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Abstract 
On an intermediate goods market with asymmetric production technologies as well 
as vertical and horizontal product differentiation, we analyze the influence of simul-
taneous competition for resources and customers. The intermediaries face either 
price or quantity competition on the output market and a monopolistic, strategically 
acting supplier on the input market. We find that there exist quality and productivity 
differences such that for quantity competition only one intermediary is willing to 
procure inputs from the input supplier, while for price competition both intermedia-
ries are willing to purchase inputs. Moreover, the well-known welfare advantage of 
price competition can in general be no longer confirmed in our model with an en-
dogenous input market and asymmetric intermediaries. 
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1. Introduction 

We consider a differentiated intermediate goods market in which two intermediaries 
compete for customers on the sales side as well as for inputs on the procurement side. 
Hereby, competition is on the sales side, either carried out by strategically choosing 
production quantities or by setting sales prices. In our context, differentiation on the 
one hand refers to horizontal product differentiation, i.e., products offered at the mar-
ket can either be substitutes or complements. On the other hand we allow for quality 
differences between the intermediaries’ products and therefore products may also be 
vertically differentiated. In addition, asymmetries can also arise from efficiency differ-
ences of the intermediaries’ production technologies. A simple example of such a diffe-
rentiated intermediate goods market that we have in mind is companies who produce 
furniture. They need to procure identical resources such as wood in order to produce 
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chairs or tables and, therefore, face competition on the input market. In addition, they 
sell their products on a competitive output market, on which they compete for custom-
ers. Hereby, the companies may be differentiated horizontally and either offer substi-
tute products, i.e., both producing tables, or both producing chairs, or complementary 
products, with one company offering chairs and the other one tables. We investigate 
the impact of simultaneous competition for resources and customer demand on the 
market equilibrium and highlight the influence of the market power of a monopolistic 
input supplier. 

In the literature, two fundamental contributions in oligopoly theory are made by 
Cournot and Bertrand, in which firms produce a homogenous good and select quanti-
ties in the former and prices in the latter model. In the years after, these settings were 
extended in various directions. Referring to [1], in their seminal work, [2] considers a 
differentiated duopoly allowing for complements and substitutes and compares the 
equilibrium outcomes of Bertrand and Cournot competition. [3] generalizes their mod-
el such that no special form of demand structure needs to be assumed. The approach of 
duopolies was later extended by allowing for n  product varieties as for example by [4] 
[5] [6] and [7]. Moreover, not just horizontal (substitutes vs. complements) but also 
vertical product differentiation (product quality) finds attention within the literature. 
Most closely related to our setting is [8] who also has exogenously given asymmetric 
costs and asymmetric product qualities. In a slightly other direction goes the analysis 
[9] which focuses on the number of active firms, i.e., firms producing a positive quan-
tity in Bertrand and Cournot equilibrium and considers homogeneous and differen-
tiated products. One issue that is neglected in the above-mentioned contributions but 
plays a major role in our article is the market power of an input supplier and is ad-
dressed by [10]-[15], among others. Related to our model but with a different objective, 
[10] considers a differentiated market with intermediaries and input suppliers and ana-
lyzes the impact of vertical mergers with an emphasis on social welfare. [12] focuses on 
a vertically differentiated duopoly, using a simplified version of the linear model by [1] 
and [2]. The fundamental difference to their approach is the incorporation of the mar-
ket’s supply side and the resulting endogenous costs of production. A vertical market 
structure that is similar to the one discussed in our work and incorporates the market’s 
supply side is for example considered by [13]. They analyze an intermediate goods 
market in which a profit-maximizing input supplier interacts with two unequally pro-
ductive intermediaries who provide a homogeneous final good. The price-setting input 
supplier has the possibility of either discriminating intermediaries in prices or choosing 
a uniform price. In their contribution, [13] emphasizes the importance of the interme-
diaries’ technology differences as well as the input supplier’s pricing strategy when 
comparing profits under Bertrand and Cournot competition. They show on the one 
hand that under Bertrand competition the input supplier’s profit, the aggregated profit 
of the input supplier and the intermediaries and social welfare are always higher than 
under Cournot competition, regardless of the pricing strategy. On the other hand a 
comparison of the intermediary’s profits across competition types can only be done 
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conditional on technology differences between the intermediaries as well as the pricing 
strategy of the input supplier. Given that intermediaries are asymmetric in terms of 
productivity and the supplier charges uniform prices, their profit may be higher under 
price competition. Thus, the result of [2] in terms of profits does not necessarily hold in 
a vertically structured setting. Moreover, it is shown that the results of [11] and [12] 
cannot be confirmed if the input supplier charges a uniform price and intermediaries 
differ in productivity. Differently, a focus on the input supplier’s optimal price choice is 
put in the contribution of [15]. Related to our model, he considers a setting with an up-
stream market including a monopolistic supplier who provides an intermediate input 
good and an imperfectly competitive downstream market with intermediaries (retail-
ers) producing differentiated products. The article analyzes the supplier’s optimal price 
choice depending on the downstream market structure, i.e., whether market entry is 
free or restricted. The optimal input price is depending on the number of downstream 
firms in case of free market entry.  

While considering vertical and horizontal product differentiation, the focus of our 
analysis is put on the impact of simultaneous competition for resources and customer 
demand on the market outcome under Cournot and Bertrand competition with two 
intermediaries. The input prices are determined first and intermediaries compete by 
choosing quantities or prices afterwards. For the competition stage, we analyze the ef-
fect of the intermediaries’ asymmetries on the market outcome. In this context we find 
that there exist quality and productivity differences such that for quantity competition 
only one intermediary is willing to procure inputs from the input supplier, while for 
price competition both intermediaries are willing to purchase inputs.  

The formal analysis in the forthcoming sections is backwards and proceeds as fol-
lows: Section 2 presents the basic model. We begin with the assumptions on the cus-
tomer’s demand, followed by the analysis of two different modes of competition be-
tween the intermediaries. As proposed in [10] we explicitly consider an input market 
with a monopolistic input supplier. We start with quantity competition, investigate 
price competition and compare them afterwards in Section 3. A final conclusion is 
made in Section 4, whereas additional computations and proofs can be found in Ap-
pendix. 

2. The Model 

In order to allow for substitutable as well as for complementary products of the inter-
mediaries, we assume that a representative customer has a utility function, which is of 
the following standard form as for instance in [2]: 

( ) ( )2 2
1 2 1 1 2 2 1 2 1 2

1, 2 .
2

U q q q q q q q q Iα α γ= + − + + +              (1) 

Hereby, ( )1 2,q q q=  denotes the quantities the customer buys from each of the two 
intermediaries. The parameter ( )1 2,α α α=  indicates the customer’s valuation for the 
quality of the according product. For simplicity reasons we will denote α  as product 
quality in the following. The variable [ ]1,1γ ∈ −  represents the degree of horizontal 
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product differentiation and defines whether products of the intermediaries are substituta-
ble, complementary or independent. If 1γ = −  the products are perfect complements, if 

1γ =  they are perfect substitutes, while 0γ =  describes the case where products are 
independent and thus, both intermediaries are monopolists. We assume the customer to 
maximize his utility subject to the budget constraint 1 1 2 2p q p q I m+ + ≤ , where m  is 
the customer’s income and I  his consumption of other goods. The customer’s in-
come is assumed to be sufficiently large such that utility maximization leads to an inner 
solution. Taking prices ( )1 2,p p  as given, the customer optimally chooses to buy and 
consume those quantities ( )1 2,q q  that maximize his utility function subject to his 
budget constraint, satisfying 

