequency representation 
since it is a time-scale analysis technique. Meanwhile the 
changes of instantaneous frequency and corresponding 
frequency bands are able to reflect the abnormality of 
transformer structure [3], such as winding deformation, 
degeneration of compression and loosening of foundation 
bolt, etc. Compared to WT, HHT [11] can trace the 
changes of instantaneous frequency so that it provides 
unique advantage in analyzing and processing trans-
former vibration signals. Meanwhile, due to the intrinsic 
shortcomings [12] in Empirical Mode Decomposition 
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(EMD) process, the fundamental part of the HHT, the 
results from HHT will lead to misinterpretation, such as 
mode mixing and meaningless Intrinsic Mode Functions 
(IMFs) generation, etc. 

The objective of this paper is intended to combine 
Wavelet Packet Transform (WPT) with HHT to fully use 
the advantages of both techniques in features extraction 
from vibration signals and compensate for these specific 
limitations, consequently a time-scale-frequency analysis 
method based on WPT and HHT is developed. The paper 
is arranged as follows. Section 2 will present the theo-
retical frame, including the brief concepts of WPT and 
HHT, the selection and optimization of mother wavelet, 
the screening of desirable frequency bands as well as the 
flow chart of time-scale-frequency analysis methods. 
Verification and discussion based on practical experi-
ments will be addressed in Section 3, which shows the 
potential of this method in condition monitoring of 
power transformer. A summary will be presented in the 
final section. 

2. Principle 
Using the advantages of WPT and HHT techniques in 
features extraction from vibration signals, a time- scale- 
frequency analysis method is developed. In this method, 
effective extraction of vibration features is realized by 
selecting the energy distribution in each scale domain as 
feature parameters and tracking the changes of instanta-
neous frequency and corresponding frequency bands. 
The procedure of the proposed method is shown in Fig-
ure 1, and several specific steps are described as follows. 

2.1 Wavelet Packet Transform 
WT is an important signal processing method to extract 
signal features because of its ability in multi resolution 
analysis. Moreover, the versatility and effectiveness of 
WT is significantly extended by WPT, the generalized 
form of WT. Figure 2 shows the decomposition tree of 
WPT. It is inferred that WPT can be applied to cope with 
both the approximation and detail coefficients, while WT 
can only decompose the approximation portion. 

Wavelet packet ( )0,1,2,µ = Kn n is defined as 

( ) ( ) ( )

( ) ( ) ( )

2

2 1

2 2
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2 2
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 = −


=
= −
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l l
k Z

l l
k Z

u t h k u t k
l

u t g k u t k
  (1) 

where ( )0u t  is the orthogonal scaling function, ( )h k  
and ( )g k  are two-scale sequences. 

Because WPT is a time-scale domain technique, the 
energy distributions and variations in each subspace are 
often selected as signal features. However, it can not 
provide signal frequency characteristics. Theoretically, 
increasing decomposition levels can solve this problem, 

but it is obviously unacceptable due to time cost. There-
fore, it is necessary to apply an appropriate time-fre-
quency analysis method to extract frequency information. 

2.2 Mother Wavelet Selection 

WPT is a process that projects the signal into orthogonal 
subspaces constructed by the basis functions, which are 
determined by the selection of mother wavelet. Therefore, 
the selection of mother wavelet can determine the per-
formance of WPT, for instance, representing the local 
signal in time-scale domains with the most similarity 
comparing to the original signal as well as separating the 
low-energy features from noises. In the researches on 
features extraction and compression processing for dif-
ferent signals [13–14], such as Electromyography (EMG) 
 

 
Figure 1. Flow chart of features extraction from vibration 
signals from power transformer tank based on the time- 
scale-frequency analysis method proposed in this paper 
 

 

Figure 2. A 2-level WPT decomposition tree 
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signals, Electrocardiography (ECG) signals, speech sig-
nals and images, there are mature research theories for 
the selection of mother wavelet. 

The vibration from the surface of power transformer 
tank is generated by the vibration of core, winding and 
cooling devices. Because there is rich vibration informa-
tion reflecting the conditions of core and winding and 
huge amounts of noises resulted from electromagnetic 
interference, selection of mother wavelet function be-
comes important in features extraction from this kind of 
vibration signals. However related researches results 
about how to choose the most appropriate mother wave-
let for vibration signals of power transformer tank have 
not been reported yet. 

In this paper 6 kinds of mother wavelets are given, in-
cluding db20, bior3.7, coif5, rbio5.5, sym10 and dmey, 
and WPT with these 6 mother wavelets is applied to the 
signals. From results, the primary frequency features can 
be acquired by frequency spectrum analysis, and this 
information can be used to realize wavelet packet recon-
struction with the original mother wavelet as the basis 
function. In order to remove the influence of electro-
magnetic noises the mean error (ME) and the percent 
residual difference (PRD) between original signals and 
reconstructed ones are calculated. Meanwhile ME and 
PRD have been selected as the criterion to measure the 
performance of different mother wavelets, that is, smaller 
ME and PRD values indicate more similar statistical 
characteristics between the corresponding mother wave-
let and analyzed signals. Consequently the optimal 
mother wavelet is established for vibration signals of 
power transformer tank, which reduces the blindness of 
wavelet basis selection and the uncertainty of subsequent 
features extraction. 

2.3 Correlation Degree Threshold Screening 
Since each narrow-band signal decomposed by WPT is 
the orthogonal projection of the inspected signal, the 
relevant narrow-band signals which contain valuable 
vibration features should show strong correlation with 
the original signal, while the meaningless components 
are expected to indicate weak correlation. According to 
the above analysis, correlation factor c  between each 
decomposed narrow-band signal and the original signal is 
obtained and taken as the criterion for screening the 
meaningful signals. For each correlation factor ic  
(where 1, ;= Ki n n  is the number of nodes by WPT), 
the Correlation Degree Threshold (CDT) T  is defined 
as  

1=

= ∑
n

i
i

KT c
n

                  (2) 

where K  is the correction factor and determines the 
strict degree of screening standard, that is, the bigger K is, 
the stronger correlation degree between screened fre-

quency bands and original signal there is. In this study, K 
is set to 1.0. 

The frequency bands those corresponding correlation 
factors are more than or equal to CDT will be retained, 
and other frequency bands will be discarded. 

The screen processing can reduce the noise distur-
bance and reserve some low-energy but relevant compo-
nents. Consequently, the efficiency of HHT is further 
improved and the convincing result will be validated in 
Section 3. 

2.4 Hilbert Huang Transform 
HHT, which consists of the EMD and the Hilbert Trans-
form (HT), is firstly proposed by Norden E. Huang in 
[11]. It has proven to be quite versatile in a broad range 
of applications to extract useful information from signals 
generated in noisy nonlinear and non-stationary proc-
esses, just like the vibration of power transformer’s core 
and winding, disturbed by electromagnetic field and dis-
charged current. 

In the results from HHT, the amplitude a(t) and in-
stantaneous frequency f(t) are also the single-valued 
function of the time t, so the time-frequency distribution 
of the amplitude can be extracted. Compared with WT, 
HHT has its own advantages: 

1) HHT can obtain more accurate spectrum structure 
for higher resolution; 2) HHT is able to extract the fre-
quency distribution properties of vibration signals from 
power transformer tank; 3) Because the abnormality of 
transformer structure will be reflected by the changes of 
modal parameters like natural frequency and corre-
sponding bands, HHT can find those changes to detect 
the presence of incipient faults. 

3. Results and Discussion 
3.1 Experiment Principle [2] 
Vibrations in a transformer are generated by different 
forces appearing in the core and winding during the op-
eration. 

Winding vibrations are due to electromagnetic forces 
that are generated by the interaction of the current in a 
winding with leakage flux. These forces are proportional 
to the square of the load current 

2∝windingF i                  (3) 

where windingF  is electromagnetic forces and i  is load 
current (50 Hz in China). 

Meanwhile it is known that the electromagnetic forces 
are proportional to the windings vibration acceleration 

∝winding windingF a               (4) 

So we can conclude that 
2∝windinga i                   (5) 
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Then the fundamental frequency of winding vibration 
acceleration is, 100 Hz, twice the current. 

Core vibration is caused by magnetostriction forces. 
Referring to the conclusion in [10], the core vibration 
acceleration corea  caused by magnetostriction is 

2
0

2
1

2
cos 2(2 )

( )
ε

π= − s
core

s

LUa f t
N AB

        (6) 

where 
ε s  coefficient of saturation magnetostriction of the sili-
con steel sheet; 
L  length of the silicon steel sheet; 

0U  magnitude of voltage-driving source; 
f  frequency of voltage-driving source (50Hz in China); 

1N  number of drive turns; 
A  cross sectional area of arm of the core; 

sB  saturated magnetic flux density. 
Equation (6) indicates that the magnitude of core vi-

bration acceleration is proportional to the square of driv-
ing voltage amplitude while the fundamental frequency is 
100 Hz (in China), with harmonics being an even multi-
ple of 50 Hz. Higher frequency harmonics are due to the 
nonlinear character of magnetostriction phenomenon. 

Core and winding vibrations caused by the forces 
transmit through transformer oil and the supporting ele-
ments to the tank. When the vibration acceleration sig-
nals are obtained from the transformer tank, the funda-
mental frequency component consists of vibration signals 
of the windings and that of the core. 

When pre-compression is loose or winding deforma-
tion occurs, the winding vibration acceleration will 
enlarge. On the other hand, once the core’s compression 
decreases, temperature varies or insulating layer gets 
scathing, the core vibration signal will change. Therefore 
monitoring vibration of the transformer tank is able to 
acquire essential information about compression and 
other conditions for both windings and core. 