3 0  for  1, 2.i i i iq q p iα γ −− − − = =                    (2) 

As in [13], the two intermediaries may differ in their productivity to transform in-
puts to a final product, i.e., intermediary i  needs 0iλ >  input units to produce one 
unit of his final product ( )1,2i = . Therefore, asymmetries between intermediaries may 
arise from distinct product qualities and from differences in input productivities. To  

describe these asymmetries we refer to i

i

α
λ

 as the relative quality (with respect to the 

input productivity) for intermediary 1,2i = . 
Within Cournot competition the two intermediaries compete by strategically choos-

ing the quantities they produce. The price that intermediary { }1,2i∈  charges his 
customer is not just depending on his own output quantity, but also on that of the other 
intermediary. From Equation (2) we obtain the customer’s inverse demand function for 
intermediary i : 

( )1 2 3, ,i i i ip q q q qα γ −= − −                        (3) 

where ( )1 2,ip q q  is the market price which intermediary i  charges in order to sell 
the quantities ( )1 2,q q  that are produced. Intermediary i ’s profit function is given by 
the difference of the market price per unit on the sales side and the marginal input 
price on the procurement side, multiplied by the quantity he produces and sells: 

( ) ( )( ) ( )3 3 1 2 3π , , , , , ,C
i i i i i i i i i i i i iq q c p q q c q q q c qα α λ α γ λ− − −= − = − − −      (4) 

where iλ  is the input productivity and c  the marginal input price charged by the 
input supplier. From Equation (4) and the observation that negative profits can be 
avoided by not selling anything, we derive intermediary i ’s best reply function: 

( ) 3
3 max ,0 .

2
i i i

i i
q c

q q
α γ λ−

−

 − − =  


                   (5) 

Within Bertrand competition the two intermediaries compete by strategically choos-
ing the prices of their products. The according quantities intermediaries are producing 
depend on the prices that both charge at the market. Given both intermediaries com-
pete, by using Equation (2) and assuming ( )1,1γ ∈ −  we obtain the customer’s de-
mand function 
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( ) ( )
( ) { }3 3

1 2 2
,   for intermediary  1, 2 .

1
i i i i

i

p p
q p p i

α γ α

γ
− −− + −

= ∈
−

        (6) 

Thus, intermediary i ’s profit function is 

( ) ( ) ( )
( )

3 3
3 3 2

π , , , , .
1

i i i iB
i i i i i i i

p p
p p c p c

α γ α
α α λ

γ
− −

− −

 − + − = −
 − 

         (7) 

By using Equation (7) we compute intermediary i ’s best reply function. As above, 
negative profits can be avoided by not producing anything 

( ) ( )3 3
3 max ,0 .

2
i i i i

i i

p c
p p

α γ α λ− −
−

 − − + =  
 

               (8) 

Given the intermediaries best reply functions for Cournot and Bertrand competition 
we compute the equilibrium quantities and prices for both modes of competition in 
Appendix 1.1. We make the following restriction on the asymmetries that we consider 
in our analysis.  

Assumption 1. We assume 1 2
2

2 1

min ,
2

α α γ
α α γ
  > 

− 
 and 1 2

2
2 1

min ,
2

λ λ γ
λ λ γ

  > 
− 

. 

With this assumption we exclude the range of parameters for which asymmetries 
drive the inefficient intermediary immediately out of the market in at least one mode of 
competition. However as long as the intermediaries’ products are complementary, these 
assumptions are always satisfied and, thus, this effectively restricts our analysis only for 
substitutable products. 

Taking the intermediaries’ equilibrium quantities and prices as given, we next de-
termine the optimal input price the monopolistic input supplier chooses. The total 
market demand on the input market is ( ) 1 1 2 2

M M M
Iq c q qλ λ= +  where { },M C B∈  

stands for the mode of competition. The total input demand for both modes of compe-
tition can be found in Appendix 1.1. The monopolistic input supplier maximizes his 
profit ( )M

Iq c c  where the supplier’s production costs are normalized to zero. The next 
lemma states the impact of the input supplier’s optimal decision on the market out-
come for both modes of competition. 

Lemma 1. Suppose the intermediaries compete either in choosing quantities or pric-
es and Assumption 1 holds. If the two intermediaries are sufficiently asymmetric and 
there exists an inner solution for the monopolistic input price, then it is optimal for the 
input supplier to choose an input price such that he sells his inputs to just one interme-
diary and thus excludes the other intermediary from the input market. 

As the proof Lemma 1 shows the asymmetries required for the statement in Lemma 1 
are actually depending on the mode of competition, denoted by { },M C B∈ . Lemma 1 
highlights the market power of the input supplier. If quality or productivity differences 
between the intermediaries are too large, i.e., there exists a 1

Mτ  and if 2 1 1
Mα α τ<  (or 

1 2 2
Mα α τ< ), and there exists an inner solution for the monopolistic input price, then 

the input supplier has an incentive to charge a relatively high input price such that just 
one intermediary is willing to purchase inputs from the input market. As the input 
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price is too high for the other intermediary to realize positive profits he prefers not to 
buy and thus, not to produce. This means even if in principal both intermediaries are 
willing to purchase positive quantities on the input market, one intermediary may be 
excluded from the market at the input supplier’s profit-maximizing input price. In  

contrast, if the intermediaries are sufficiently symmetric, which is 2
1 1 2 1

1

M λ
α τ α α

λ
≤ ≤  

(or 1
2 2 1 2

2

M λ
α τ α α

λ
≤ ≤ ), then at the profit-maximizing input price both intermediaries 

purchase resources on the input market. 

3. Comparison of the Two Modes of Competition 

For this section we assume ( )1,1γ ∈ −  and suppose that there exists an inner solution 
for the monopolistic input price. When at first considering the input market by com-
paring the results of Lemma 1 we observe the following: 

Proposition 1. Suppose Assumption 1 holds. There exist parameters ( )1 1 2 2, , ,α λ α λ  
such that in Cournot competition one intermediary is excluded from the input market 
while, in Bertrand competition both intermediaries purchase inputs, i.e., we always 
have 1 1

B Cτ τ≤  and 2 2
B Cτ τ≤ . 

Proposition 1 makes clear that there exist quality and productivity differences such 
that in Cournot competition only one intermediary is willing to procure inputs from 
the input supplier while in Bertrand competition still both intermediaries are willing to 
purchase inputs. This is illustrated in Figure 1. 

Hence, in Proposition 1 we establish that there is no situation in which Bertrand 
competition leads to an exclusion of one intermediary from the input market while 
Cournot competition does not. The reason is that the profits of the input supplier, giv-
en he sells to both intermediaries, are always higher when intermediaries compete in 
Bertrand compared to Cournot competition. Therefore, if the asymmetries between the 
two intermediaries increase, the input price of a profit-maximizing input supplier is 
raised earlier under Cournot competition than under Bertrand competition. This has 
the consequence that under Cournot competition the input price is earlier too high for 
the intermediary with quality and/or productivity disadvantages. Thus, he is no longer 

 

 

Figure 1. The input market for 2
2 1

1

λα α
λ

≤ . 
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willing to purchase inputs. Thus, the observation of Proposition 1 divides the range of 
asymmetries into different regions of large, intermediate and small asymmetries be-
tween the two intermediaries. The next proposition explicitly compares the input prices 
for the three scenarios from Proposition 1 and Figure 1. 

Proposition 2 (Input Prices). Suppose Assumption 1 holds.  
1. For large asymmetries between the intermediaries the input prices are equal under 

Cournot and Bertrand competition. 
2. For intermediate asymmetries between the intermediaries the input prices are al-

ways higher under Cournot than under Bertrand competition. 
3. Consider small asymmetries between the intermediaries. If input productivities are 

identical, both intermediaries act as monopolists or both intermediaries produce 
identical relative qualities, then under Cournot and Bertrand competition the input 
prices are equal. If the goods are substitutes and the relative quality of the less pro-
ductive intermediary is higher, then input prices are higher under Bertrand than 
under Cournot competition. If the goods are complements and the relative quality 
of the less productive intermediary is higher, then input prices are higher under 
Cournot than under Bertrand competition. 

Proposition 2 indeed confirms the intuition behind Proposition 1. The first state-
ment for large asymmetries is obvious. As for Bertrand and Cournot competition the 
input supplier sets an input price that excludes one intermediary from the market and 
sells just to the other intermediary, there is no longer competition on the output market 
between the intermediaries. Thus, there is no difference in input prices. The second 
statement for intermediate asymmetries confirms that the input price under Cournot 
competition is indeed too high for one intermediary to purchase positive quantities on 
the input market, while the input price is always lower under Bertrand competition. 
However, for the last constellation of parameters with small asymmetries the compari-
son of the input prices for Cournot and Bertrand competition depends on several pa-
rameters. In the proof of Proposition 2 we establish that for small asymmetries, i.e.,  

2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤ , the difference of the input prices 0C Bc c− ≥  if and only if  

( )( )3
1 2 1 2 2 1 0γ λ λ λα λ α− − ≥ . Thus, the products’ substitutability as well as the differ-

ences in productivity and in relative qualities crucially impact the relation of the input 
prices for Cournot compared to Bertrand competition.  

In order to analyze the intermediaries’ incentives to invest in product quality, the 
next two Propositions now compare the intermediaries’ equilibrium prices, quantities 
and profits for Cournot and Bertrand competition. 

Proposition 3. Suppose both intermediaries have equal productivities and product 
qualities and ( )1,1γ ∈ − . Then equilibrium prices are greater and equilibrium quanti-
ties are smaller in Cournot competition compared to Bertrand competition. For substi-
tutable products, the according equilibrium profits are greater and for complementary 
products they are smaller in Cournot competition compared to Bertrand competition. 

However, this observation does not carry over to arbitrary degrees of asymmetry as 
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the next proposition establishes. 
Proposition 4. Suppose Assumption 1 holds.  

1. There exist asymmetries such that there is an intermediary who sets strictly lower 
prices in Cournot competition than in Bertrand competition. 

2. There exist asymmetries such that there is an intermediary who produces a strictly 
greater quantity in Cournot competition than in Bertrand competition. 

3. There exist asymmetries for substitutable products such that the profits for both in-
termediaries are strictly lower in Cournot competition than in Bertrand competi-
tion. 

For our model with symmetric intermediaries, Proposition 3 confirms a prominent 
result from the literature. [2] shows for a linear demand structure that in equilibrium 
Bertrand competition is more efficient than Cournot competition, as it generates a 
lower price and a higher output level. They find that this result is independent of 
whether goods are substitutes or complements and regardless of the demand structure’s 
degree of symmetry. Thus, Bertrand competition implies a higher consumer and total 
welfare. Furthermore, [2] shows that firms prefer to select quantities (prices), if goods 
are substitutes (complements). However, Proposition 4 establishes that this must not 
always be true when the input market is explicitly modeled and asymmetries between 
the intermediaries are present. [8], in a setting with quality and cost asymmetries, finds 
the same relations in terms of equilibrium prices and quantities as in Proposition 3. 
Nevertheless, in our model with an endogenous input market this relationship cannot 
always be guaranteed. 

4. Conclusion 

We analyzed the influence of asymmetries between intermediaries on an intermediate 
goods market with horizontal and vertical product differentiation. We established that 
introducing a strategically acting input supplier may lead to exclusion of one interme-
diary from the input market if the asymmetries are sufficiently large (Lemma 1). There 
exists a range of asymmetries where in Cournot competition the input prices are too 
high for one intermediary, while in Bertrand competition both intermediaries demand 
positive quantities on the input market (Propositions 1 and 2). Including a strategically 
acting input supplier into the model tends to make the competition framework more 
realistic. It highlights the differences between price and quantity competition depend-
ing on the degree of product differentiation. As a managerial implication, firms should 
also pay attention to the degrees of asymmetries in the market since a strategic input 
supplier adjusts his price accordingly. From a theoretical point of view and in compar-
ison to [8], we excluded the range of parameters for which asymmetries drove the inef-
ficient firm immediately out of the market ([8], Equation (8)). However, due to the ex-
plicit inclusion of the input market, we make no initial assumption on the relation be-
tween qualities and input prices as done in [8]. Nevertheless, in our model with a stra-
tegically acting input supplier and thus, an endogenously determined input price, this 
exclusion from the input market even survives for a more restrictive range of asymme-
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tries. Our bound on the asymmetries is established for substitutable as well as for com-
plementary products with ( )1,1γ ∈ − . Related to our approach, the model in [13] is 
also focused on the presence of an input market. However, in order to point out the ef-
fect of efficiency differences and also analyze the impact of uniform prices compared to 
price discrimination, the quality of the intermediaries’ products is assumed to be iden-
tical. This distinguishes from our goal to examine the impact of a strategically acting 
input supplier on the intermediaries’ decisions to purchase resources on the input 
market for their products. Additionally, we also compared the intermediaries’ equili-
brium prices, quantities and profits for Cournot and Bertrand competition (Proposi-
tions 3 and 4). We observed that the relations established in [2] cannot always be guar-
anteed in our model with an endogenous input market and asymmetric intermediaries. 
Thus, the well-known welfare advantage of price competition can in general no longer 
be confirmed in our model with an endogenous input market and asymmetric interme-
diaries. 
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Appendix 
1.1. Computations 
Equilibrium Prices and Quantities 
We start with Cournot Competition. By using the best reply functions of both interme-
diaries we compute intermediary i ’s Nash equilibrium quantity C

iq , which is given by 

( )
( )

3 3 3 3
2

3 3

3

3

2 2 2 2
  if  min , ,

2 24

2
                                if  ,

2 2
0                                            o

i i i i i i i i

i i i i
C
i i i i i i

i i i

c
c

q c
c

α γα λ γλ α γα α γα
λ γλ λ γλγ

α λ α γα α
λ γλ λ

− − − −

− −

−

−

− − − − −<  
− −−  

= − −
≤ <

−

therwise.










 

The according equilibrium price C
ip  is 

3 3

3 3

3

3

2 2
        if  min , ,

2 2

2
       if  ,

2 2
0                   otherwise.