3.2 Testing 
Experiments were carried out on a 3-phase power trans-
former under normal working condition, which related 
parameters are listed in Table 1. Since the vibration sig-
nals obtained from power transformer tank belong to 
electrical and mechanical vibration ones, it is known that 
the frequency bandwidth of the inspected signals is about 
10-2000 Hz. As a result, piezoelectric accelerometers are 
prior choice and ICP 601A01, which scope is ±50g and 
has a sensitivity of 100 mv/g as well as the frequency 
response within 0.27~10 kHz, is adopted. The AD data 
acquisition card with USB ports ART USB2000A is se-
lected to convert the analog signals to digital ones with 
the resolution of 16 bits and 100 kHz maximum sampling 
frequency. The laptop is used for signals processing and 
storage center. 

Three ICP 601A01 type vibration acceleration sensors 
are placed on the surface of phase A, B and C in high 
voltage side of power transformer tank via the magnetic 
pedestal, and another three vibration acceleration sensors 
are attached in low voltage side. It should be noted that 
all the sensors are tightly fixed on the surface of the tank 
and at the same horizontal level. The sampling frequency 
is set to be 10 kHz. Thus desirable digital signals are 
collected and to be analyzed. 

The time-domain vibration wave of phase A in high 
voltage is shown in Figure 3(a). As shown in FFT spec-
trum in Figure 3(b), the spectrum of the signal indicates 
the fundamental frequency is 100 Hz with multiple har-
monics in tank vibration signals of power transformer. 
Above 1000 Hz, frequency components are near zero. 

 
Table 1. Power transformer parameters 

Type: S7—800/10 Rated Voltage: (10000±5%)/400 

Rated 
Power: 800kVA Frequency: 50Hz /3 phase 

 
 

  
(a)                                                           (b) 

Figure 3. The time-domain wave of power transformer tank and corresponding FFT spectrum     
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3.3 WPT Processing 
First 6 kinds of mother wavelets are given, including 
db20, bior3.7, coif5, rbio5.5, sym10 and dmey, and 
6-level WPT with these 6 mother wavelets is per-
formed to 20 groups of vibration signals obtained from 
phase A in high voltage side of power transformer tank. 
Then based on the rough frequency characteristics in-
ferred from the FFT spectrum of the vibration signal of 
power transformer tank in Figure 3, low-frequency 
parts (lower than 1200 Hz) are selected for wavelet 
packet reconstruction using the original mother wavelet 
as the basis function. Finally the mean error (ME) and 
the percent residual difference (PRD) between original 
signals and reconstructed ones are calculated and 
quantified, which are described in Figure 4 and Figure 
5. 
 

 
 
Figure 4. The mean error (ME) between original signals 
and reconstructed ones using 6 mother wavelets 
 

 
 
Figure 5. The percent residual difference (PRD) between 
original signals and reconstructed ones using 6 mother 
wavelets 

 
Figure 6. The Correlation Degree Threshold (CDT) and 
correlation factors that show the correlation degree be-
tween the reconstructed signals and original signal 
 

It is inferred from Figure 4 and Figure 5 that mother 
wavelets dmey and db20 showed their potential for de-
composing the signals from power transformer tank and 
guaranteed the minimum distortion, that is, there are 
more similar statistical characteristics between the cor-
responding mother wavelet and analyzed signals. How-
ever mother wavelets bior3.7 and rbio5.5 are not suitable 
for this kind of vibration signals and should not be used. 
Therefore the results can provide theoretical and practical 
basis if wavelet theory is adopted for monitoring and 
analyzing the conditions of power transformer. 

According to the above experiment results, the Dmey 
mother wavelet has been chosen to apply 6-level wavelet 
packet decomposition with the original vibration signals. 
Wavelet packet reconstruction is carried out on the 64- 
group wavelet coefficients generated by wavelet packet 
decomposition and then the correlation factors that show 
the correlation degree between the reconstructed signals 
and original signal are calculated. Meanwhile the Corre-
lation Degree Threshold (CDT) is given by Equation (2). 
The 64 correlation factors and the CDT are displayed in 
Figure 6, in which red square box and blue line have 
been used as markers respectively. Those frequency 
bands which correlation factors are over than CDT will 
be reserved and other bands discarded. Through the fre-
quency bands screening process, 11 frequency bands are 
obtained. The energy distribution percentage is acquired 
by calculating and normalizing the energy of 11 reserved 
frequency bands. The above energy distribution in time- 
scale domain is selected as feature parameters (listed in 
Table 2) because it can reflect the conditions of power 
transformer [3]. 

3.4 HHT Processing 
Wavelet packet reconstruction is implemented before 
EMD using the 11 frequency bands obtained by screen-
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ing process. Through EMD the reconstructed signal is 
decomposed into 8 the supplement to WPT-energy moni- 
toring method IMFs, shown in Figure 7(b). Subsequently 
HT is applied to every IMF to get the hilbert spectrum 
which presented in Figure 8(b). It is easily observed that 
the instantaneous frequency and its changes can be 
tracked and analyzed comparing with single WPT. 

4. Discussion 
1) From Figures 4 and 5, it is summarized that appropri-
ate mother wavelet selection can reduce the decomposi-
tion and reconstruction error, improve the pertinence of 
feature extraction and avoid misleading identification 
results of the status of power transformer. Moreover, the 
CDTS technique can reserve the frequency bands that 
show stronger correlation with the analyzed signal and 
can eliminate the noises part. 

2) Comparing the results in Figure 7(a) to those in 
Figure 7(b), it is exciting that more desirable and mean-
ingful IMFs are acquired through performing EMD on 

the reconstructed signal by WPT and CDTS processing, 
which shows the importance of mother wavelet selection 
and CDTS. 

3) According to the methods described in literature [8] 
and [9], the Hilbert spectrum obtained by directly apply-
ing HHT to the original signal is shown in Figure 8(a), 
which has big difference from the frequency characteris-
tics laid in Figure 3(b). Some main differences are listed 
as follows: a) The illusive low-frequency portion (less 
than 100Hz) in Figure 8(a) would lead to misunder-
standing about the frequency characteristics in compari-
son with the results shown in Figures 3(b) and 8(b) b) 
With HHT method, mode mixing phenomena in Figure 
8(a) would make it difficult to identify the meaningful 
frequency bands, while results of developed method as 
shown in Figure 8(b) are consistent with the frequency 
characteristics of power transformer vibration described 
in Figure 3(b). Moreover, the changes of the instantane-
ous frequency and corresponding bands can be monitored 
and analyzed. 

 
Table 2. The energy distribution percentage (%) of 11 reserved frequency bands ordered by scale from big to small 

Frequency Bands Number 1 2 3 4 5 6 7 8 9 10 11 
Energy Distribution Percentage 56.54 3.54 6.95 2.48 1.06 3.76 22.25 1.39 1.27 0.24 0.11 

 

 
Figure 7. (a) IMFs obtained by EMD with the original vibration signal; (b) IMFs obtained by EMD with the reconstructed 
signal by WPT and correlation degree threshold screening 
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Table 3. The frequency characteristics obtained by the developed method in the paper 

Frequency Bands Number 1 2 3 4 5 6 7 8 
Center Frequency (Hz) 101 198 302 405 510 614 663 810 

Frequency Bands Range (Hz) 92, 111 198, 209 247, 312 373, 414 509, 519 560, 620 610, 740 790, 826 

 

 
(a)                                                     (b) 

Figure 8. (a) The Hilbert spectrum by directly using HHT to the original signal; (b) The Hilbert spectrum by the time- 
scale-frequency method developed in this paper 
 

4) From Table 2 it is observed that energy distribution 
percentages of many frequency bands are under 1% or 
even smaller, which will increase the requirement for 
resolution of condition monitoring. It would be very dif-
ficult to monitor and analyze the conditions of power 
transformer by using only WPT-energy method like ref-
erences [5] and [7]. In order to avoid the limitation, the 
changes of the instantaneous frequency and correspond-
ing frequency bands as listed in Table 3 can be used as 
the supplement to WPT-energy monitoring method. 

5. Conclusions 
In this paper, a time-scale-frequency analysis method 
based on the combination of WPT and HHT is proposed 
and applied to feature extraction from vibration signals 
of power transformer tank. Experiment results show the 
potential of this method in condition monitoring of 
power transformer. The following conclusions can be 
drawn: 

1) According to the results based on this study, the 
mother wavelets that are suited to decompose vibration 
signals of power transformer tank are established; 

2) Compared to the results by directly using HHT, the 
results obtained by the developed method can reveal bet-
ter frequency characteristics of power transformer vibra-

tion to effectively trace and detect the abnormality of 
transformer structure. 
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ABSTRACT 
One of the very important functions of three-phase inverter is to maintain the symmetric three-phase output voltage 
when the three-phase loads are unbalanced. Although the traditional symmetrical component decomposing and super-
impose theory can keep the voltage balance through compensating the positive-, negative- and zero-sequence compo-
nents of the output voltage of inverter, however, this method is time-consuming and not suitable for control. Aiming at 
high power medium frequency inverter source, a P+Resonant (Proportion and Resonant) controller which ensured a 
balanced three phase output voltage under unbalanced load is proposed in this paper. The regulator was proved to be 
applicable to both three-phase three-wire system and three-phase four-wire system and developed two methods of re-
alization. The simulation results verified that this method can suppressed effectively the output voltage distorted caused 
by the unbalanced load and attained a high quality voltage waveforms. 
 
Keywords: Three-Phase Inverter, Unbalanced Load, the Three-Phase Output Voltage Symmetric, Medium Frequency, 

P+Resonant Controller 

1. Introduction 
In recent decades, with the rapid development of power 
electronics technology and the improving requirements of 
electrics device performance in trades and industries, the 
inverter technology are increasing widespread used in 
multi-domain. Accordingly, there have more and more 
requirements for inverter power. Many electrics devices 
of industries are not use directly grid but inverters as their 
power source. Some important power-consuming de-
partments and electrics devices, especially in high power 
medium frequency system, such as vessel and aircraft, 
require more high quality of the source, demand the 
voltage, frequency and waveform accurate, have a good 
dynamic state performance and no any disturbance from 
the source.  

In three-phase system, however, unbalanced instances 
can occur in power systems for a variety of cases, such as, 
three imbalanced load, unsymmetrical parameters of 
three-phase filter, single-phase load, and so on. Unbal-
anced loading causes negative- and zero-sequence cur-
rents (in four-wire systems) to flow in the power system. 
For ideal sources this would not be a problem. However, 

inverter source systems, especially high power 400Hz 
inverter source systems, with finite output impedances, 
will experience voltage distortion in the form of phase 
voltage imbalance and phase shift due to unbalanced 
loading. At worst, unbalanced voltages can cause mal-
function and even failure of power-consuming equipment. 
Thus, in inverter-fed power systems, it is the responsibil-
ity of the inverter to ensure that certain tolerances on 
phase voltage imbalance at the load terminals are met 
under specified loading conditions. Reference [1] pro-
posed a method of extending controller bandwidth. By 
transforming abc to dqo, the negative- and zero-sequence 
components can be view as a disturbance of 2ω  and 
ω  respectively. By utilizing controllers with bandwidths 
greater than the frequency of the disturbances, some at-
tenuation will be achieved and the output voltage balance 
may be ensured. While this may be possible in low power 
50/60Hz inverters, it would be very difficult, and likely 
impossible, to accomplish in high power inverters due to 
the difficulties of improving the switching frequency. 
The impossibility of this option is amplified for inverters 
with high output fundamental frequencies, such as the 
inverter under study. Reference [2] put forward a method 
of load current feedforward control. By using load cur-
rent feedforward, the output voltage balance can be 
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promised. In general, true feedforward assumes that the 
variables that are fed forward are known and independent 
of the controlled system. However, in the case of the load 
currents feedforward, the assumptions are false, because 
the load currents are closely coupled to the plant state 
variables. Thus, this feedforward control in fact forms a 
feedback loop. As a result, the system stability is affected 
and must be examined. Reference [3] proposed a double 
dq transform control method. Although this method can 
eliminate the negative-sequence component, it can do 
nothing for zero-sequence component. Moreover, this 
control strategy is time-consuming and not suitable for 
control. 

Firstly, this paper analyzed the mathematical model of 
the three-phase inverter and the application of the sym-
metrical component decomposing in engineering. As for 
three-phase two H-bridge units cascaded topology, a 
resonant controller is proposed and simulations on a 
three-phase 30kVA medium frequency inverter under 
unbalanced load are carried out. The results verified that 
the resonant controller can be used to satisfy completely 
output voltage balance under any unbalanced loads. 

2. Model of Three-Phase Inverter Source and 
Unbalance Analysis  

The topology of three-phase inverter under study is 
shown in Figure 1. Only phase A is presented detailedly 
here for the sake of space limitation. Each phase consist 
of DC bus voltage Ud, two H-bridge inverter, two trans-
former T, filter inductor L, filter capacitor C and load R 
which can be balanced load, unbalanced load, sin-
gle-phase load, and so on. r represent the integrative ef-
fect of ESR of filter inductor, dead time of the inverter, 
and so on. Unipolar modulation is adopted in the single 
H-Bridges whose outputs are in series at secondary of  
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Figure 1. The two H-bridge units cascaded three-phase 
inverter topology 

H-bridge and interleaving control is done between two 
two transformers. There are 90 phase degree difference 
between corresponding carrier waves of two H-Bridges 
and the modulating waves are the same, so the equivalent 
switching frequency of inverter is four times of the de-
vice switching frequency and the output voltage has 
five-level waveforms that means harmonics content in 
output voltage resulting from the switching is reduced. 

In Figure 1, uTa、uTb、uTc represent the output phase 
voltage of transformer, u0a、u0b、u0c represent the three 
voltage of filter capacitor, i1a、i1b、i1crepresent the three 
current of filter inductor and i0a、i0b、i0c represent the 
three line current. According to KCL and KVL, Formula 
(1) can be written out: 

3 3
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3 3 3
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where p denotes differential operator, 0 0 0[ a bu u u=  

0 ]T
cu  denotes the output voltage vector of inverter，

[ ]1 1 1 1
T

a b ci i i i=  denotes current vector of filter in-
ductor, [ ]T

T Ta Tb Tcu u u u=  denotes the output volt-
age vector of transformer, [ ]0 0 0 0

T
a b ci i i i=  de-

notes the current vector of load and I3 denotes a unit ma-
trix of three by three. 

If u0a、u0b、u0c and i1a、i1b、i1c were taken as state 
variables, then Formula (1) and (2) make up of the plant 
state equation of Figure 1. 

[ ]Tcba uuuy 000=              (2) 

Unbalanced output phase voltages or currents phasor 
can be symmetrically decomposed into their positive-, 
negative- and zero-sequence components. Assume Va, 
Vb and Vc represent three phase voltage phasor, then: 

0
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where 120jeα −= , subscript a, b, c represent three 
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Figure 2. Resonant controller of three-phase system 

 
phase electricity respectively, subscript +, -, 0 represent 
positive-, negative- and zero-sequence components re-
spectively. 

3. Resonant Regulator 
It is known from analysis aforementioned that due to near 
zero impedance which ideal sources possess, the voltage 
dropping of impedance caused by negative- and zero- 
sequence current components due to unbalanced load is 
almost zero and unbalanced load has little influence on 
ideal sources. So if the output voltage of inverter is not 
suffer from the unbalanced load is expected, the output 
impedance of inverter source must be near zero too. It is 
known from control theory that if a near zero impedance 
of a system is expected, the open loop gain of the control 
system must be attain infinite at certain signal frequency. 

3.1 Resonant Controller with αβγ  as Input and 
Output Variable 

Figure 2 is the resonant controller of three-phase system. 
By transforming abc to αβ, the output voltage errors of 
abc coordinate can be transfer to αβ coordinates variable 

( )e e e jeαβ αβ α β= +
r r

. Following the scheme of Figure 2(a), 
the output voltage errors ( )e e e jeαβ αβ α β= +

r r
 in αβ  

coordinates are first converted into synchronous refer-

ence frame quantities ( )k k dk qke e e je+ + + += +
r r

, (k ke e− − =
r r

 

)dk qke je− −+  using both positive- ( )dqk + and nega-
tive- ( )dqk − sequence transformations rotating at angular 

frequency k k tθ ω=  (i.e., kj
ke e eθ

αβ+ =
r r

, kj
ke e eθ

αβ
−

− =
r r

) 
where k is the order of the generic harmonic to be com-
pensated and ω is the fundamental angular frequency. 
All synchronous reference frame errors ( , ,dk dke e+ −  

, )qk qke e+ −  are then compensated by regulators HDCk(S), 
which ensure zero steady-state errors for each positive- 
and negative-sequence harmonic component. Then, the 
output of each regulator ( ), , ,dk dk qk qky y y y+ − + −  is con-
verted back to the stationary reference frames and possi-
bly adding a leading angle kϕ  which compensates for 
the delay of the remaining process. The structure is com-
plicated which need compensate for each order harmon-
ics including positive- and negative- sequence compo-
nents. Moreover, coupling may be exist between the d 
and q axis variables. 

There will exist zero-sequence component if the 
three-phase system is imbalanced. Of course, any possi-
ble zero-sequence component cannot be compensated in 
Figure 2. However, zero sequence component can be 
control by the resonant controller also. This will be dis-
cussed later. 

Some simplifications of the theoretical scheme of Fig-
ure 2(a) are possible [4,5]. First, it is easy to verify that 
the compensation of both positive- and negative-se- 
quence harmonic components for a generic harmonic k  
is equivalent to the synchronous demodulation of the 
αβ  components, shown in Figure 2(b), as long as all 
regulators HDCk(S) in Figure 2(a) and (b) have the same 
transfer function. Secondly, even the scheme of Figure 
2(b) can be further simplified since it is equivalent to the 
scheme of Figure 2(c) with stationary-frame regulators 
HACk(S). The proportion term can be put outside the 
transform due to the proportion is same in stationary ref-
erence frame and synchronous reference frame. 

By deducing, the transform formula HACk(S) is [4]: 
( ) cos [ ( j ) ( j )]

jsin [ ( j ) ( j )]
ACk k DCk DCk

k DCk DCk

H s H s k H s k
H s k H s k

ϕ ω ω

ϕ ω ω

= − + +

+ − − +
  (6) 

If  

( ) Ik
DCk

KH S
S

=                  (7) 

Then 

2 2

cos sin
( ) 2

( )
k k

ACk Ik
S kH S K

S k
ϕ ω ϕ

ω
 − 

=  + 
      (8) 

If the delay compensating is not take into account in 
Formula (8), then 
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Figure 3. Control block of three-phase four-wire system 
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Figure 4. Bode plot of resonant regulator(KI1＝1，ω＝
800π). (a) Bode plot of (9) where k=1; (b) Bode plot of (11) 
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( )

( )
Ik

ACk
K SH S

S kω
=

+
             (9) 

where ω denotes the fundamental frequency of reference 
signal, k  denotes order of harmonics, KI denotes the 
gain of integral term. 

It is known from [6] that when the load is unbalanced 
load or nonlinear load and a balance of output voltage is 
expected, which means the zero sequence component 
need be compensated, a three-phase four-wire system 
must be adopted. In Figure 2, however, only αβ axis are 

taken into account. If the system is a three-phase four- 
wire system, γ  axis also need be thought over. It is 
known from coordinate transform theory that αβ axis 
variable are positive- and negative-sequence component 
and γ  axis variable is zero-sequence component. The 
method shown in Figure 2(a) can be used to process the 
positive- and negative-sequence component of αβ axis 
and the method shown in Figure 2(b) can be adopted to 
deal with the zero-sequence component of γ  axis. i.e. 
resonant controller can be used to deal with all αβγ  
axis variable. The control block is shown in Figure 3.  

The matrix form is shown in Formula (10)  

2 2

2 2

2 2

2
0 0

( ) ( )
2( ) ( )0 0

( ) ( )2
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i

i

i

K S
SY S E S

K SY S E S
S

Y S E SK S
S

α α

β β

γ γ

ω

ω

ω

 
 +    

    =    +        
 + 

 (10) 

It is can be seen from (10) that the term of 
non-diagonal is zero which means there are no coupling 
among αβγ  variable and can be decoupled as single- 
phase. 