C i i i i
i i

i i i i
C
i i i i i i

i i i

q c c

p c
c

α γα α γα
λ

λ γλ λ γλ

α λ α γα α
λ γλ λ

− −

− −

−

−

  − −+ <  
− − =  + −

≤ < −


 Note that 

1 2 1 2

1 2 1 21 2 2 1

2 1 1 21 2 2 1

2 1 1 2

2
  if  ,

22 2
min ,

22 2   if  .
2

α γα α α
λ γλ λ λα γα α γα
α γα α αλ γλ λ γλ
λ γλ λ λ

− ≤ −− − =   −− −   ≥
 −

 

In order to guarantee the quantity to be non-decreasing in ‘‘weighted’’ qualities given 
by 32 i iα γα −−  and to be non-increasing in the input price 𝑐𝑐 we impose the following 

assumption on the parameter choices ( )1 1 2 2, , ,α λ α λ : 

Assumption 2. We assume 1 2

2 1

min ,
2

α α γ
α α
  > 
 

 and 1 2

2 1

min ,
2

λ λ γ
λ λ

  > 
 

. 

We restrict our analysis to parameter choices ( )1 1 2 2, , ,α λ α λ  that satisfy Assumption 
2. 

For Bertrand competition the Nash equilibrium price is given by 

( ) ( )
( )

( )
( )

( )
( )

( )
( )

2
3 3

2

2 2
3 3

2 2
3 3

2
3

2
3

2 2

4

2 2
                              if  min ,  ,

2 2

2
                   if  ,

2 2

0      

i i i i

i i i i
B
i i i i i

i ii i i

ii i

c

c
p

c
c

γ α γα λ γλ

γ

γ α γα γ α γα

γ λ γλ γ λ γλ

γ α γαα λ α
λγ λ γλ

− −

− −

− −

−

−

− − − +

−

 − − − − <  = − − − −  

− −+
≤ <

− −

                         otherwise,















 

and the equilibrium quantity is given by 
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( )
( )
( )

( )
( )

( )
( )

2 2
3 3

2 2 2
3 3

2
3

2
3

2 2
      if  min , ,

1 2 2

2
       if  ,

2 2
0                  otherwise.

B
i i i ii i

i i i i
B
i

i ii i i

ii i

p c
c

q c
c

γ α γα γ α γαλ
γ γ λ γλ γ λ γλ

γ α γαα λ α
λγ λ γλ

− −

− −

−

−

  − − − −−   <   − − − − − =  − −− ≤ <
 − −



 

For similar reasons as in Cournot competition we impose an analogue assumption 
on the parameter choices ( )1 1 2 2, , ,α λ α λ  for Bertrand competition which has already 
been introduced on page 5: 

Assumption 1.We assume 1 2
2

2 1

min ,
2

α α γ
α α γ
  > 

− 
 and 1 2

2
2 1

min ,
2

λ λ γ
λ λ γ

  > 
− 

. 

We restrict our analysis to parameter choices ( )1 1 2 2, , ,α λ α λ  that satisfy Assumption 
1. Note that Assumption 1 is more restrictive on the parameter choices than Assump-
tion 2. Similarly, as for Cournot competition, we have 

( )
( )

( )
( )

( )
( )
( )
( )

2
1 2 1 2

2 2 2
1 2 2 1 1 21 2

22 2
2 11 2 2 1 1 2

2
1 22 1

2
  if  ,

2 2 2
min ,

22 2
  if  .

2

γ α γα α α
γ α γα γ α γα λ λγ λ γλ

γ α γαγ λ γλ γ λ γλ α α
λ λγ λ γλ

 − −
 ≤ − − − −  − −  =   − −− − − −   ≥ − −

 

Total Demand on the Input Market 
Taking the intermediaries’ equilibrium quantities and prices as given, we determine the 
total market demand on the input market given by ( ) 1 1 2 2

M M M
Iq c q qλ λ= + . We obtain 

( )

( ) ( ) ( )
( )

( )

( )

2 2
1 1 2 2 1 2 2 1 1 2 1 2

2

1 2 2 1

1 2 2 1

1 1 1 2 1 1

2 1 1

2 2 2 1

2 2

4
2 2

                                 if  min , ,
2 2

2
            if  ,

2 2
2

          if  
2

C
I

c

c
q c c

c

c

λα λ α γ λα λ α λ λ γλ λ

γ
α γα α γα
λ γλ λ γλ

λ α λ α γα α
λ γλ λ

λ α λ α

+ − + − + −

−
 − −<  

− − = − −
≤ <

−
− − 2 2

1 2 2

,
2

0                              otherwise,

cγα α
λ γλ λ












≤ <
−



 

and 

( )

( )( ) ( ) ( )( )
( )( )

( )
( )

( )
( )

( ) ( )

2 2 2 2
1 1 2 2 1 2 2 1 1 2 1 2

2 2

2 2
1 2 2 1

2 2
1 2 2 1

2
2 11 1 1

2 2 2

4 1
2 2

                                    if   min , ,
2 2

2
               if    

2 2

B
I

c

c

q c c

γ λα λ α γ λα λ α γ λ λ γλ λ

γ γ
γ α γα γ α γα

γ λ γλ γ λ γλ
γ α γαλ α λ

 − + − + − − + − 
− −

 − − − − <  
− − − −  

= − −−

( )
( ) ( )

( )

1
2

12 1
2

1 22 2 2 2
2

21 2

,

2  
              if    ,

2 2
0                                  otherwise.

c

c
c

α
λγ λ γλ

γ α γαλ α λ α
λγ λ γλ









 ≤ <
 − −


− −−
≤ < − −


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The Intermediaries’ Profits 
We now summarize their profits using Lemma 1. The profits for the scenarios identi-
fied in Proposition 1 and Figure 1 can easily be derived accordingly. Consider 

2
2 1

1

λ
α α

λ
≤ . The intermediaries’ profits are 

( ) ( )

( ) ( )

2
1

2 1 1

21 1 2 1 2
1 2 1 2

2
1 1 2 12 2

1

                                                   for  ,
16

π , , , ,
2 2

        for  ,
2 2

C

C C C C
C

C

q q c
c

α
α α τ

α α
α γα λ γλ λ

α τ α α
λγ γ


≤

=  − − −  ≤ ≤
− +

 

( ) ( )

( ) ( )

2 1 1

2
2 1 2 1 2 2 1 2 1

2
1 1 2 12 2

1

0                                                   for  ,

π , , , , 2 2
     for  ,

2 2

C

C C C C C

C
q q c c

α α τ

α α α γα λ γλ λ
α τ α α

λγ γ

 ≤

=  − − −  ≤ ≤
 − +

 

( ) ( )1 1 2 2 1 2 2 1
2 2

1 2 1 2

2
with  

4
Cc

λα λ α γ λα λ α
λ λ γλ λ

+ − +
=

 + −   
and 

( ) ( ) ( )( )
( ) ( ) ( )

2
1

2 1 1

2
2 2

1 2 1 2
1 1 2 1 2

2 2 2

2
1 1 2 1

1

                                         for  ,
16

2 2
π , , , ,   

2 2 1

                                              for  ,

B

B
B B B B

B

c
p p c

α
α α τ

γ α γα γ λ γλ
α α

γ γ γ

λ
α τ α α

λ


≤


  − − − − − = 
 − + −

≤ ≤






 

( )
( ) ( )( )

( ) ( ) ( )

2 1 1

2
2 2

2 1 2 1

2 2 22 1 2 1 2

2
1 1 2 1

1

0                                                 for  ,

2 2
   π , , , ,

2 2 1

                                                  for  ,

B

B

B B B B

B

c
p p c

α α τ

γ α γα γ λ γλ
α α

γ γ γ

λα τ α α
λ

 ≤

 − − − − − 
=

− + −

≤ ≤








  

( ) ( ) ( )
( ) ( )

2
1 1 2 2 1 2 2 1

2 2 2
1 2 1 2

2
with  .