The bode diagram of Formula (9) where k is equal to 
one is shown in Figure 4(a). It can be seen from Figure 
4(a) that the regulator has an infinite gain (it is a finite 
value in the bode diagram due to simulation step and 
truncation error) at certain frequency. Then the gain of 
open loop which including the resonant controller will 
achieve infinite(as for unit negative feedback system, the 
gain of open loop is equal to transfer function of control-
ler multiply transfer function of object) and zero steady 
state error between output voltage and reference voltage 
can be promised. 

It is also noted that the controller presented in (9) has a 
transfer function similar to that presented by Sato et al. 
[7], which has a resonant transfer function given by 

( )
( )
1

22

2 I
AC

KH S
S

ω

ω
=

+
             (11) 

Sato’s transfer function also has infinite gain at the 
resonant frequency and hence can be used to suppress the 
output voltage distorted caused by the unbalanced loads. 
However, it in particular introduces a phase shift of 180 
into the system, compared to the 90 shift of the P+Reso-
nant system, as illustrated in Figure 4(b). In closed loop 
operation this 180 phase shift results in a poorer phase 
margin and a poor transient performance for this regulator 
compared to the approach presented here. 

3.2. Resonant Controller with ABC as Input and 
Output Variable 

The resonant controllers which induced before are with 
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αβγ  as input and output variable. However, practical 
three-phase systems are with abc as input and output 
variable. The deduction of the relations of controller with 
abc as input and output variable and controller with 
αβγ  as input and output variable is shown as follows: 

It can be know from stationary coordinate transforma-
tion theoretics, 

1 11
2 2

2 3 30
3 2 2

1 1 1
2 2 2

abcT αβγ

 − − 
 
 

= − 
 
 
 
 

           (12) 

11 0
2

2 1 3 1
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= − 
 
 
 − −
  

           (13) 

So the relation of variable in abc coordinate and vari-
able in αβγ  coordinate is: 

g and g
Then
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If ( )G Sαβγ  equal to Formula (10), 
Then 

2 2

2 2

2 2

2
0 0

2
( ) 0 0

2
0 0

i

i
abc

i

K S
S

K S
G S

S
K S

S

ω

ω

ω

 
 + 
 =  +
 
 
 + 

    (15) 

It can be seen from (15) that the element of non-di-
agonal is zero, which means there are no coupling among 
abc variable and can be decoupled as single-phase. 

It must be emphasis on that the system must be three- 
phase four-wire system when apply Formula (10) or (15). 
This is because zero-sequence component can only be 
compensated in three-phase four-wire system. As for 
three-phase three-wire system, Formula (10) or (15) can 
not be used directly. However, by weeding the zero-se-  

quence component of feedback variable and ensuring the 
input variable of γ  axis equal to zero, Formula (10) or 
(15) can be used in three-phase three-wire system. More-
over, in general, line to line voltage can only be gotten in 
three-wire system and phase voltage which educed from 
line to line voltage satisfy automatically the condition that 
input variable of γ  axis equal to zero. 

4. Simulation Investigations 
In order to illustrate the resonant controller is effective on 
unbalanced load, the proposed control strategy has been 
investigated using MATLAB/Simulink simulations on 
both three-phase three-wire system and three-phase four- 
wire system. The load is Y or Yn connected and loads of 
phase A, B and C are 1.5Ω, 1.5Ω and 15Ω respectively. 
Table 1 defines the parameters used in simulations. 

The output voltage waveforms of three-phase four- 
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Figure 5. Output voltage waveforms under resonant con-
troller(from up to down are in turn three-phase voltage, 
positive-, negative- and zero-sequence components of output 
voltage). (a) Three-phase four-wire system; (b) Three-phase 
three-wire system 
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Table 1. Simulation parameters of the system 

parameter value parameter value 
S 30 kVA N 0.2 
fs 2.8kHz Vref_RMS 115V 

Ud 513V f 400Hz 
L 26uH Kp 12 
C 440uF KI 500 
r 10mΩ   
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Figure 6. Error voltage and output voltage, reference volt-
age waveforms of three-phase four-wire system. (a) Reso-
nant controller; (b) Proportion controller 

 
wire and three-phase three-wire system under resonant 
controller are shown in Figure 5(a) and (b) respectively. 
It can be seen from Figure 5(a), that the negative- and 
zero-sequence component can be depressed by resonant 
controller in three-phase four-wire system. It can be seen 
from Figure 5(b) that only negative-sequence component 
can be depressed by resonant controller in three-phase 
three-wire system. There are still positive- and zero-se-
quence component in output voltage (positive-sequence 
component is system need, zero-sequence component is 
system didn’t need but remaining due to the three-phase 

three-wire configuration). 
The error voltage and output voltage Vo, the reference 

voltage Vref waveforms of three-phase four-wire system 
under resonant controller are shown in Figure 6(a). It can 
be seen from (a) that the error is almost zero and the out-
put voltage is superposition with reference voltage which 
proved the correct of analysis aforementioned. In order to 
compare, Figure 6(b) gave the waveforms under propor-
tion regulator. It can be seen from (b) that there are ob-
vious steady state amplitude and phase error between the 
reference voltage and the output voltage. 
5. Conclusions 
This paper analyzed the output voltages distortion 
mechanism under unbalanced load, a three-phase two H- 
bridge units cascaded topology is presented and the 
equivalent switching frequency of inverter is improved 
effectively. A P+Resonant controller which ensured a 
balanced three phase output voltage under unbalanced 
load is proposed for high power medium frequency in-
verter sources. The regulators proved to be applicable to 
both three-phase three-wire system and three-phase four- 
wire system and two methods of realization were devel-
oped. The simulation results verified that this method can 
suppressed effectively the output voltage distorted caused 
by the unbalanced load and attained a high quality volt-
age waveforms. 
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ABSTRACT 
Electrical impedance tomography (EIT) is a technique for determining the electrical conductivity and permittivity dis-
tribution inside a medium from measurements made on its surface. The impedance distribution reconstruction in EIT is 
a nonlinear inverse problem that requires the use of a regularization method. The generalized Tikhonov regularization 
methods are often used in solving inverse problems. However, for EIT image reconstruction, the generalized Tikhonov 
regularization methods may lose the boundary information due to its smoothing operation. In this paper, we propose an 
iterative Lavrentiev regularization and L-curve-based algorithm to reconstruct EIT images. The regularization pa-
rameter should be carefully chosen, but it is often heuristically selected in the conventional regularization-based recon-
struction algorithms. So, an L-curve-based optimization algorithm is used for selecting the Lavrentiev regularization 
parameter. Numerical analysis and simulation results are performed to illustrate EIT image reconstruction. It is shown 
that choosing the appropriate regularization parameter plays an important role in reconstructing EIT images. 
 
Keywords: Electrical Impedance Tomography (EIT), Reconstruction Algorithm, Iterative Lavrentiev, Regularization 

Parameter, Inverse Problem.

1. Introduction 
Electrical impedance tomography (EIT) is an imaging 
technique which determines the electrical conductivity 
and permittivity distribution within a medium using elec-
trical measurement from a series of electrodes on its sur-
face [1－3]. Electrodes are brought into contact with the 
surface of the object being imaged. A set of voltage (or 
current) are applied and the corresponding currents (or 
voltage) are measured [4]. These voltages and currents 
are then used to estimate the electrical properties of the 
object using an image reconstruction algorithm [5]. The 
relatively poor spatial resolution of the reconstructed im-
ages in EIT is often quoted as its major disadvantages, 
compared with already established scanners with good 
resolution. In this respect, it must be clarified that the 
motivation of EIT is somewhat different from that of the 
conventional imaging techniques. Despite its limited 

resolution, its task is to provide a reliable, real-time, 
portable and cost efficient imaging tool. Depending on 
the particular application and the resolution specifications, 
EIT can sometimes provide an optimum cost-effective 
imaging solution. Example application areas include 
geophysical inversion [6], industrial process monitoring 
[7], and medical diagnosis [8]. 

However, the process of property estimation in EIT is 
a highly nonlinear, ill-conditioned, and ill-posed problem. 
The sensitivity matrix, which relates interior admittivity 
perturbations to perturbations in the boundary data, is 
heavily ill-conditioned with respect to inversion. So, it 
requires special treatment in the form of regularization or 
a truncation of a singular value expansion [9]. When ap-
proaching an ill-posed problem, instead of attempting to 
solve the original problem one often opts to solve a simi-
lar one which is less demanding. Therefore, effective EIT 
image reconstruction algorithms are required. 

Some papers on image reconstruction algorithms have 
been published [10–14], but little work on EIT image 
reconstruction is published. The first proposed EIT re-

This work was supported in part by the Open Fund of the Henan Key 
Laboratory of Coal Mine Methane and Fire Prevention, Henan Univer-
sity under the contract number of HKLGF200803. 
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construction algorithm is the equipotential back-projec-
tion [15]. This technique reconstructs images by project-
ing the change in measurements at each electrode pair 
across the equipotential region for that current injection 
pattern, multiplied by an image filter. However, unlike 
the X-ray used in CAT scanning or general inverse scat-
tering problems [16]. Currents in EIT do not move in a 
line, but cover the region from the current source to drain. 
A bias is thus introduced into the image since the equi-
potential region is an approximation to the region pro-
ducing the measurement change at each electrode. A fi-
nite element-based reconstruction algorithm was pro-
posed in [7], but limited scalar/vectors can be recon-
structed with this algorithm. A reconstruction algorithm 
for breast tumor imaging based on linearization approach 
was proposed in [8], but the number of independent con-
ductivity regions that can be calculated is too small. In 
[17] it was assumed that the resistivity distribution could 
be well approximated as a linear combination of some 
preselected basis functions. Prior information on the 
structures and conductivities were used for the construc-
tion of these basis functions. The disadvantage of this 
method is that one may obtain misleading results when 
prior information is incompatible. 

In this paper, we propose an iterative Lavrentiev regu-
larization-based algorithm to reconstruct EIT images us-
ing knowledge of the noise variance of the measurements 
and the covariance of the conductivity distribution. As 
the regularization parameter should be carefully chosen, 
an L-curve-based optimization algorithm is applied. Nu-
merical analysis and simulation results are provided. The 
remaining sections are organized as follows. Section 2 
forms the problem of EIT image reconstruction and out-
lines the motivations of this paper. Section 3 details the 
iterative Lavrentiev regularization-based EIT reconstruc-
tion algorithm, followed by the simulation examples in 
Section 4. Finally, Section 5 concludes the whole paper. 

2. Electrical Impedance Tomography (EIT) 
Taking EIT imaging in medical applications as an exam-
ple [18,19], different tissues of the body are shown to 
have different electrical characteristics. Most tissues can 
be considered isotropic with the exception of muscles and 
brain tissue which are anisotropic. It is usually assumed 
to be homogenous and isotropic, where the constitute 
parameters such as the conductivity and permittivity are 
independent of position and direction. Therefore, the un-
derlying relationships that govern the interaction between 
EIT electricity and magnetism are the Maxwell’s equa-
tions. The medium ( Ω ) is modeled as a closed and 
bounded subset of three-dimensional space with smooth 
boundary ( ∂Ω ) and uniform conductivity (σ ). The elec-
tric field ( E ) enclosed in Ω is expressed in terms of the 

scalar potential φ  

E φ= −∇ ,                 (1) 

where 

i j k
x y z

∂ ∂ ∂
∇ = + +

∂ ∂ ∂
             (2) 

is the vector differential operator, and φ  is the potential 
in the medium. The current ( J ) is given by the multipli-
cation of the conductivity. The electric field can then be 
computed as 

J σ φ= − ∇ .                (3) 

As there are no interior current sources, EIT simulation in 
the medium can be described in terms of a scalar voltage 
potential satisfying Kirchoff’s voltage law 

0σ φ∇ ⋅ ∇ = .                (4) 

The boundary current density ( j ) can then be repre-
sented by 

j nσ φ= ∇ ⋅ .                (5) 

According to this relationship, the problem of deter-
mining the potential inside the medium from boundary 
measurements can then be carried out [20]. 

3. Iterative Lavrentiev Regularization and 
L-Curve-Based EIT Image           
Reconstruction 

To apply regularization-based image reconstruction 
methods, EIT problems can be formulated as a system of 
linear equations [21] 

'
D

     0
              A

M Z v
d

LV

A A A X
VA I

+    
⋅ =    
    

          (6) 

where nX ∈£  is the nodal potential distribution, 
n

LV ∈£ is the potential values on the boundary electrodes, 

ZA , VA  and DA are the local matrices. This equation 
can be represented by 

AX Lξ+ =                    (7) 

where ξ  is the error in the data with 

[ ]L   V n mX U ∗ += ∈£  and [ ]d0     I n mL ∗ += ∈ ¡ . One 
standard approach used to solve linear estimation prob-
lems is the least square estimation, but this estimate is 
unsatisfactory because the calculated independent con-
ductivity region is too small.  
  The inverse of the A cannot be directly computed be-  
cause the singular values will grow without bound. This 
will amplify the noise components in the solution associ-
ated with the numerical null space of A . That is to say, 
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small measurement perturbations L L ε≈ +  may produce 
large variations in X such that the 3-norm residual error 

2
AX L−  is unbounded. Therefore, the matrix TA A  is 

poor conditioned because EIT makes current injection 
and measurement on the medium surface including 
higher current densities near the surface where conduc-
tivity contrasts will result in more signal than for con-
trasts in the center. This problem can be resolved by 
regularization [22]. That is, assume A  is an invertible 
and real-valued matrix, it can then be decomposed by 
singular value decomposition (SVD) 

( )diag T
iA U s V=                (8) 

Correspondingly, Equation (7) can be expressed by 

( ) ( )1 1 1

1

diag
n

T T
i i i i

i
A L V s U L X s u vη− − −

=

= = + ∑     (9) 
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Figure 2. The norm of the regularization solution errors as a 
function of the regularization parameter of α  

As instability may arises due to division by small sin-
gular values, to overcome this problem we apply an itera-
tive Lavrentiev-based regularization algorithm. 

Lavrentiev regularization replaces Equation (7) by [23] 

AX X Lα αα+ = ,              (10) 

where α  is the regularization parameter. Correspond-
ingly, the iterative Lavrentiev regularization is 

( ) 1 ,          1, 2,3,......k kA I X X L kα α −+ = + =    (11) 

This equation can be changed into 

( ) ( )1 1
1 ,     1, 2,3,......k kX A I X A I L kα α α− −

−= + + + =  
(12) 

Suppose the solution of the Equation (7) is µX  

µ µ ( ) ( )

µ

1 1
1

'

k k

k k
v

X X X A I X A I b

X A X
A A

α α α

α α
α α

− −
−− = − + + +

   = =   + +   

 (13) 

where 'X is the normalized function with 0v > . Note 
that v  refers to the smoothness source conditions. Con-
sidering the function 

( )
k

vF A A
A

α
α

 =  + 
              (14) 

when vA
k v

α=
−

, it arrives its maximum 

( )max

v k
v k vF A v

k v k
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Hence, we have 
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          (16) 

where vM  is a constant parameter for the specific v . 
Therefore, this algorithm is converged with a conver-
gence rate of  

µ ( )v
kX X O k− =             (17) 

In fact, the Lavrentiev regularization just uses the filter 
function 

( )
2

2
2

sw s
sα α

=
+

             (18) 
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with a regularization parameter of α , as shown in Figure 
1. In conventional regularization-based reconstructed 
algorithms, the regularization parameter is often heuristi-
cally selected; however, it determines the cut-off of the 
filter, as shown in Figure 2. Further analysis results show 
that when the regularization parameter is very small, fil-
tering of the noise will be inadequate and X α  will be 
highly oscillatory. In contrast, when the regularization 
parameter is too large, the reconstructed image will be 
overly smooth. Therefore, some effective algorithms 
should be developed to optimize the regularization pa-
rameter. To reach this aim, we apply an L-curve [24]- 
based optimization algorithm.  

L-curve is a parametric plot of the squared norm of the 
regularized solution against the squared norm of the 
regularized residual for a range of values of regulariza-
tion parameter. The L-curve criterion for regularization 
parameter selection is to pick the parameter value corre-
sponding to the “corner” of this curve. Let X α  denote 
the regularized solution and let r HX Yα

α = −  denote 
the regularized residual. Define  

( ) ( ) ( )2 ,     logR r Rαα ρ α α= =            (19) 

( ) ( ) ( )2
,     logS X Sαα η α α= =            (20) 

We can then select the value of α  that maximizes the 
curvature function 

µ $ µ $

µ( ) $( )
' '''' '

3 22 2' '

ρ η ρ η
κ

ρ η

−
=

 
+ 

 

 ,           (21) 

where µρ  and $η  are represented, respectively, by 

µ µ( )2log AX Lρ = − ,            (22) 

$ µ( )2log Xη = ,               (23) 

The µ '
ρ , $ '

η , µ ''
ρ  and $ ''

η  denote the first and second 

derivatives of µρ , $η  with respect to α . As shown in 
Figure 3, the L-curve has two characteristic parts: the 
more horizontal where the solution is dominated by the 
regularization errors, the vertical part where the solution 
is dominated by the right-hand errors. The solutions are 
over- and under-smoothed, respectively. The corner of 
the L-curve corresponds to a good balance between 
minimization of the sizes, and the corresponding regu-
larization parameter α  is a good one. In this way, an 
optimum regularization parameter α  can be optimiza-
tion determined.  
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Figure 3. The curvature of the L-curve 

 

     
Figure 4. Simulated distribution 

 

     
Figure 5. Iterative Lavrentiev reconstructed image with 

0.01α =  

4. Simulation Examples 
In many industrial process and biomedical EIT applica-
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tions, it is often the case that one knows in advance what 
materials (tissues) are included within the measurement  
domain. As mixtures of materials are known to have in-
termediate conductivities, this effectively restricts the 
admissible solutions, i.e., the pixels of the reconstructed 
images, to lie within a set of known values. In this sense, 
the bound-constrained (with bounds on the values of the 
admittivity distribution) is to locate the detected inho-
mogeneities. 
  As an example, one can allow that the admittivity dis-
tribution to be reconstructed is mainly homogenous with 
an unknown number of shaped inclusions. In EIT appli-
cations, the current with a frequency of 10-100kHz is 
widely used. These patterns are similar to those appearing 
in Figure 4, which shows the simulated admittivity dis-
tribution with the three inhomogeneity patterns. Although 
the geometry (shape and dimension) of these patterns is 
assumed to be known a priori, their number, admittivity 
values and exact location are to be recovered from the 
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Figure 6. Regularization selection with L-curve-based 
optimization algorithm 
 

      
Figure 7. Iterative Lavrentiev reconstructed image with 
L-curve optimized regularization parameter 

image reconstruction. For the reconstructions, simulated 
measurements contaminated with 2% Gaussian noise 
have been assumed. Regularization parameter 0.01α =  
is often used in conventional regularization- based recon-
struction methods, e.g., [25], but from Figure 5 we notice 
that it fails to capture the boundary shape and interior gap 
of the inhomogeneities. To get around this disadvantage, 
the regularization parameter is optimized with the 
L-curve algorithm, as shown in Figure 6. Correspond-
ingly, Figure 7 gives the reconstructed image using the 
optimized regularization parameter (here is 0.40α = ). 
Comparing the two images, the enhancement is obvious. 
This result comes in support of the fact that this method 
is robust to noise. 