2 2 2
Bc

γ λα λ α γ λα λ α

γ λ λ γλ λ

− + − +
=

 − + −   

1.2. Proofs 
Proof of Lemma 1 
Proof of Lemma 1. For both modes of competition the proof proceeds in two steps. In a 
first step we determine the prices the input supplier charges. In doing so we distinguish 
different cases depending on the number of intermediaries demanding positive quanti-
ties. Afterwards the according profits are compared in step two. 
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We start with Cournot Competition. 
Step 1 (Input Prices and Profits) 
Case 1:The input price is chosen such that both intermediaries produce strictly posi-

tive quantities. Therefore, the following must hold: 

1 2 2 1

1 2 2 1

2 2min , .
2 2

c α γα α γα
λ γλ λ γλ

 − −<  − −   
Maximizing the profit of the input supplier ( )C

Iq c c  yields an input price 

( ) ( )1 1 2 2 1 2 2 1
2 2

1 2 1 2

2
4

Cc
λα λ α γ λα λ α

λ λ γλ λ
+ − +

=
 + −   

Note that for this input price both intermediaries indeed purchase positive quanti-

ties. Suppose 1 1

2 2

α λ
α λ

> , then 1 2 2 1

1 2 2 1

2 2
2 2
α γα α γα
λ γλ λ γλ
− −

>
− −

. Using 1 2

2 1

min ,
2

α α γ
α α
  > 
 

 and 

1 2

2 1

min ,
2

λ λ γ
λ λ

  > 
 

 we have 

( )2 1 1 2 1 2 1

2 2 1 2 1 2

2 20 4
2 2

α λ α γα λ γλγ
α λ α γα λ γλ
  − −

< − − ↔ <  − −   
and thus, 

( ) ( ) ( )
( )

( ) ( ) ( )
( )

2 2 12 2
1 2 1 2 1 1 2 1 1 2

1 1 2

2 2 1
1 1 2 1 1 2

1 1 2

2
2 2 2

2

2
             2 2 .

2

λ λ γλ
λ λ γλ λ λ λ γλ λ λ γλ

λ λ γλ

λ α γα
λ λ γλ λ λ γλ

λ α γα

−
 + − = − + −  −

−
> − + −

−  
By using 

2 2 2 2
1 2 1 2 1 2 1 2 1 24 2   for  , 0λ λ γλ λ λ λ γλ λ λ λ   + − > + − >     

this implies that 

( ) ( ) ( )
( )

2 2 12 2
1 2 1 2 1 1 2 1 1 2

1 1 2

2
4 2 2 .

2
λ α γα

λ λ γλ λ λ λ γλ λ λ γλ
λ α γα

−
 + − > − + −  −  

Rearranging yields 
( ) ( )1 1 2 2 1 2 2 11 2

2 2
1 2 1 2 1 2

22
2 4

λα λ α γ λα λ αα γα
λ γλ λ λ γλ λ

+ − +−
>

−  + −   
showing that the input price Cc  is indeed sufficiently small to sell to both intermedia-
ries. The profit of the input supplier is 

( ) ( ) ( )
( )

2
1 1 2 2 1 2 2 1

2 2 2
1 2 1 2

2
.

8 4
C C C
Iq c c

λα λ α γ λα λ α

γ λ λ γλ λ

+ − +  =
 − + −   

Case 2: The input price is chosen such that intermediary 1 produces a strictly positive 
quantity while intermediary 2 produces zero. Thus, we require 

2 1 1

2 1 1

2 ,
2

cα γα α
λ γλ λ

−
≤ <

−  
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which implies 1 1

2 2

α λ
α λ

> . Maximizing the profit of the input supplier ( )C
Iq c c  and 

taking a sufficiently high input price into account yields an input price 

2 1 1

2 1 1

2max , .
2 2

Cc α γα α
λ γλ λ

 −
=  −   

Note that by definition this input price is indeed too high for intermediary 2 to pur-
chase positive quantities. The analogous argument holds if intermediary 2 produces a 
strictly positive quantity while intermediary 1 produces zero. The profit of the input 
supplier is 

( ) ( )( )
( )

2
1 2 1 1

2 1 1

1 2 1 1 2 2 1 2 1 1
2

2 1 12 1

2
                                           if  ,

8 2 2
2 2

   if  .
2 22

C C C
Iq c c

α α γα α
λ γλ λ

λ α γα α λ α λ α γα α
λ γλ λλ γλ

 −
≤ −=  − − − ≥

 −−

 

Case 3: The input price is too high for at least one intermediary to purchase strictly 
positive quantities. 

Step 2 (Comparing Profits) 
An input price as suggested in Case 3 cannot be optimal. In this scenario the input 

price is too high for the intermediaries to demand goods and the input supplier’s profit is 
zero. In contrast, Case 1 as well as Case 2 yields positive profits. Therefore, we analyze the 
input supplier’s profits for Cases 1 and 2. We compare the two monopoly profits for sell-
ing to intermediary 1 with the duopoly profits for selling to both intermediaries.  

Thus, suppose 2
2 1

1

λ
α α

λ
≤ . The remaining part when only selling to intermediary 2 

follows analogously. 
Step 2.1: We compare the two monopoly profits for selling to intermediary 1 and ob-

tain by observing 

( )( )2
1 2 1 1 22 4 0α λ γλ λα+ − ≥

 
that 

( ) ( )
( )

2
1 2 1 1 2 2 11

2
2 1

2
8 2

λ α γα α λ α λα
λ γλ

− −
≥

−  
Step 2.2: We compare the duopoly profit with the monopoly profit for selling to in-

termediary 1. If the duopoly profit is greater than or equal to both monopoly profits, 
then the input supplier decides to sell to both intermediaries. Therefore, we obtain that 
if 

2 1 1
Cα α τ≥  

with 

( ) ( ) ( )
( )

2 2 2
1 2 1 2 1 2

1
2 1

4 2
,

2
C

γ λ λ γλ λ λ γλ
τ

λ γλ

− + − − −
=

−  
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then 

( ) ( )
( )

22
1 1 2 2 1 2 2 11

2 2 2
1 2 1 2

2
8 8 4

λα λ α γ λα λ αα
γ λ λ γλ λ

+ − +  ≤
 − + −   

holds. Thus, whenever 2 1 1
Cα α τ≥  holds, we know that a profit-maximizing input 

supplier prefers to sell in any case to both intermediaries. Hence, we know that for 

2
1 1 2 1

1

C λα τ α α
λ

≤ ≤
 

the input supplier prefers to set a price for which both intermediaries procure inputs. 

Note that the following is always true: 2
1

1

.C λ
τ

λ
≤  

Step 2.1 and Step 2.2 show that for 2 1 1

2 1 1

2
2 2
α γα α
λ γλ λ
−

≤
−

 the claim of Lemma 1 holds for 

Cournot competition. Note that requiring 2 1 1

2 1 1

2
2 2
α γα α
λ γλ λ
−

≤
−

 is equivalent to choosing 

2 1
2 1

1

2
4

λ γλ
α α

λ
 +

≤  
 

. 

In summary, if for Cournot competition 2 1 1

2 1 1

2
2 2
α γα α
λ γλ λ
−

≤
−

 and 

2
2 1 1 1

1

C λα α τ α
λ

 
< ≤ 

   
with 

( ) ( ) ( )
( )

2 2 2
1 2 1 2 1 2

1
2 1

4 2
,

2
C

γ λ λ γλ λ λ γλ
τ

λ γλ

− + − − −
=

−  
then it is optimal for a profit-maximizing input supplier to only serve intermediary 1 
and with analogous conditions to serve intermediary 2. 