5. Conclusions 
EIT is a technique used to create images of the electrical 
properties in the interior of a medium from measurements 
on its boundary, which is particularly important for 
medical and industrial applications [26,27]. Usually a set 
of voltage or current measurements is acquired from the 
boundaries of a conductive volume. In this paper, we 
presented an iterative Lavrentiev regularization and L- 
curve-based algorithm to reconstruct EIT images using 
knowledge of the noise variance of the measurements and 
the covariance of the conductivity distribution. The regu-
larization parameter should be carefully selected, but it is 
often heuristically selected in conventional regulariza-
tion-based reconstruction algorithms. So, an L-curve- 
based optimization algorithm is applied to choose the 
Lavrentiev regularization parameter. The method is vali-
dated with numerical analysis and simulation results. 
Further research efforts are planned to focus on experi-
mental investigations [28,29] and other computational 
electromagnetic-based algorithms [30]. 
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ABSTRACT 
Nano size lithium ferrite was prepared through aerosol route and characterized using TEM, XRD, magnetic measure-
ments and Mössbauer spectroscopy. The particle size of as obtained samples were found to be ~10 nm through TEM, 
that increases upto ~80 nm on annealing at 1200 oC. The unit cell parameter ‘a’ calculated using XRD, confirms the 
formation of α-LiFe5O8. Room temperature Mössbauer spectra of as obtained sample of all the ferrites exhibited broad 
doublet suggesting super paramagnetic nature. This doublet further resolved into two doublets and assigned to the sur-
face region atoms and internal region atoms of the particles. The annealed samples (1200 oC) show broad sextets, 
which were fitted with two sextets indicating different local environment of both tetrahedrally and octahedrally coordi-
nated Fe-cation. Cation distribution obtained from the X-ray, magnetic and Mössbauer data confirms that the three 
fifth of the iron atom goes in to the octahedral site. 
 
Keywords: Nano Particles, Saturation Magnetization, Coercivity, X-Ray Diffraction, Mössbauer Spectra 

1. Introduction 
Lithium iron oxides LiFe5O8 are of increasing scientific 
interest and are also promising candidates for cathode 
materials in rechargeable lithium batteries [1,2]. Its high 
curie temperature, high saturation magnetization and 
hysterisis loop properties after performance advantages 
over other spinel ferrites used in microwave frequency 
and magnetic core applications [1–4]. Two separate crys-
tallographic ordered and disordered forms of LiFe5O8 -
have been isolated. A super structured form in which 
lithium and iron atoms are ordered is called α- LiFe5O8 
and has a subgroup of Fd-3m with a primitive cubic unit 
cell (space group P433 or P413, a = 8.3372 Å) [5]. They 
are based on the inverse spinel structure with lithium and 
three fifth of the total Fe3+ occupying octahedral sites [6]. 
However, disordered form of lithium ferrites has a ran-
dom statistical distribution of lithium and iron over all 
the octahedral positions [7]. Various preparation methods 
have been developed such as double sintering ceramic 
techniques, hydrothermal precipitate, hydrothermal ball 
milling and so on [8,9]. The high temperature used in all 
these techniques lower the magnetization due to the pre-
cipitation of α-Fe2O3 or the formation of Fe3O4 [10]. 

The present work deals with the synthesis of nano par-
ticles of lithium ferrite via aerosol route at a temperature 

~600 oC. This avoids the precipitation of α-Fe2O3 or 
Fe3O4. On the other hand in aerosol method particle size, 
degree of agglomeration, chemical homogeneity can be 
controlled with relative ease. Aerosol method has the 
potential of producing multicomponent materials and 
production of powder by this method is commercially 
viable [10,11]. 

The sample so prepared was characterized using trans- 
mission electron microscope (TEM), X-ray diffractome-
ter (XRD), magnetic and Mössbauer spectrometer. This 
work is an attempt to investigate the cation distribution 
using XRD, magnetic and Mössbauer measurements.  

2. Experimental 
Nano particles of lithium ferrite (LiFe5O8) were prepared 
via aerosol route using a setup described in our earlier 
papers [12–14]. The desired proportions of lithium and 
iron nitrates were weighed and dissolved in water to 
prepare 5 x 10-2 M solutions. Air pressure, sample uptake 
and furnace temperature were maintained at 40 psi, 3-4 
ml/min and ~600 oC respectively during preparation. The 
ferrite powder was deposited on the teflon coated pan. 

The elemental analysis was carried out on an electron 
probe micro analyzer (EPMA) (JEOL, 8600 M) and ato- 
mic absorption spectrophotometer (AAS) (GBC, Avanta),
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Figure 1. X-ray diffractographs of LiFe5O8 after annealing at various temperatures 

 
while the particle morphology was examined by trans-
mission electron microscope (TEM) (Philips, EM400). 
The X-ray diffraction (XRD) studies were carried on X- 
ray spectrometer (Bruker AXS, D8 Advance) with FeKα 
radiation and magnetic measurements were made on a 
vibrating sample magnetometer (VSM) (155, PAR). 
Mössbauer spectra were recorded on a constant accelera-
tion transducer driven Mössbauer spectrometer using 
57Co(Rh) source of 25 mCi initial activity. The spec-
trometer was calibrated using a natural iron foil as well 
as recrystallized sodium nitroprusside dihydrate (SNP) as 
standards. 

3. Results and Discussion 
Elemental analytical data for Li and Fe were obtained by 
EPMA. About 2 mm thick pellet was prepared, fixed on 
the sample holder and coated with the carbon to make 
them conducting. Elemental analysis was carried out at 
eight different points on each pellet with spot size of ~10 
µm dia and results were found to be consistent. The re-
sults were further verified by atomic absorption spectro-
photometer.  

3.1 Transmission Electron Microscope 
The TEM micrograph of a very small amount of as ob-
tained samples placed on the carbon grid shows spherical 
particles of ~100-300 nm size as reported in our earlier 
papers [13,14]. However, after agitating ultrasonically 
and taking the suspended particles on the carbon grid 
shows well separated particles of size ~10 nm. The mi-
crographs for sample annealed at 1200 oC shows that the 
particle size increases with annealing temperature. It is 
widely believed that the net decrease in free energy of 
solid-solid and solid-vapour interface provides the nec-
essary driving force for particle growth during annealing 
process [15].  

3.2 X-Ray Diffractographs 
The powder X-ray diffractographs of as obtained sample 
and that of annealed at various temperatures is given in 
Figure 1. The diffraction pattern of as obtained samples 
confirms the amorphous nature of the samples. Peaks 
start appearing and the lines become sharper as the an-
nealing temperature increases due to the grain growth at 
higher temperatures. The crystallite size was calculated 
from the most intense peak (311) using Sherrer equation 
[16]. It is seen that the particle size increases upto ~80 
nm as the annealing temperatures are raised to 1200 oC. 
The lattice parameters were calculated using Powley as 
well as Le Bail refinement methods (built in TOPAS 
V2.1 of BRUKER AXS) and found to be a = b = c = 
8.33103 Å and V = 578.22 Å3. The data confirm the pres-
ence of α-LiFe5O8 formation. Rietvald analysis of the an-
nealed sample further confirms a single phase cubic spinel 
structure, α-LiFe5O8, as given in Figure 2.  

X-ray diffraction intensity calculations were carried 
out using the formula suggested by Buerger [17] 

Ihkl = │Fhkl│2PLp 
where, notations have their usual meanings. It is well 
known that, the intensity ratio of planes I(220)/I(400), 
I(220)/I(440) and I(400)/I(440) are considered to be sen-
sitive to the cation distribution, therefore, these ratios 
were used in estimating cation distribution. Finally, the 
cation distribution is estimated from X-ray intensity cal-
culations for the best fit cation distribution and found to 
be [Fe2]A[LiFe3]BO8.  

3.3 Magnetic Measurements 
Magnetic hysteresis loops, at room temperature were 
recorded for the as obtained as well as annealed sample. 
Typical loops for as obtained LiFe5O8 and after annealing 
at 1200 oC are shown in Figure 3. The as obtained sam-  
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Figure 2. Rietvald analysis of LiFe5O8 after annealing the sample at 1200 0C 

 

-80

-60

-40

-20

0

20

40

60

80

-10 -8 -6 -4 -2 0 2 4 6 8 10

Magnetic Field(kOe)

M
ag

ne
tic

 m
om

en
t (

em
u/

g)

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

1200
As obtained

 
Figure 3. Hysterisis loop of lithium ferrite sample (a) as obtained and (b) after annealing at 1200 

 
ple exhibits no hysteresis, which may be attributed to su- 
perparamagnetic relaxation as confirmed by XRD. The 
values of saturation magnetization and magnetron nB (the 
saturation magnetization per formula unit in Bohr mag-
netron) at 300 K for the annealed sample were obtained 
from the hysterisis loop and found to be 66.92 emu/g and 
4.99 respectively. According to Neel’s two sublattice 
model of ferrimagnetism, the magnetic moment per for-
mula unit (µB), nB

N(x) is expressed as: 
nB

N(x) = MB(x) – MA(x) 
where MB and MA are the B- and A- sublattice magnetic 
moment in µB respectively. The nB

N(x) value was calcu-
lated using the ionic magnetic moments of Fe3+ and Li+ 
which are 5 µB and 0 µB respectively. The calculated 
value (5 µB) clearly indicates the inverse spinel structure 
with lithium and three fifth of the total Fe3+ occupying 
octahedral sites and two fifth occupying tetrahedral site. 

3.4 Mössbauer Spectra 
Figure 4 shows the typical Mössbauer spectra of LiFe5O8 
at room temperature for the as obtained sample. The 
presence of broad doublet in this figure indicates the su-
perparamagnetic nature of the sample. Since in the small 
particles (<10 nm) a substantial fraction of atoms resides 
on the surface, a different environment is experienced by 
them as compared to those inside the particle. Therefore, 
this broad doublet was fitted with two sets of doublets, 
one for atoms in the surface region (δ = 0.45 mms-1 and 
∆EQ = 1.02 mms-1) and the other for those in the internal 
region (δ = 0.45 mms-1 and ∆EQ = 0.60 mms-1) of the 
particles. Larger quadrupole splitting due to surface re-
gion atoms compared to internal region atoms can be 
attributed to the existence of a broader distribution of 
interatomic spacing and partly disordering in the surface 
region of the ultrafine particles. It is clear that the contri-  
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Figure 4. Mössbauer spectra of lithium ferrite (a) as ob-
tained and (b) after annealing at 1200 0C 
 
bution of surface region atoms is 42 % of total area of the 
experiment spectrum. This is in agreement with the per-
centage (44 %) of the volume of surface region atoms to 
the total volume of the particle with an average grain size 
(8 nm) by Ma et al. [18].  