We now turn to the analysis of Bertrand Competition. 
Step 1 (Input Prices and Profits) 
Case 1: The input price is chosen such that both intermediaries produce strictly posi-

tive quantities. Therefore, the following must hold: 

( )
( )

( )
( )

2 2
1 2 2 1

2 2
1 2 2 1

2 2
min , .

2 2
c

γ α γα γ α γα

γ λ γλ γ λ γλ

 − − − − <  
− − − −   

Maximizing the profit of the input supplier ( )B
Iq c c  yields an input price 

( ) ( ) ( )
( ) ( )

2
1 1 2 2 1 2 2 1

2 2 2
1 2 1 2

2
.

2 2 2
Bc

γ λα λ α γ λα λ α

γ λ λ γλ λ

− + − +
=

 − + −   
Note that for this input price both intermediaries indeed purchase positive quanti-

ties. Suppose 1 1

2 2

α λ
α λ

> , then 
( )
( )

( )
( )

2 2
1 2 2 1

2 2
1 2 2 1

2 2

2 2

γ α γα γ α γα

γ λ γλ γ λ γλ

− − − −
>

− − − −
. Using  
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1 2
2

2 1

min ,
2

α α γ
α α γ
  > 

− 
 and 1 2

2
2 1

min ,
2

λ λ γ
λ λ γ

  > 
− 

 we have 

( ) ( )
( )

( )
( )

2 2
2 2 1 2 12 1 1

2 2
2 2 1 2 1 2

2 2
0 2

2 2

γ α γα γ λ γλα λγ
α λ γ α γα γ λ γλ

− − − − 
< − − ↔ < 

− − − −   
and thus, 

( ) ( )

( )( ) ( )( ) ( )( )
( )( )

( )( ) ( )( ) ( )( )
( )( )

2 2 2
1 2 1 2

2
2 2 12 2

1 1 2 1 1 2 2
1 1 2

2
2 2 12 2

1 1 2 1 1 2 2
1 1 2

2 2

2
2 2

2

2
2 2

2

γ λ λ γλ λ

λ γ λ γλ
λ γ λ γλ λ γ λ γλ

λ γ λ γλ

λ γ α γα
λ γ λ γλ λ γ λ γλ

λ γ α γα

− + −

− −
= − − + − −

− −

− −
> − − + − −

− −
 

which implies when using 

( ) ( )( ) ( ) ( )2 2 2 2 2 2
1 2 1 2 1 2 1 2 1 22 2 2 2 2 for  , 0 γ λ λ γλ λ γ λ λ γλ λ λ λ− + − > − + − >

 
that 

( ) ( )( )

( )( ) ( )( ) ( )( )
( )( )

2 2 2
1 2 1 2

2
2 2 12 2

1 1 2 1 1 2 2
1 1 2

2 2 2

2
2 2 .

2

γ λ λ γλ λ

λ γ α γα
λ γ λ γλ λ γ λ γλ

λ γ α γα

− + −

− −
> − − + − −

− −
 

Rearranging yields 

( )
( )

( ) ( ) ( )
( ) ( )

2 2
1 2 1 1 2 2 1 2 2 1

2 2 2 2
1 2 1 2 1 2

2 2

2 2 2 2

γ α γα γ λα λ α γ λα λ α

γ λ γλ γ λ λ γλ λ

− − − + − +
>

 − − − + −   
showing that the input price Bc  is indeed sufficiently small to sell to both intermedia-
ries. The profit of the input supplier is 

( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

22
1 1 2 2 1 2 2 1

2 2 2 2 2
1 2 1 2

2
.

4 1 4 2 2
B B B
Iq c c

γ λα λ α γ λα λ α

γ γ γ λ λ γλ λ

 − + − + =
 − − − + −   

Case 2: The input price is chosen such that intermediary 1 produces a strictly positive 
quantity while intermediary 2 produces zero. Thus, we require 

( )
( )

2
2 1 1

2
12 1

2
,

2
c

γ α γα α
λγ λ γλ

− −
≤ <

− −
 

which implies 1 1

2 2

α λ
α λ

> . Given a sufficiently high input price, maximizing the profit of 

the input supplier yields 

( )
( )

2
2 1 1

2
12 1

2
max , .

22
Bc

γ α γα α
λγ λ γλ

 − − =  
− −   

Note that by definition this input price is indeed too high for intermediary 2 to pur-
chase positive quantities. The analogous argument holds if intermediary 2 produces a 
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strictly positive quantity while intermediary 1 produces zero. The profit of the input 
supplier is 

( )

( )
( )

( ) ( ) ( )

( )
( )
( )

22
2 11 1

2
12 1

2 2
1 2 1 1 2 2 1

22
2 1

2
2 1 1

2
12 1

2
                      if  ,

8 22

2 2

2 2

2
                           if  .

22

B B B
Iq c c

γ α γαα α
λγ λ γλ

λ γ γ α γα α λ α λ

γ λ γλ

γ α γα α
λγ λ γλ

 − − ≤
 − −

  − − − −  = 

  − − 
 − −
 ≥
 − −  

Case 3: The input price is too high for at least one intermediary to purchase strictly 
positive quantities. 

Step 2 (Comparing Profits) 
As in Cournot competition, it suffices to compare the profits of the input supplier for 

Cases 1 and 2. We compare the two monopoly profits for selling to intermediary 1 with 

the duopoly profits for selling to both intermediaries. Thus, suppose 2
2 1

1

λ
α α

λ
≤ . The 

remaining part when selling to intermediary 2 follows analogously. 
Step 2.1: We compare the two monopoly profits for selling to intermediary 1. We 

obtain by observing 

( )( ) ( )
2

2 2
1 2 1 1 22 4 2 0α γ λ γλ γ λα − + − − ≥   

that 

( ) ( ) ( )

( )

2 22 1 2 1 1 2 2 11
22

2 1

2 2

8 2 2

λ γ γ α γα α λ α λα

γ λ γλ

 − − − − ≥
 − −   

Step 2.2: We compare the duopoly profit with the monopoly profit for selling to in-
termediary 1. If the duopoly profit is greater than or equal to both monopoly profits, then 
the input supplier decides to sell to both intermediaries. Therefore, we obtain that if 

2 1 1
Bα α τ≥  

with 

( ) ( ) ( ) ( ) ( )( )
( )( )

2 2 2 2 2 2
1 2 1 2 1 2

1 2
2 1

2 1 4 2 2 2 2
,

2 2
B

γ γ γ λ λ γλ λ γ λ γλ
τ

γ λ γλ

 − − − + − − − − =
− −

 
then 

( ) ( ) ( )
( ) ( ) ( ) ( )

222 1 1 2 2 1 2 2 11
2 2 2 2 2

1 2 1 2

2

8 4 1 4 2 2

γ λα λ α γ λα λ αα
γ γ γ λ λ γλ λ

 − + − + ≤
 − − − + −   

holds. Thus, whenever 2 1 1
Bα α τ≥  holds, we know that a profit-maximizing input 

supplier prefers to sell in any case to both intermediaries. Hence, we know that for 
2

1 1 2 1
1

B λα τ α α
λ

≤ ≤
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the input supplier prefers to set a price to sell to both intermediaries. Note that the fol-

lowing is always true: 2
1

1

.B λ
τ

λ
≤  

Step 2.1 and Step 2.2 show that for 
( )
( )

2
2 1 1

2
12 1

2

22

γ α γα α
λγ λ γλ

− −
≤

− −
 the claim of Lemma 1 

holds for Bertrand competition. Note that requiring 
( )
( )

2
2 1 1

2
12 1

2

22

γ α γα α
λγ λ γλ

− −
≤

− −
 is equiv-

alent to choosing ( )
( )

2
2 1

2 1 2
1

2

2 2

γ λ γλ
α α

γ λ

 − +
 ≤
 − 

. 

In summary, if for Bertrand competition 
( )
( )

2
2 1 1

2
12 1

2

22

γ α γα α
λγ λ γλ

− −
≤

− −
 and 

2
2 1 1 1

1

B λα α τ α
λ

 
< ≤ 

   
with 

( ) ( ) ( ) ( ) ( )( )
( )( )

2 2 2 2 2 2
1 2 1 2 1 2

1 2
2 1

2 1 4 2 2 2 2
,

2 2
B

γ γ γ λ λ γλ λ γ λ γλ
τ

γ λ γλ

 − − − + − − − − =
− −

 
then it is optimal for a profit-maximizing input supplier to only serve intermediary 1 
and with analogous conditions to serve intermediary 2. 

Proof of Proposition 1 
Proof of Proposition 1. The proof proceeds in two steps. First we compare the profits of 
the input supplier in the case of intermediaries competing in quantities with the setting 
in which intermediaries compete in prices. 

Step 1 (Duopoly Profit of the Input Supplier) 
Suppose the input supplier sells inputs to both intermediaries, which is 

}{ 2
1 1 1 1 2 1

1

max ,C B λα τ α τ α α
λ

≤ ≤
 

We show that ( ) ( ) .B B B C C C
I Iq c c q c c≥  The nominator of 

( ) ( )
( ) ( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( )
( ) ( ) ( )

( ) ( ) ( ) ( )

2 22
1 1 2 2 1 2 2 1 1 1 2 2 1 2 2 1

2 2 22 2 2 2 2
1 2 1 21 2 1 2

22 2 2
1 1 2 2 1 2 2 1 1 2 1 2

2 2 2 2 2
1 2 1 2

2 2

8 44 1 4 2 2

2 2

8 1 4 2 2

B B B C C C
I Iq c c q c c

γ λα λ α γ λα λ α λα λ α γ λα λ α

γ λ λ γλ λγ γ γ λ λ γλ λ

γ λα λ α γ λα λ α λ λ γλ λ

γ γ γ λ λ γλ λ

−

 − + − + + − +    = −
   − + −− − − + −   

   − + − + + −  =
− − − + −

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2
1 2 1 2

22 2 2 2
1 1 2 2 1 2 2 1 1 2 1 2

2 2 2 2 2 2 2
1 2 1 2 1 2 1 2

1 2 2 2

8 1 4 2 2

λ λ γλ λ

γ λα λ α γ λα λ α γ λ λ γλ λ

γ γ γ λ λ γλ λ λ λ γλ λ

   + −  

 − + − + − + −    −
   − − − + − + −    
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can be rewritten as 

( )( ) ( )

( ) ( ) ( ) ( )( )
( ) ( ) [ ]( ) ( ) ( )

( ) ( ) [ ]( ) ( )

22 2 2
1 1 2 2 1 2 2 1 1 2 1 2

22 2 2 2
1 1 2 2 1 2 2 1 1 2 1 2

22 2
1 1 2 1 2 1 2 1 2 1 2 1 2

22 2
2 2 1 2 1 2 1 1 2

2 2

1 2 2 2

2 2 2 1

2 2 2 1

γ λα λ α γ λα λ α λ λ γλ λ

γ λα λ α γ λα λ α γ λ λ γλ λ

γ λ λ γλ γ λ γλ λ γλ α α γ α α λ λ

γ λ λ γλ γ λ γλ λ γλ α α γ α

   − + − + + −  
 − − + − + − + −    

  = − − − − − + − +   
 + − − − − − + −  ( )1 2 1 2 .α λ λ + 

 

Assumption 1 and 2 (from Appendix 1.1), which is 

1 2 1 2
2

2 1 2 1

min ,   and  min ,
2 2

λ λ λ λγ γ
λ λ λ λ γ

   > >    −     
implies for 1 2λ λ≥  that 

( ) ( )2 2
2 1 1 2 2 1 1 20 2 2 and  0  2 2 .λ γλ λ γλ γ λ γλ γ λ γλ≤ − ≤ − ≤ − − ≤ − −

 
Thus, we obtain 

( ) ( ) [ ]( ) ( ) ( )

( ) ( ) [ ]( ) ( ) ( )

( ) ( )
( ) ( )( ) ( ) ( ) ( )

22 2
1 1 2 1 2 1 2 1 2 1 2 1 2

22 2
2 2 1 2 1 2 1 1 2 1 2 1 2

2 2
2 1 2 1

2 2
1 2 1 2 1 2 1 2 1 2

2 2 2 1

2 2 2 1

2 2

   2 1 2 1 0.

γ λ λ γλ γ λ γλ λ γλ α α γ α α λ λ

γ λ λ γλ γ λ γλ λ γλ α α γ α α λ λ

γ λ γλ γ λ γλ

λ λ γ λ λ α α γ α α λ λ

  − − − − − + − +   
  + − − − − − + − +   

 ≥ − − − 
 − + − − + − + ≥    

The analogous argument holds for 1 2λ λ≤ . Note that we have for ( )C C C
Iq c c  with 

Assumption 2 

( ) ( ) ( ) [ ]
( )

1 1 2 2 1 2 2 1 2 1
2 2 2

2 1 2 1 2

2 2
2 0,

8 4

C C C
Iq c c λα λ α γ λα λ α λ γλ
α γ λ λ γλ λ

 ∂ + − + −    = ≥
∂  − + −   

and with Assumption 1 (from Appendix 1.1) for ( )B B B
Iq c c  

( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

2 2
1 1 2 2 1 2 2 1 2 1

2 2 2 2 2
2 1 2 1 2

2 2
2 0.

4 1 4 2 2

B B B
Iq c c γ λα λ α γ λα λ α γ λ γλ

α γ γ γ λ λ γλ λ

     ∂ − + − + − −     = ≥
∂  − − − + −   

Step 2 (Comparing 1
Cτ  and 1

Bτ ) 
Note that 1

Bτ  and 1
Cτ  was deduced within the proof of Lemma 1 by comparing the 

profit to sell to both intermediaries with the profit to sell only to intermediary 1. When 
considering the difference between those profits and using Step 1, we therefore have 

( ) ( ) ( )
( ) ( ) ( ) ( )

( ) ( )
( )

222 1 1 2 2 1 2 2 11
2 2 2 2 2

1 2 1 2

22
1 1 2 2 1 2 2 11

2 2 2
1 2 1 2

2

8 4 1 4 2 2

2
.