The Mössbauer spectra recorded at 300 K after an-
nealing at 1200 oC (Figure 4b) exhibit two normal zee-
man split sextets due to the A-site Fe3+ ions and other 
due to B-site Fe3+ having hyperfine fields 500 and 484 
kOe respectively, which indicates ferrimagnetic behav-
iour of the sample. The cation distribution was also cal-
culated using the intensity ratio of the sextets corre-
sponding to the tetrahedral and octahedral sites. The in-
tensity ratio was found to be 2 : 3 which further confirms 
that the three fifth iron atoms goes in to octahedral site. 
The cation distribution obtained from the X-ray intensity 
data and magnetic moment data agrees fairly well with 
the cation distribution estimated from Mössbauer data.  

4. Conclusions 
Lithium ferrite has been prepared successfully with par-
ticle size ~10 nm by aerosol route with high yield. After 
annealing the sample at 1200 oC confirms the formation 
of single phase α-LiFe5O8. The cation distribution ob-
tained from the X-ray, magnetic and Mössbauer data 
confirms that the three fifth of the iron atom goes in to 
the octahedral site. 

Since Lithium ferrite and mixed lithium ferrites have 
very high potential for cathode materials in rechargeable 
lithium batteries, microwave applications and, especially 
as replacements for garnets, due to their low cost. The 
squareness of the hysteresis loop and superior tempera-
ture performance are other prominent advantages that 
have made them very promising candidates for applica-
tion in microwave devices. In this communication we 
report our studies on the synthesis of lithium ferrite and 
their magnetic properties and the work is going on with 
the mixed lithium ferrites to improve their magnetic 
properties and their applications in different fields. 
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ABSTRACT 
The optimum ferrite can be obtained through free-microstructural defects where such defects are always encountered in 
the conventional ferrites often caused by chemical inhomogeneity. In this study, Ni-Zn ferrite was synthesized and fab-
ricated by means of a sol-gel route. Thermal gravimetric analysis (TGA) was used to study the thermal transformation 
of the ferrite in air. Parts of the sol-gel powder heated at elevated temperatures were characterized by X-ray diffraction 
(XRD) method and Scanning Electron Microscopy (SEM) to reveal the crystallized single-phase and the structure of the 
obtained ferrite. Fourier transform infrared spectroscopy (FT-IR) was assisted to investigate the structure. The micro-
structures of the toroidal cores were obtained at two different sintering temperatures and compared with those obtained 
via the classic method. In addition to that, the magnetic properties were measured. The initial magnetic permeability 
was found to increase with the increasing of the frequency as a result of the domain wall motions and the correspond-
ing loss was small. Therefore, a well defined polycrystalline microstructure ferrite via an easier preparation methodol-
ogy as compared to the classic method is obtained. 

Keywords: Ni-Zn Ferrite, RLF, Eddy Current, Sintering, Initial Permeability, Microstructure 

1. Introduction 
Nickel-zinc ferrites are the most important soft ferrites 
whereby the high permeability and low power loss have 
become the most principal requirements for the electronic 
devices. However, the metal oxides used in the classical 
ceramic process, the conventional process, produce dete-
rioration in the final product and its properties as well as 
the increased handling difficulties in both the preparation 
and end up usages. Some of these deteriorations include 
the shrinkage of the materials, variations in the composi-
tion and poor homogeneity in both the chemical and 
crystalline structures, which mainly influence the electri-
cal and magnetic properties [1]. Hence, the challenge is to 
produce the optimum soft ferrite by making changes in 
both the metal oxides and manufacturing process. 

The sol-gel chemical methods have given numerous 
advantages in terms of the properties and simplicity of 
the technique. The attractively sol-gel favors could be 
represented in the ability to overcome the most draw-
backs resulted from the conventional process as well as 
the ability to produce the nano-sized ferrite particles. The 
investigations on the nano-crystalline ferrite particles 
containing nickel and zinc using the sol-gel methods have 
been given much attention [2–4]. However, the principle 

requirements of the ferrites have been less reported. 
Some advantages identified in this study are the ho-
mogenous microstructure indicating the ability to better 
control the electro-magnetic properties as well as the 
shorter period and temperature of the heat treatments 
which decrease the variations in the composition and the 
impurities produced during the preparation. The sol-gel 
route is relatively a new technique that uses organic 
compounds to produce ferrite cores, which at the moment 
imposes a high cost in its chosen starting materials. 

The ferrite which contains nickel and zinc was found 
to form homogenously at lower temperatures and given 
well controlled properties [5]. In the present paper, an 
extensive study on the synthesis and measurements of the 
initial magnetic permeability (µι)/ relative loss factor 
(RLF) were made on toroidal ferrite cores at lower and 
higher temperatures. The microstructural analyses were 
reported on the Ni-Zn ferrites prepared via both the 
sol-gel route at lower and higher temperatures and the 
classic ceramic process.  

2. Experimental Procedures 
2.1 Synthesis  

The starting materials, Ni(CH3COO)2, Zn(CH3COO)2 and 
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Fe(CH3COO)3 were weighed to form the spinel sin-
gle-phase Ni0.3Zn0.7Fe2O4. These were dissolved for few 
hours in a small amount of acetic acid, about 5-20 ml, and 
adding a small amount of water facilitated their dissolu-
tions. The clear solutions were then mixed together and 
stirred, while the temperature of the solution was raised 
from the room temperature (30 oC) up to 70 oC and kept 
for a few hours. When the solution became viscous, the 
gel was formed and later taken out and dried at 115 oC 
overnight. 

Parts of the dried gel were first calcined at different 
temperatures ranging from 600 to 1000 oC and subjected 
to the XRD analysis in order to reveal the crystallization 
of the ferrite. The dried powder was then preheated at the 
temperature of 600 oC maintained for 4 hours in air. The 
preheated powder was afterwards mixed with polyvinyl 
alcohol (PVA), dried between 1 and 2 wt. %, crushed and 
sieved to 75-µm finish. In order to make one toroid with 
the thickness of 4 mm, the outer diameter of 20 mm and 
inner diameter of 12 mm, 3.75 g of the sieved powder was 
blended with 0.3 wt. % of zinc stearate. The granulated 
powder was subsequently molded and pressed at the 
pressure of 220 MPa. The toroidal shapes were finally 
sintered at the different temperatures of 1200 and 1400 oC 
for 4 hours in air. The toroidal cores of the same compo-
sition made by the classic ceramic method were prepared 
to take the Scanning Electron Microscopic (SEM) images. 

2.2 Characterization 
The gel was thermally analyzed by different analytical 
technique (TG) in order to characterize the process pro-
duced by the heating treatment: A 6 mg sample weight 
was heated in the Shimadzu TGA-500 up to 900 oC in the 
atmosphere air under the heating rate of 10 oC/min. The 
phase was analyzed by the XRD using Cu Kα radiation on 
a D8 Advance-Bruker diffractometer. Fourier transform 
infrared spectroscopic (FT-IR) analyses obtained in nickel- 
zinc ferrite synthesis were carried out using Perkin Elmer 
GX Spectrometer. The photomicgraphs of the calcined 
samples were obtained by the Scanning Electron Micro-
scope (JEOL JSM-6400). Both the initial permeability (μι) 
and loss factor (RLF) were calculated by substituting re-
spectively the corresponding inductance Lp and Q factor 
values which were measured on the sintered toroids 
wound with 10 turns of 340 mm long red copper wire, the 
ends of which scratched using the SiC papers and coated 
with Tin and finally connected to the HP network spec-
trum analyzer model 4195A in the frequency range 10-500 
MHz on the toroidal ferrite to their resonance frequency. 
The photomicrographs of the sol-gel and 10-h conven-
tional sintered shapes were obtained on thin samples with 
the help of the SEM and the grain sizes were measured by 
the linear intercept method. 

3. Results and Discussions 
The thermo gravimetric analysis (TGA) curve recorded  
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Figure 1. TG curve of the dried gel Ni-Zn ferrite powder 
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Figure 2. The crystalline phase of Ni-Zn ferrite (α: nickel- 
zinc ferrite; β: iron oxide) at different heating temperatures: 
(a) 600 oC, (b) 700 oC, (c) 800 oC, and (d) 900 oC for 4 h in 
air 
 
while heating the dried gel in the air is shown in Figure 1. 
The thermal transformation can be observed in three 
stages. The first stage below 400 oC was attributed to the 
evaporation of water and the acetate complex decompo-
sition. The mass losses connected with carboxylate ions 
and O-H hydroxyl ions lied in the range of 400 to 850 oC. 
The weight of the as-dried Nickel-zinc ferrite considera-
bly decreased above the temperature of 600 oC which was 
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(a) 

 
(b) 

Figure 3. Micrographs of Nickel-zinc ferrite calcined at 
500 oC 
 
in accordance with the reported results [6]. The sharp 
decrease above 850 oC indicated the last residual effect. 