8 8 4

γ λα λ α γ λα λ αα
γ γ γ λ λ γλ λ

λα λ α γ λα λ αα
γ λ λ γλ λ

 − + − + −
 − − − + − 

+ − +  ≤ −
 − + −   

With the observation that the input supplier’s profit when selling to both interme-
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diaries is non-decreasing in 2α  and thus, the right- and left-hand side of the above 
equation are non-increasing in 2α . This implies that the zero of the left-hand side is 
less or equal than the zero of the right-hand side. Therefore, 1 1

B Cτ τ≤  and thus, 

{ }1 1 1 1 1 1max ,B C Cα τ α τ α τ=  and { }1 1 1 1 1 1min ,B C Bα τ α τ α τ= . Similarly, we have 

2 2 2 2
B Cα τ α τ≤ . 

Proof of Proposition 2 
Case 1: Large asymmetries between the intermediaries, i.e., 2 1 1

Bα α τ≤  (or 

1 2 2
Bα α τ≤ ). 

In Bertrand as well as in Cournot competition intermediary 2 is excluded from the 
input market. As the input demand of the intermediary is identical for both modes of 
competition, the input price is identical also. 

Case 2: Intermediate asymmetries between the intermediaries, i.e., 1 1 2 1 1
B Cα τ α α τ≤ ≤  

(or 2 2 1 2 2
B Cα τ α α τ≤ ≤ ). 

In Bertrand competition both intermediaries purchase inputs, while in Cournot 
competition only intermediary 1 procures on the input market. We have 

( ) ( ) ( )
( ) ( )

( ) ( )
( ) ( )

2
1 1 2 2 1 2 2 11

2 2 2
1 1 2 1 2

2
2 1 1 2 2 1

2 2 2
1 1 2 1 2

2

2 2 2 2

2
.

2 2 2

C Bc c
γ λα λ α γ λα λ αα

λ γ λ λ γλ λ

λ α λα γ λ γλ

λ γ λ λ γλ λ

− + − +
− = −

 − + − 
 − − − =

 − + −   

Therefore, 0C Bc c− ≥  as 2
2 1 1 1

1

C λ
α α τ α

λ
≤ ≤  and per assumption 

1 2
2

2 1

min ,
2

λ λ γ
λ λ γ

  > 
− 

. 

Case 3: Small asymmetries between the intermediaries, i.e., 2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤  (or 

1
2 2 1 2

2

C λ
α τ α α

λ
≤ ≤ ). 

Both intermediaries purchase inputs on the input market in Bertrand as well as in 
Cournot competition. We have 

( ) ( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( )
( ) ( )

2
1 1 2 2 1 2 2 11 1 2 2 1 2 2 1

2 2 2 2 2
1 2 1 2 1 2 1 2

3
1 2 1 2 1 2 2 1

2 2 2 2 2
1 2 1 2 1 2 1 2

22
4 2 2 2

.
4 2 2

C Bc c
γ λα λ α γ λα λ αλα λ α γ λα λ α

λ λ γλ λ γ λ λ γλ λ

γ λ λ λ λ λα λ α

λ λ γλ λ γ λ λ γλ λ

− + − ++ − +
− = −

   + − − + −   
− + −

=
  + − − + −     

Therefore, 0C Bc c− ≥  if and only if ( )( )3
1 2 1 2 2 1 0γ λ λ λα λ α− − ≥ . 

Proof of Proposition 3 
Proof of Proposition 3. For 1 2λ λ=  and 1 2α α=  we have 



S. Brangewitz, J. Manegold 
 

1362 

( )
( )

( )
( ) ( )

2

2

3 3 2
,

2 2 2 2 2 4
i iC B i

i ip p
γ α γ α γ α
γ γ γ

+ −
− = − =

+ − −
 

( ) ( ) ( ) ( ) ( )

2

2
,

2 2 2 2 1 2 4 1
C B i i i
i iq q α α γ α

γ γ γ γ γ
− = − = −

+ − + − +
 

( )
( )

( ) ( ) ( ) ( )

22 3 2

2 2 22

1
π π .

4 2 4 2 1 2 4 1
iC B i i

i i
γ αα γ α

γ γ γ γ γ

−
− = − =

+ − + − +
 

Thus, C B
i ip p≥  and C B

i iq q≤ . Moreover, π πC B
i i≥  for 0γ ≥  and π πC B

i i≤  for 
0γ ≤  for 1,2i = . 

Proof of Proposition 4 
Proof of Proposition 4. For this proof consider small asymmetries between the inter-

mediaries, i.e., 2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤  (or 1

2 2 1 2
2

C λ
α τ α α

λ
≤ ≤ ) and identical productivi-

ties 1 2λ λ= . 

1. We have 
( )
( )

2
3

2

3

4 4
i iC B

i ip p
γ α α

γ
−−

− =
−

. Thus, for ( ) ( )1 2 1 2, , , , 4,1,1,1, 1 2α α λ λ γ = −  it 

can easily be verified that Assumptions 1 and 2 (from Appendix 1.1) as well as 

2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤  hold and we have 2 2

89 3
60 2

C Bp p= < = . 

2. We have 
( ) ( )

( )( )
2

3

2 2

3 1 3

4 4 1
i iC B

i iq q
γ γ α γ α

γ γ
−+ − +  − = −

− −
. Thus, it can easily be verified for 

( ) ( )1 2 1 2, , , , 3 2,1,1,1,1 2α α λ λ γ =  that Assumptions 1 and 2 (from Appendix 1.1) 

as well as 2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤  hold and we have 2 2

1 7
12 90

C Bq q= > = . 

3. We have 

( ) ( )
( ) ( ) ( )

( ) ( )

1 2 1 2 1 2 1 2

23
3 3

22 2

π , , , , π , , , ,

4 1 3 5

8 4 1

C C C C B B B B
i i

i i i i

q q c p p cα α α α

γ α α γ α α γ

γ γ

− −

−

 − − − + =
− −

. Thus, for  

( ) ( )1 2 1 2, , , , 3 2,1,1,1,3 4α α λ λ γ =  it can easily be verified that Assumptions 1 and 2 

(from Appendix 1.1) as well as 2
1 1 2 1

1

C λ
α τ α α

λ
≤ ≤  hold and we have  

1 1 2 1 1 2
3 2209 625 3π , , , ,1 π , , , ,1 ,
2 12100 3388 2

C C C C B B B Bq q c p p c   = < =   
     

2 1 2 2 1 2
3 9 9 3π , , , ,1 π , , , ,1 .
2 12100 3388 2

C C C C B B B Bq q c p p c   = < =   
     

 



 
 

 

 
Submit or recommend next manuscript to SCIRP and we will provide best service 
for you:  

Accepting pre-submission inquiries through Email, Facebook, LinkedIn, Twitter, etc.  
A wide selection of journals (inclusive of 9 subjects, more than 200 journals) 
Providing 24-hour high-quality service 
User-friendly online submission system  
Fair and swift peer-review system  
Efficient typesetting and proofreading procedure 
Display of the result of downloads and visits, as well as the number of cited articles  
Maximum dissemination of your research work 

Submit your manuscript at: http://papersubmission.scirp.org/ 
Or contact tel@scirp.org 

http://papersubmission.scirp.org/
mailto:tel@scirp.org

	Competition of Intermediaries in a Differentiated Duopoly
	Abstract
	Keywords
	1. Introduction
	2. The Model
	3. Comparison of the Two Modes of Competition
	4. Conclusion
	Acknowledgements
	References
	Appendix
	1.1. Computations
	Equilibrium Prices and Quantities
	Total Demand on the Input Market
	The Intermediaries’ Profits

	1.2. Proofs
	Proof of Lemma 1
	Proof of Proposition 1
	Proof of Proposition 2
	Proof of Proposition 3
	Proof of Proposition 4