The XRD spectra of the powder heated at different 
temperature ranges for 4 h in air are given in Figure 2. In 
addition, the diffraction patterns of the powder preheated 
at 600 oC for 4 h are also presented in Figure 2. The dif-
fraction signatures corresponding to the single-phase 
Nickel-zinc ferrite (α-phase) were detected, indicating 
the formation of Nickel-zinc ferrite. However, the XRD 
patterns corresponding to iron oxide Fe2O3 (β-phase) 
were also detected. The ferrite was a solid solution of Ni 
and Zn metals containing ferric Fe3+ as the main element. 
Thus, the appearance of the secondary phase Fe2O3 
meant there was more than 50 mole percent of the nor-
mal Fe2O3 content of the formula of spinel ferrite. On the 
other hand, the extra iron was to form Fe2+ ions in order 
to control the magnetic properties. The formation of Fe2O3 
might also be attributed to the insufficient energy needed 
to attach all Ni and Zn ions with iron oxide to determine 
the crystal structure, as in this preheating stage the ferrite 
was usually partially formed where an initial and uniform 

aggregate of the crystallites related to the formation of 
Nickel-zinc ferrites occurred as previously demonstrated 
[5]. Moreover, the major changes observed were the in-
crement in the intensity of the ferrite samples by more 
than 3 times as the heating temperature was increased. 
The increase in the intensity means that either the con-
tents of the phases were increased or the concentration of 
the atoms in alloy was higher. Thus, the reaction was 
composed with the constituents of the ferrite phase. 

The purpose of preheating was also to decompose the 
carbonates or carboxylate ions which formed from the 
acetate complex or O-H hydroxyl ions, thus, to start 
forming the ferrite lattice. Figure 3a represents the SEM 
micrographs of the Ni-Zn ferrite powders calcined at 500 
oC for 4 h. The powder was an aggregation of particles 
ranging in size from less than 1 micrometer to 10 mi-
crometers. The particles were observed as uniform grains 
(Figure 3b) confirming the crystalline structure of 
Nickel-zinc ferrite which were detected by the XRD pro-
file. The formation of Fe2O3 was chemically favored 
during the heating, whereas, the final reaction was com-
pleted during the sintering where the pores between the 
particles were removed combined with growth, and 
strong bonds between the adjacent particles were formed. 

The FTIR spectra are shown in Figure 4 which helps in 
confirming the formation of the spinel structure in the 
Nickel-zinc samples. Several absorption bands were re-
corded in a decreasing number as the calcined tempera-
ture increased from 200 to 800 oC. At the temperature of 
800 oC, there were two considerable bands appeared at 
560 (ν1) and 2350 cm-1 (ν4) which were assigned to the 
metal ion-oxygen complexes in the tetrahedral sites− 
Mtetra↔O− and traces of adsorbed or atmospheric CO2, 
respectively. The light band at1640 (ν3) could be attributed 
to the adsorbed water or humidity [7]. On the other hand, 
the insensitive broadband (ν6), around 3400 cm-1, due to 
O↔H was not observed at the temperature of 800 oC in-
dicating the decomposition of the carboxylate ions. 

The initial permeability (µι) as a function of frequency 
for both the ferrites sintered at 1200 oC and 1400 oC is 
shown in Figure 5. The frequency band was determined 
up to the value below the resonance frequency. It is evi-
dent that both curves have the same trend but the initial 
permeability values obtained at higher temperatures are 
higher than the ones at the lower temperatures. The 
change in the initial permeability (µι), or the change in 
the magnetic flux density (B) represents magnetization 
by displacing the domain wall which is a boundary be-
tween two adjacent domains. Each grain or crystallite in 
this polycrystalline ferrite contained a number of do-
mains, each differing from its neighbor only in terms of 
the direction of magnetization. The magnetic field (H) 
for the initial permeability increased the magnetization 
through the reversible motion of the walls. The initial 
permeability increased with the increasing of frequency
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Figure 4. FTIR spectra of Nickel-zinc ferrite at the calcined temperatures of 200, 400, and 800 oC from bottom to top respectively 
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Figure 5. The initial permeability µι, versus frequency: □, 
sintered at 1200 oC; ○, sintered at 1400 oC 
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Figure 6. RLF losses versus frequency: □, sintered at 1200 
oC; ○, sintered at 1400 oC 
 
as a result of the increase in the size of domains owing to 
the fact that magnetization was projected along the same 
direction of the magnetic field. The increase in the mag-
netization was also due to the moment rotation inside the 
domains, which was against the anisotropy field. 

The high initial magnetic permeability µι is determined 
by the low magnetic anisotropy K1 and the high satura-
tion of the magnetization Bs (or Ms). Both the magnetic 
anisotropy and magnetostriction of the ferrites with the 
same composition are unchangeable at the room tem-
perature, thus, a major contribution to µι is from the do-
main wall movements. Therefore, the increased initial 
permeability values at the higher temperature were due to 

the significant change in the domain wall motions. Ah-
med [8] reported that the high permeability was attrib-
uted to the domain wall contribution, which was con-
trolled by the increased grain size induced by higher 
post-sintering density. Therefore, the high initial perme-
ability could also be controlled through the microstruc-
ture. The relationship between the grain size and initial 
permeability is generally linear when the grain growth is 
normal. Both the density and the grain size of the ferrites 
increased when the sintering temperature increased as 
many pores and open crystal structures had became 
closed. As a result, fewer grain boundaries and larger 
grains led to the higher initial permeability. 

The RLF, the energy losses, versus frequency is dis-
played in Figure 6. The loss factor is usually analyzed 
into hysteresis, eddy current and residual losses. The 
residual loss can be considered when both the hysteresis 
and eddy current losses are very small. As illustrated in 
Figure 6, the samples prepared at 1200 oC have smaller 
loss and higher resonant frequency (69 MHz). Besides, 
the samples prepared at 1400 oC have higher loss and 
lower resonant frequency (64.7 MHz). The loss measured 
at 10 kHz is 29 and 51 (×10-4) for the samples at the 
lower and higher temperatures, respectively. The hys-
teresis loss which gives rise to a loss tangent proportional 
to the peak value of the flux density (tanδh ∝ B̂ ) de-
creases with the saturation magnetization Ms. Thus, when 
the sintering temperature increased, the domains or the 
wall motions were activated, i.e. increasing the magneti-
zation and the magnetic loss. The contribution of the 
eddy current loss could be estimated via the grain 
boundary resistivity. Usually, small grains with promi-
nent grain boundaries lead to higher resistivity, the eddy 
current loss of which is negligible. Therefore, the in-
creased losses in the samples sintered at the higher tem-
perature were mainly due to the significant eddy current 
as well as the energy lost as the magnetization increased. 
 

 
Figure 7. Micrographs of Ni-Zn ferrite sinterd at 1200 oC 



Synthesis, Permeability and Microstructure of the Optimal Nickel-Zinc Ferrites by Sol-Gel Route 

Copyright © 2010 SciRes                                                                               JEMAA 

61 

 
Figure 8. Micrographs of Ni-Zn ferrite sinterd at 1400 oC 

 

 
Figure 9. Micrographs of the conventional Ni-Zn ferrite 
showing segregation 
 

The microstructures of the Ni-Zn ferrites sintered at 
the lower and higher temperatures are given in Figures 7 
and 8, respectively. Both the ferrites showed the grains 
and the grain boundaries. The grain size measured at 
1200 oC was 1.6 µm indicating smaller grains, while at 
1400 oC was 18.8 µm indicating bigger grains. The mi-
crostructure of the same composition which was 10-h 
conventionally obtained at 1300 oC is shown in Figure 9. 

There were many grains presented (Figure 7) and a 
large number of grain boundary regions or small contact 
between the adjacent grains. These small grains are to 
contain a small number of domains but many grains nor-
mally contain many domains. Hence, the grain bounda-
ries acted as the impediment to the domain wall move-
ment, which limited the permeability. The undesirable 
imperfections that could impede the domain wall motion 
such as pores, impurities, second phases and other de-
fects such as duplex structure were not signed on both 
the X-ray signatures and microstructure. 

The SEM of the ferrite sintered at the higher tempera-

tures (Figure 8) showed larger grains with intragranular 
pores (i.e., on grains). There were fewer grains and 
higher adjacent contacts which led to the higher perme-
ability. The high temperature caused a rapid grain grow 
in some grains; they are bigger than the other narrow 
grains. This led to many intragranular pores which possi-
bly contributed in decreasing permeability and increasing 
the losses. On the other hand, such pores were not seen in 
the ferrite sintered at the lower temperatures, except for 
the intergranular pores (i.e., between grains) which were 
observed and could be eliminated by increasing the 
presintering temperature. Therefore, these facts suggest a 
very high homogeneity as the microstructure is also 
similar in the final composition. 

In the conventional ferrite, the impurities presented in 
the raw materials would be present in the finished ferrite 
which put a considerable burden to produce a good qual-
ity ferrite. Conventionally, the duplex structure (Figure 9) 
which has some very large grains in the matrix of fine 
grains is mostly due to the segregation of a particular im-
purity such as SiO2. Goldman [9] proved that the segrega-
tions could affect the surrounding area, trap pores, and 
limit permeability by pinning domain walls and increases 
losses. At still higher concentration, the impurity SiO2 
could be reacted with any additives such as CaO, possibly 
through the formation of CaSiO3, which led to the uncon-
trolled and undesired electro-magnetic properties.  

4. Conclusions  
The sol-gel method is convenient for the fabrication of 
Ni-Zn ferrite optimum cores. The compound Ni0.3Zn0.7 
ferrite has been studied using TGA, XRD, SEM, and 
FTIR analyses. In addition, the electromagnetic and mi-
crostructural properties of the cores for electronic applica-
tions have been investigated. The analysis has led to the 
conclusions as follows: 1) the crystallized single-phase 
ferrite was formed at low cost sol gel preparation; 2) the 
extra Fe+3 ions in the normal Fe2O3 content of the formula 
of spinel ferrite led to the formation of secondary phase 
for the control of the magnetic properties; 3) the high ini-
tial magnetic permeability, small magnetic and eddy cur-
rent losses were obtained at lower temperatures; 4) higher 
initial magnetic permeability and relatively small mag-
netic and eddy current losses were further obtained 
through controlling the grain size; 5) fine-grained micro-
structures obtained through easier preparation methodol-
ogy as compared to the conventional ferrite was realized, 
mainly by reducing time and temperature of the heat 
treatments and eliminating the mixing and milling steps; 
and 6) the technique seemed to be further simplified 
through choosing new starting materials. 
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